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Optimal splitting of Parseval frames using Walsh matrices
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Abstract. In 2014 Adam Marcus, Daniel Spielman and Nikhil Srivastava used
random vectors to prove a key discrepancy theorem and in so doing gave a positive
answer to the long-standing Kadison–Singer Problem. In this paper we use Walsh
matrices to construct a class of natural frames in Euclidean space and discuss how
these frames relate to the key discrepancy theorem.

1. Introduction
In 1959 Richard Kadison and Isadore Singer [11] formulated a problem in quantum
mechanics that later became one of the iconic mathematical questions of the twentieth
century. The problem is now known as the Kadison–Singer Problem (KSP).
Problem 1.1 (KSP). Does every pure state on the algebra of bounded diagonal operators
acting on the Hilbert space of square summable complex-valued sequences have a unique
extension to a regular state on the algebra of all bounded operators?

Following a finite-dimensional reformulation [2] by Joel Anderson in 1979 and further
reduction to an equivalent problem in discrepancy theory [17] by Nik Weaver in 2004,
a positive answer to KSP was eventually found [12, 13] by Adam Marcus, Daniel
Spielman and Nikhil Srivastava in 2013. We will not attempt a detailed explanation
of KSP but instead refer readers to the excellent review article [8] by Nick Harvey. The
Marcus–Spielman–Srivistava Discrepancy Theorem (MSSDT) was a basic platform for
the eventual solution of KSP and is a central theme in our paper.
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