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Abstract. In this paper, we prove that the inequalities
∞∑
n=1

(
n∏

k=1

ak )
1
n ≤ e

∞∑
n=1

(1− a
n+13a

)an

and
∞∑
n=1

[(1 +
c

n+ b
)(

n∏
k=1

ak )
1
n ] ≤ e

∞∑
n=1

an

hold if an ≥ 0 (n = 1,2, · · · ) with 0 <
∞∑
n=1

an < +∞, where a = 2.739, b = [(4
√
2−3)e−6]/[(3−

2
√
2)e] = 2.6203 · · · and c = (e/2− 1)(1 + b) = 1.3002 · · · .

1. Introduction

Let an ≥ 0 (n = 1,2, · · · ) with 0 <
∞∑
n=1

an < +∞, then the well-known Carleman’s

inequality [1] is given by
∞∑
n=1

(
n∏

k=1

ak)
1
n < e

∞∑
n=1

an.

In the last ninety years, the refinement, improvement, generalization, extension
and application for the Carleman’s inequality have attracted the attention of many
researchers [2-19].
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Alzer [2] gave a very elegant proof of the inequality
∞∑
k=1

pkGk +
1
2

∞∑
k=1

p2k
Pk

Gk < e
∞∑
k=1

pkxk ,

where xi ,pi > 0 (i = 1,2, · · · ), Gk =
∏k

i=1 x
pi /Pk
i , Pk =

∑k
i=1pi and

∑∞
k=1pkxk < +∞.

In [20], Yuan established that
∞∑
n=1

(
n∏

k=1

ak)
1
n < e

∞∑
n=1

(1− β/n)
(1 + 1/n)α

an,

where α, β satisfy 0 ≤ α ≤ 1/ log2− 1, 0 ≤ β ≤ 1− 2/e, eβ + 21+α = e, an ≥ 0 (n = 1,2, · · · )
and 0 <

∑∞
n=1 an < +∞.

Yang and Debnath [3] proved that the inequality
∞∑
n=1

(
n∏

k=1

ak)
1
n < e

∞∑
n=1

(1− 1
2n+2

)an

holds if an ≥ 0 (n = 1,2, · · · ) with 0 <
∞∑
n=1

an < +∞.

In [21], the authors established that
∞∑
n=1

(
n∏

k=1

ak)
1
n < e

∞∑
n=1

(1−
1− 2

e

n
)an

for an ≥ 0 (n = 1,2, · · · ) with 0 <
∞∑
n=1

an < +∞.

Yang [15] gave the following generalization of Carleman’s inequality:

∞∑
n=1

( n∏
k=1

a1/k
λ

k

)1/Sn(λ)
≤ e

∞∑
n=1

eλn
λ−1Sn(λ)an,

where λ ∈ [0,1], Sn(λ) =
∑n

k=1
1
kλ
, an ≥ 0 (n = 1,2, · · · ) and

∞∑
n=1

an < +∞.

In [17], Hu proved that
∞∑
n=1

(
n∏

k=1

ak)
1
n < e

∞∑
n=1

(
1−

∞∑
k=1

bk
(n+1)k

)
an

if an ≥ 0 (n = 1,2, · · · ) with 0 <
∞∑
n=1

an < +∞, b0 = 1 and bn =
1
n

n∑
k=1

bn−k
k+1 .

In this paper, we present two refinements of Carleman’s inequality. Ourmain results
are the following Theorems 1.1 and 1.2.

Theorem 1.1. Let a = 2.739, an ≥ 0 (n = 1,2, · · · ) with 0 <
∞∑
n=1

an < +∞, then

∞∑
n=1

( n∏
k=1

ak

) 1
n

≤ e
∞∑
n=1

(
1− a

n+13a

)
an.
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Theorem 1.2. Let b = [(4
√
2 − 3)e − 6]/[(3 − 2

√
2)e] = 2.6203 · · · , c = (e/2 − 1)(1 + b) =

1.3002 · · · , an ≥ 0 (n = 1,2, · · · ) with 0 <
∞∑
n=1

an < +∞, then

∞∑
n=1

[(
1+

c
n+ b

)
(

n∏
k=1

ak)
1
n

]
≤ e

∞∑
n=1

an.

2. Lemmas

In order to establish our main results we need several lemmas, which we present
in this section.

Lemma 2.1 (see [22, Corollary 1.3]). Suppose that a,b ∈ R with a < b, f : [a,b]n→ R
has continuous partial derivatives and

Dm = {x = (x1,x2, · · · ,xn)|a ≤ min
1≤k≤n

{xk} < xm = max
1≤k≤n

{xk} ≤ b},m = 1,2, · · · ,n.

If ∂f (x)
∂xm

> 0 holds for all x ∈Dm and m = 1,2, · · · ,n, then

f (x1,x2, · · · ,xn) ≥ f (xmin,xmin, · · · ,xmin)

for all xm ∈ [a,b] (m = 1,2, · · · ,n), where xmin = min
1≤k≤n

{xk}.

Lemma 2.2 (Stirling formula). If n ∈N is a positive natural number, then

n! =
√
2πn

(
n
e

)n
e

θn
12n ,

where 0 < θn < 1.

Lemma 2.3. Let n ∈N be a positive natural number and a = 2.739, then

e

[
n2 + (1+24a)n+ 23

2 a+156a2

(n+13a)(n+ 1
2 )(n+1+13a)(n+ 3

2 )

]
>
4
n

[
n!

(2n+1)!

]1/n
. (2.1)

Proof. If n = 1 and 2, the numerical computations lead to

e

[
1+ (1+ 24a) + 23

2 a+156a2

(1 + 13a)(2 + 13a)× 15
4

]
= 0.668 . . . , (2.2)

e

[
4+2(1+ 24a) + 23

2 a+156a2

(2 + 13a)(3 + 13a)× 35
4

]
= 0.286 . . . , (2.3)

4
3!

= 0.666 · · · ,2
(
2!
5!

)1/2
= 0.258 · · · . (2.4)

Equations (2.2)-(2.4) show that inequality (2.1) holds for n = 1 and 2.
We claim that the inequality

(2n+1)

√
2+

1
n
>

e1+
1

12n

[
1+

(1+ 2a)n2 + (13a2 + 57
2 a+1)n+ (3512 a2 + 55

4 a)

n3 + (32 +24a)n2 + (12 +
47
2 a+156a2)n+ (234 a+78a2)

]n
(2.5)
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holds for all n ≥ 3. Indeed, if n ≥ 625, then it is not difficult to verify that√
1+

1
2n

> e
1

12n . (2.6)

Note that

1+ 2a >
(1 + 2a)n3 + (13a2 + 57

2 a+1)n2 + (3512 a2 + 55
4 a)n

n3 + (32 +24a)n2 + (12 +
47
2 a+156a2)n+ (234 a+78a2)

, (2.7)

(2n+1)
√
2 ≥ 1351

√
2 = 1769.181 · · · > e2+2a = 1768.699 · · · . (2.8)

It follows from (2.6) and (2.8) that

(2n+1)

√
2+

1
n
> e1+

1
12n e1+2a. (2.9)

Equality (2.7) implies that

e1+2a > (1 + x)
1+2a
x > (1 + x)

1
x

(1+2a)n3+(13a2+ 57
2 a+1)n2+( 3512 a2+ 55

4 a)n

n3+( 32 +24a)n
2+( 12 +

47
2 a+156a2)n+( 234 a+78a2) (2.10)

for any x > 0.

Let x =
(1+2a)n2+(13a2+ 57

2 a+1)n+( 3512 a2+ 55
4 a)

n3+( 32+24a)n
2+( 12+

47
2 a+156a2)n+( 234 a+78a2)

, then (2.5) follows from (2.9) and (2.10).

If 3 ≤ n ≤ 624, then we verify that inequality (2.5) is also true by compiling the
following VB language:

Private Sub Command-Click ()
Dim a As Double, b As Double
For n = 3 to 624
a = (2 ∗n+1) ∗ Sqr(2 + 1/n)
b = Exp(1 + 1/(12 ∗n) ∗ (((n+35.607)(n+36.607) ∗ (n+1.5))/
((n ∗n+66.736 ∗n+1201.829376) ∗ (n+0.5))n

Text 1. Text = Text1. Text & ”n=” & n & ” a =” & a & ”b=” & b & ”a-b=” & (a-b) &
Chr(13) & Chr(10)

Next n
End Sub.
From (2.5) we get

(2n+1)

√
2+

1
n
> e1+

1
12n

[
(n+13a)(n+1+13a)(n+ 3

2 )

(n2 + (1+24a)n+ 23
2 a+156a2)(n+ 1

2 )

]n
,[

n2 + (1+24a)n+ 23
2 a+156a2

(n+13a)(n+ 1
2 )(n+1+13a)(n+ 3

2 )

]n
(n+

1
2
)2n >

√
ne1+

1
12n

√
2n+1(2n+1)

,

en
[

n2 + (1+24a)n+ 23
2 a+156a2

(n+13a)(n+ 1
2 )(n+1+13a)(n+ 3

2 )

]n
>

4n
√
2πn(ne )

ne
1

12n

nn
√
2π(2n+1)(2n+1e )2n+1

and

e

[
n2 + (1+24a)n+ 23

2 a+156a2

(n+13a)(n+ 1
2 )(n+1+13a)(n+ 3

2 )

]
>
4
n

( √
2πn(ne )

ne
1

12n√
2π(2n+1)(2n+1e )2n+1

) 1
n

. (2.11)

Therefore, inequality (2.1) follows from Lemma 2.2 and (2.11) for all n ≥ 3.
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Lemma 2.4. Let a = 2.739 and n ∈N be a positive natural number. Then

e(1− a
n+13a

)
1

n+ 1
2

>
∞∑
j=n

1
j
(

j∏
k=1

1

k + 1
2

)
1
j .

Proof. Set f (n) = e(1− a
n+13a )

1
n+ 1

2
−
∑∞

j=n
1
j (
∏j

k=1
1

k+ 1
2
)
1
j , n = 1,2, · · · . Then

lim
n→+∞

f (n) = 0 (2.12)

and
f (n)− f (n+1)

= e

[
n2 + (1+24a)n+ 23

2 a+156a2

(n+13a)(n+ 1
2 )(n+1+13a)(n+ 3

2 )

]
− 4
n

(
n!

(2n+1)!

) 1
n

. (2.13)

From Lemma 2.3 and (2.13) we clearly see that the sequence {f (n)}+∞n=1 is strictly
decreasing. Therefore, Lemma 2.4 follows from (2.12) and the monotonicity of the
sequence {f (n)}+∞n=1.

Lemma 2.5. Let n ∈N be a positive natural number, b = [(4
√
2−3)e−6]/[(3−2

√
2)e] =

2.6203 · · · and c = (e/2− 1)(1 + b) = 1.3002 · · · . Then
e

n+1
≥ 1

(n!)
1
n

(
1+

c
n+ b

)
(2.14)

and
e
n
>
∞∑
k=n

[
1

k(k!)
1
k

(1 +
c

k + b
)
]
. (2.15)

Proof. We first prove inequality (2.14). It is not difficult to verify that inequality
(2.14) becomes equality for n = 1,2. If 3 ≤ n ≤ 15, then

1

(n!)
1
n

(
1+

c
n+ b

)
<

1

(n!)
1
n

(
1+

1.3003
n+2.62

)
.

Let An = e/(n + 1) and Bn = (1 + 1.3002
2.62+b )/(n!)

1/n, then numerical computations give
(A3,B3) = (1.234 · · · ,1.231 · · · ), (A4,B4) = (1.203 · · · , 1.196 · · · ), (A5,B5) = (1.180 · · · ,1.170 · · · ),
(A6,B6) = (1.162 · · · ,1.150 · · · ), (A7,B7) = (1.148 · · · ,1.135 · · · ), (A8,B8) = (1.136 · · · ,1.122 · · · ),
(A9,B9) = (1.127 · · · , 1.111 · · · ), (A10,B10) = (1.119 · · · ,1.103 · · · ), (A11,B11) = (1.112 · · · ,
1.095 · · · ), (A12,B12) = (1.105 · · · ,1.088 · · · ), (A13,B13) = (1.100 · · · ,1.083 · · · ), (A14,B14) =
(1.095 · · · ,1.078 · · · ), (A15,B15) = (1.091 · · · ,1.073 · · · ). Therefore, inequality (2.14) holds
for 3 ≤ n ≤ 15

If n ≥ 16, then we have
√
2nπ ≥

√
32π = 10.026 · · · , ec+1 < e2.3002 = 9.976 · · · . (2.16)

From (2.16) and e > (1 + 1/x)x (x > 0) we have
√
2nπ > ec+1 = eec > (1 +

1
n
)n
[
(1 +

c
n
)
n
c

]c
= (1+

1
n
)n(1 +

c
n
)n,

(2nπ)
1
2n >

n+1
n

(1 +
c
n
) >

n+1
n

(1 +
c

n+ b
). (2.17)
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It follows from Lemma 2.2 and (2.17) that

e
n+1

>
e

n(2nπ)
1
2n
(1 +

c
n+ b

) =
e

θn
12n2

(n!)
1
n

(1 +
c

n+ b
) >

1

(n!)
1
n

(1 +
c

n+ b
).

Next, we prove inequality (2.15). Let

H(n) =
e
n
−
∞∑
k=n

[
1

k(k!)
1
k

(1 +
c

k + b
)
]
. (2.18)

Then
lim

n→+∞
H (n) = 0, (2.19)

H(n)−H(n+1) =
1
n
[

e
n+1

− 1

(n!)
1
n

(1 +
c

n+ b
)]. (2.20)

From (2.14) and (2.19) we clearly see that the sequence {H (n)}∞n=1 is strictly
decreasing. Therefore, inequality (2.15) follows from (2.18) and (2.19) together with
the monotonicity of the sequence {H (n)}∞n=1.

Lemma 2.6. Let m ∈ N be a positive natural number, an ≥ 0 (n = 1,2, · · · ,m),
Bm = min

1≤n≤m
{(n+ 1

2 )an} and a = 2.739. Then

e
m∑
n=1

(1− a
n+13a

)an −
m∑
n=1

(
n∏

k=1

ak)
1
n

≥ 2Bm[e
m∑
n=1

n+12a
(n+13a)(2n+1)

−
m∑
n=1

2(n!)
1
n

((2n+1)!)
1
n

]. (2.21)

Proof. It is not difficult to verify that inequality (2.21) becomes equality for m = 1.
Suppose that m ≥ 2 and bn = (n+1/2)an, then inequality (2.21) is equivalent to

e
m∑
n=1

(1− a
n+13a

)
bn

n+ 1
2

−
m∑
n=1

(
n∏

k=1

bk
k + 1

2

)
1
n

≥ 2Bm[e
m∑
n=1

n+12a
(n+13a)(2n+1)

−
m∑
n=1

2(n!)
1
n

((2n+1)!)
1
n

]. (2.22)

Let

f : b = (b1,b2, · · · ,bm) ∈ (0,+∞)m→ e
m∑
n=1

(1− a
n+13a

)
bn

n+ 1
2

−
m∑
n=1

(
n∏

k=1

bk
k + 1

2

)
1
n

and
Di = {(b1,b2, · · · ,bm) | min

1≤k≤m
{bk} < bi = max

1≤k≤m
{bk}}, i = 1,2, · · · ,m.

Then for any b ∈Di we get

∂f (b)
∂bi

= e(1− a
i +13a

)
1

i + 1
2

−
m∑
n=i

1
nbi

(
n∏

k=1

bk
k + 1

2

)
1
n
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> e(1− a
i +13a

)
1

i + 1
2

−
m∑
n=i

1
n
(

n∏
k=1

1

k + 1
2

)
1
n

> e(1− a
i +13a

)
1

i + 1
2

−
∞∑
n=i

1
n
(

n∏
k=1

1

k + 1
2

)
1
n . (2.23)

From Lemmas 2.1 and 2.4 together with (2.23) we get

f (b1,b2, · · · ,bm) ≥ f (Bm,Bm, · · · ,Bm). (2.24)

Therefore, inequality (2.22) follows easily from (2.24).

Lemma 2.7. Let m ∈ N be a positive natural number, ai ≥ 0 (i = 1,2, · · · ,m), Bm =
min
1≤n≤m

{nan}, b = ([4
√
2−3)e−6]/[(3−2

√
2)e] = 2.6203 · · · and c = (e/2−1)(1+b) = 1.3002 · · · .

Then

e
m∑
n=1

an −
m∑
n=1

[
(1 +

c
n+ b

)(
n∏

k=1

ak)
1
n

]

≥ Bm

[
e

m∑
n=1

1
n
−

m∑
n=1

1

(n!)
1
n

(1 +
c

n+ b
)
]
. (2.25)

Proof. We clearly see that inequality (2.25) becomes equality form = 1. Suppose that
m ≥ 2 and bn = nan (n = 1,2, · · · ,m), then inequality (2.25) is equivalent to

e
m∑
n=1

bn
n
−

m∑
n=1

[
(1 +

c
n+ b

)(
1
n!

n∏
k=1

bk)
1
n

]

≥ Bm

[
e

m∑
n=1

1
n
−

m∑
n=1

(
1

(n!)1/n
(1 +

c
n+ b

))
]
. (2.26)

Let

f : b = (b1,b2, · · · ,bm) ∈ (0,+∞)m→ e
m∑
n=1

bn
n
−

m∑
n=1

[(1 +
c

n+ b
)(
1
n!

n∏
k=1

bk)
1/n].

Then for any b ∈Di (i = 1,2, · · · ,m), we have

∂f (b)
∂bi

=
e
i
−

m∑
n=i

[
1
nbi

(1 +
c

n+ b
)(
1
n!

n∏
k=1

bk)
1/n]

>
e
i
−

m∑
n=i

[
1
nbi

(1 +
c

n+ b
)(
1
n!

n∏
k=1

bi)
1
n ]

=
e
i
−

m∑
n=i

[
1

n(n!)
1
n

(1 +
c

n+ b
)]

>
e
i
−
∞∑
n=i

[
1

n(n!)
1
n

(1 +
c

n+ b
)]. (2.27)

It follows from Lemma 2.1 and (2.15) together with (2.27) that

f (b1,b2, · · · ,bn) ≥ f (Bm,Bm, · · · ,Bm). (2.28)

Therefore, inequality (2.26) follows from (2.28).
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3. Proofs of Theorems 1.1 and 1.2

Proof of Theorem 1.1. Let Bm = min
1≤n≤m

{(n+ 1
2 )an} and

f (i) = e
i∑

n=1

n+12a
(n+13a)(2n+1)

−
i∑

n=1

2(n!)
1
n

((2n+1)!)
1
n

, (i = 1,2, · · · ,m).

Then
f (1) = 0.5049 · · · > 0, (3.1)

f (i +1)− f (i) = e
i +1+12a

(i +1+13a)(2i +3)
− 2((i +1)!)

1
i+1

((2i +3)!)
1
i+1

. (3.2)

It follows from Lemma 2.3 and (3.2) that

f (i +1)− f (i) >

e
i +1+12a

(i +1+13a)(2i +3)
− e i +1

2
(i +1)2 + (1+24a)(i +1) + 23

2 a+156a2

(i +1+13a)(i + 3
2 )(i +2+13a)(i + 5

2 )

=
e[(52 + a)(i +1)2 + (4+51a)(i +1) + 3

2 (1 + 12a)(1 + 13a)]

(2i +3)(i +1+13a)(i +2+13a)(i + 5
2 )

> 0. (3.3)

Lemma 2.6 and (3.1) together with (3.3) imply that

e
m∑
n=1

(1− a
n+13a

)an −
m∑
n=1

(
n∏

k=1

ak)
1
n ≥ 2Bmf (m) ≥ 2Bmf (1) ≥ 0. (3.4)

Therefore, Theorem 1.1 follows from (3.4) with m→ +∞.

Proof of Theorem 1.2. Letm ∈N be a positive natural number and Bm = min
1≤n≤m

{nan}.
Then we clearly see that

m! < (m+1)m, (m!)m+1 < (m!)m(m+1)m = ((m+1)!)m,

(m!)
1
m < ((m+1)!)

1
m+1 . (3.5)

From (2.14) and (3.5) we have

e
m+1

≥ 1

(m!)
1
m

(1 +
c

m+ b
)

>
1

((m+1)!)
1

m+1
(1 +

c
m+ b

)

>
1

((m+1)!)
1

m+1
(1 +

c
m+1+ b

). (3.6)

Let

G(m) = e
m∑
n=1

1
n
−

m∑
n=1

[
1

(n!)
1
n

· (1 + c
n+ b

)] (m = 1,2, · · · ). (3.7)

Then (3.6) and (3.7) lead to

G(1) =
e
2
> 0, (3.8)
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G(m+1)−G(m) =
e

m+1
− 1

((m+1)!)
1

m+1
(1 +

c
m+1+ b

) > 0. (3.9)

From Lemma 2.7 and (3.7)-(3.9) we get

e
m∑
n=1

an −
m∑
n=1

[
(1 +

c
n+ b

)(
n∏

k=1

ak)
1
n

]
>

e
2
Bm ≥ 0. (3.10)

Therefore, Theorem 1.2 follows from (3.10) with m→ +∞.
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