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Abstract. In this paper, we find the greatest values r1 and r2, and the least values
s1 and s2 in (0,1/2) such that the double inequalities H[r1a+ (1 − r1)b, r1b + (1 − r1)a] <
αA(a,b)+(1−α)L(a,b) < H[s1a+(1−s1)b,s1b+(1−s1)a] andH[r2a+(1−r2)b,r2b+(1−r2)a] <
αA(a,b) + (1−α)G(a,b) < H[s2a + (1 − s2)b,s2b + (1 − s2)a] hold for all a,b > 0 with a , b
and any α ∈ (0,1), where H(a,b), G(a,b), L(a,b) and A(a,b) are the harmonic, geometric,
logarithmic and arithmetic means of two positive numbers a and b, respectively.

1. Introduction

For a,b > 0 with a , b, the classical harmonic mean H(a,b), geometric mean G(a,b),
arithmetic mean A(a,b), logarithmic mean L(a,b), identric mean I(a,b) are defined by

H(a,b) =
2ab
a+ b

, G(a,b) =
√
ab, A(a,b) =

a+ b
2

, (1.1)

L(a,b) =
a− b

loga− logb
, I(a,b) =

1
e

(
bb

aa

)1/(b−a)
, (1.2)

respectively. It is well known that the inequalities

H(a,b) < G(a,b) < L(a,b) < I(a,b) < A(a,b)

hold for all a,b > 0 with a , b.
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