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Abstract. In this paper, we prove that the inequalities
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holdifa, >0 (n=1,2,---) with0< ¥ a, < +co, where a = 2.739, b = [(4V2-3)e—6]/[(3—-
n=1

2v2)e] = 2.6203--- and ¢ = (e/2 — 1)(1 + b) = 1.3002---.

1. Introduction

Leta, >0 (n=1,2,---) with 0 < ) a, < +c0, then the well-known Carleman’s

n=1
inequality [1] is given by
o0 n (e
1
Z(I_I ag)n <e Zan.
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In the last ninety years, the refinement, improvement, generalization, extension
and application for the Carleman’s inequality have attracted the attention of many
researchers [2-19].
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Alzer [2] gave a very elegant proof of the inequality
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where x;,p; >0 (i =1,2,-+), Gy = [T5_, ™%, B =YX pi and Y2, prxy < +oo.
In [20], Yuan established that

where a, f satisfy 0 <a <1/log2-1,0< <1-2/e, e[3+21+“ =e,a,>0(n=1,2,--+)
and 0< ) 2, a, <+oo.
Yang and Debnath [3] proved that the inequality
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holdsifa, >0(n=1,2,---)with0< }_ a, < +oo.
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In [21], the authors established that
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fora,>0(n=1,2,---)with0< ) a, < +co.
n=1
Yang [15] gave the following generalization of Carleman’s inequality:
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where A €[0,1], S,(A) =Y }_ 1% 2=20(n=1,2,---)and Y a4, < +oo.
In [17], Hu proved that

(o)
ifa,>0(n=1,2-)with0< Y a,<+oo,bg=1and b, =1y bk,
n=1 k=1
In this paper, we present two refinements of Carleman’s inequality. Our main results
are the following Theorems 1.1 and 1.2.

Theorem 1.1. Let a =2.739,4,>0(n=1,2,---) with 0 < ) a, < +oo, then

n=1
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Theorem 1.2. Let b = [(4V2 —3)e—6]/[(3 —2V2)e] = 2.6203---, c = (¢/2—1)(1 +b) =

1.3002---,4,>0(n=1,2,---)with 0 < }_ 4,, < +oc0, then
n=1

i[(l + nib)(ﬁak)ﬁ] < Eian.

n=1 k=1 n=1

2. Lemmas

In order to establish our main results we need several lemmas, which we present

in this section.

Lemma 2.1 (see [22, Corollary 1.3]). Suppose that a,b € Rwitha<b, f :[a,b]" > R

has continuous partial derivatives and

D, ={x=(x1,xp,+-,x,)|la < mkin {x¢} <xpp = max {x;} <b},m=1,2,---,n.
1<k<n

1<k<n

1f 22 5 0 holds for all x € D,, and m =1,2,--,n, then

dx,,
f(xl’er"' rxn) 2 f(xrninrxmirv"' rxrnin)

for all x,, € [a,b] (m=1,2,---,n), where xpjn = min {x;}.
1<k<n

Lemma 2.2 (Stirling formula). If n € IN is a positive natural number, then
n
O
nl = VZTcn(g) ez,

where 0< 60, < 1.

Lemma 2.3. Let n € IN be a positive natural number and a = 2.739, then

n? + (1 + 24a)n + Ba+ 1564 U4 L
(n+13a)(n+3)(n+1+13a)(n+3)] n[(2n+1)!
Proof. If n =1 and 2, the numerical computations lead to
1+ (1 +24a)+ Za+ 1564
= |=0.668...,
(1+13a)(2+13a)x 2
4+2(1+24a)+ Za+156a?
e L |=0286...,
(2+13a)(3+13a) x 32

4 1172
31 :0.666---,2(5—;) =0.258---.

Equations (2.2)-(2.4) show that inequality (2.1) holds for n =1 and 2.

We claim that the inequality
[ 1
2n+1)4[2+=>
n
351 2, 55

1 (1+2a)n2+(13u2+5—27a+1)n+(7u +3Pa)

m3+ (3 +24a)n? + (3 + Ya+156a2)n + (La+78a2)

n

(2.5)
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holds for all n > 3. Indeed, if n > 625, then it is not difficult to verify that

i seth (2.6)
-— eln, .
2n

(1+2a)n3+(13a2+ﬂa+1)n2+(3gla2+ Zan
n3+(3 +24a)n? + (2+47a+156a2)n+(23a+78a2)

(2n+1)V2>1351V2=1769.181--- > 22" = 1768.699 -- (2.8)
It follows from (2.6) and (2.8) that

1
2+ 1)42+ — > el I el 424, (2.9)
n

Equality (2.7) implies that

Note that

1+2a>

1 (1+2a)n3+(13a2+%a+1)n +(3gl 2 545a)

1+2 x 3 1 47 23
el+2a > (1 +X)% N (1 + X)x rl3+(2+24a)n2+( a+156a2)n+( 3 a+7842) (210)

for any x > 0.
(1+2a)n?+(13a2+ 2L a+1)n+(33L a2+ 22 )

Letx= n3+(3+24a)n2+(L+ 42§a+156a2)712+( 2 ai78 2y’

If3<n< 624 then we verify that inequality (2.5) is also true by compiling the
following VB language:

Private Sub Command-Click ()

Dim a As Double, b As Double

For n =3 to 624

a=(2+n+1)*Sqr(2+1/n)

b=Exp(1+1/(12%n)*(((n+35.607)(n + 36.607) % (n + 1.5))/

((n*n+66.736+n+1201.829376) * (1 + 0.5))"

Text 1. Text = Textl. Text & "n=" & n & ”"a =" & a & "b=" & b & "a-b=" & (a-b) &
Chr(13) & Chr(10)

Next n

End Sub.

From (2.5) we get

1 n+13a)(n+1+13a)(n+3 g
(2n+1)4[2+— > e+ ( I = ot )1 ,
n (n?+(1+24a)n+ 5 a+156a%)(n+ 3)
n?+(1+24a)n+ Fa+156a> ]" 1)2n \/ﬁg“m
>
3
3)

+= —_—,
(n+13a)(n+ %)(n+1+13a)(n+ 2 V2n+1(2n+1)
" 4"V2rn( ) e T

>

2m(2n + 1)( 2L )2n+l

, then (2.5) follows from (2.9) and (2.10).

| n?+(1+24a)n+ Fa+ 1564
(n+13a)(n+%)(n+1+13a)(n+3)

and
e[ n?+(1+24a)n+ B a+156a> é( V2rn(L)retz %. o
(n+13a)(n+3)(n+1+13a)(n+3) 2m(2n+1)(2 )2"+1

Therefore, inequality (2.1) follows from Lemma 2.2 and (2.11) for all n > 3.
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Lemma 2.4. Let a = 2.739 and n € IN be a positive natural number. Then

a 1
e(l

)l

h 1
n+13a n-q-7 = kel 5
i 1
Proof. Set f(n)=e(1 - m)@—):;’i"%( ;(:1 @)i, n=1,2,---. Then
nl_l)rPoof(n) =0 (2.12)

and
f(n)=f(n+1)
n?+(1+24a)n + Ba+ 1564 4 n
‘ (n+13a)(n+%)(n+l+13a)(n+%) _E((Z”“Ll)!) . 213

From Lemma 2.3 and (2.13) we clearly see that the sequence {f(n)}}2] is strictly
decreasing. Therefore, Lemma 2.4 follows from (2.12) and the monotonicity of the

+o0

sequence {f (n)};5.

Lemma 2.5. Let # € N be a positive natural number, b = [(4V2-3)e—6]/[(3-2V2)e] =
2.6203--- and ¢ = (¢/2— 1)(1 + b) = 1.3002---. Then

==

e 1 c
1/1+12(n!),11(1+n+b) (2.14)
and
¢ v 1 c

Proof. We first prove inequality (2.14). It is not difficult to verify that inequality
(2.14) becomes equality for n =1,2. If 3 <n <15, then

1 c 1 1.3003
1+ < 1+ .
(n!)% n+b (n!)rlr n+2.62

Let A, =e/(n+1)and B, = (1 + %)/(n!)l/”, then numerical computations give

(As,Bs) = (1.234-+,1.231--+), (A4, B4) = (1.203+-+,1.196-+), (As, B5) = (1.180-++,1.170---
(Ag,Bg) = (1.162-++,1.150--+), (A7, B;) = (1.148+--,1.135---), (Ag, Bg) = (1.136-++,1.122---

(A9,B9) - (1127, 1111), (Alo'BIO) = (1119,1103), (All’Bll) = (1112,
1.095---), (A12,B12) = (1.105---,1.088---), (A13,B13) = (1.100---,1.083---), (A14,B14) =
(1.095---,1.078---), (A15,B15) = (1.091---,1.073---). Therefore, inequality (2.14) holds
for3<n<15

If n > 16, then we have

V2nm > V321 =10.026---, ! <e?3002-9976.... (2.16)
From (2.16) and e > (1 + 1/x)* (x > 0) we have

1 ¢l 1 c
2nm> et =eef > (1+ =) (1+)e| =(1+=)"(1+=)",
(10| = oy )

(2nm) % > ). (2.17)
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It follows from Lemma 2.2 and (2.17) that

On
e e c e12n2 c 1 c
1 = 1 1 .
nel” n(2nn)217( T (n!)%( ) (nz)%( Yy
Next, we prove inequality (2.15). Let
e v 1 c
H(n)=—- [ (I+ )]. (2.18)
" kz ks kb
Then
lim H(n)=0, (2.19)
n—+oo
1 e 1 c

H(n)-H(n+1)=~[

S _(n!)%(l+n+b)]' (2.20)

From (2.14) and (2.19) we clearly see that the sequence {H (n)},—, is strictly
decreasing. Therefore, inequality (2.15) follows from (2.18) and (2.19) together with

the monotonicity of the sequence {H (1)} ;.

Lemma 2.6. Let m € IN be a positive natural number, a4, > 0 (n = 1,2,---,m),
B,, = min {(n+ %)an} and a = 2.739. Then

1<n<m
m m n
a 1
IR g § 1N
n=1 n=1 k=1
m m 1
n+12a 2(n!l)n
> 2B,,[e - 1. (2.21)
;(n+13a)(2n+1) ;((Z,H_l)!)g

Proof. 1t is not difficult to verify that inequality (2.21) becomes equality for m = 1.
Suppose that m > 2 and b, = (n+ 1/2)a,, then inequality (2.21) is equivalent to

b, by .1
eZ(l_ﬁ)n+% _Z(]_[kf )’

> 9B & n+12a & 2(n!)% 992
- m[e;(n+l3u)(2n+l)_1;((21,1_’_1)!)%]' (2.22)
Let
f:b:(bl,bz,---,bm)e(O,+oo)m—>ei(1— =) b m(ﬁ LY
= n+13a n+% - k:1k+%
and

D; ={(b1,by,---,b,,) | min {b;}<b; = max {b;}},i=1,2,---,m.
1<k<

1<k<m m

Then for any b € D; we get

df(b) _ a 1 ] by 1
ob; _e(l_i+13a)i+%_;n_bi(!(_[k+ )
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m n

a 1 1 1 1
1- - _| | a
> e( i+13a)i+% Zn( P )

1
n=i k:l 2

= 1
>e(l - - )u. 2.23
6( z+13a 1+_ Z, ]_[k-q-2 ( )

From Lemmas 2.1 and 2.4 together with (2.23) we get
f(bllb2r"'lbm)Zf(Bm:er"'er)' (224)
Therefore, inequality (2.22) follows easily from (2.24).

Lemma 2 7. Let m € IN be a positive natural number, a; >0 (i = 1,2,---,m), B, =
min {na,}, b = ([4V2-3)e—6]/[(3-2V2)e] = 2.6203--- and ¢ = (e/2—1)(1+b) = 1.3002---.

1<n<m

Then

(2.25)

-1 v 1 c
ZBm[€ZZ_Z_, T(1+ n+b)
n=1 =1 (n!)n
Proof. We clearly see that inequality (2.25) becomes equality for m = 1. Suppose that
m>2and b, =na, (n=1,2,---,m), then inequality (2.25) is equivalent to

(2.26)

Let

m b m
Fb= by bu) € O re0)" > e Y (1w Sy [ b))
k=1

Then forany be D; (i =1,2,:--,m), we have

>S-3 1lu+ ‘). (2.27)

It follows from Lemma 2.1 and (2.15) together with (2.27) that
f(b11b2r"'lbn)Zf(erer"';Bm)- (228)
Therefore, inequality (2.26) follows from (2.28).
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3. Proofs of Theorems 1.1 and 1.2

Proof of Theorem 1.1. Let B, = min {(n+ %)an} and
1<n<m

X n+l2a - 2m)r
f(l)_ezlr(n+13a)(2n+1) Z((zn_’_l)')}—”(l N 1’2, ’m).

n= n=1

Then
f(1)=0.5049---> 0,

. o i+1+12a 2((i+1)Y)7
S =10 = e T a2+ 3) (21 + 307

| E-
—~
®
N
)

,_.

It follows from Lemma 2.3 and (3.2) that
fli+1)-f(i)>
i+1(+1)%+(1+24a)(i+ 1)+ Fa+156a

i+1+12a
—e
2 (i+1+13a)(i+3)(i+2+13a)(i+3)

“Gr1+13a)(2i+3)
_ G ra)i+ 1P+ (34510 +1)+ (1112014 130)] (33)
- (2 +3)(i +1+13a)(i +2+13a)(i + 3) | |

Lemma 2.6 and (3.1) together with (3.3) imply that

ei(l— ? )an—i(ﬁakﬁ > 2B,,f(m) > 2B,,f(1) > 0. (3.4)

n+13a
n=1 k=1

n=1
Therefore, Theorem 1.1 follows from (3.4) with m — +co.

Proof of Theorem 1.2. Let m € IN be a positive natural number and B,,, = 1min {na,}.
<nsm

Then we clearly see that

m! < (m+1)",  (m)™! < (m)™(m+1)" = ((m+1))",

(ml)m < ((m+1)})meT. (3.5)
From (2.14) and (3.5) we have
e 1 c
m+1 > (m!)%(l+ m+b)
1 c
1
g ((m+1)1)ml+1( e
1 c
>((m+1)!)m£—1 (1+m+1+b)' (3.6)
Let
=1 o« 1 c
G(m):e;;—;[(n!)%-(1+n+b)] (m=1,2,---). (3.7)
Then (3.6) and (3.7) lead to
¢ (3.8)

G(l):§>0,
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e 1 c
G(m+1)_G(m):m+1_((m+1)!)ﬁ(1+m+l+b)>0' (3.9)

From Lemma 2.7 and (3.7)-(3.9) we get

n

e;an—;[(unib)(ﬂak)i]>23mzo. (3.10)

k=1
Therefore, Theorem 1.2 follows from (3.10) with m — +oo.
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