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Abstract. In this paper, we apply modified absolute Ndrlund means with weights(Das
[15]) to study absolute Norlund summability of Fourier series with multipliers and
obtain some necessary and sufficient conditions, imposed upon the generating function
of Fourier series, as well as best possible absolute summability multipliers in certain
sense. As a consequence, we not only get some new results but some results, which
improve earlier results, have also been obtained.

1. DEFINITIONS AND NOTATIONS

Let (p,,) be a sequence of constants such that

P,=po+p1+pr+..+p,#0, forn>0

and let A = (4,) be a given positive sequence. Then modified Norlund mean with
weight A = (1,)) of ) 77, w,, is defined by
1 n
dy = m ];pn—k/\kwk- (1.1)

If the series ) ,d, converges to s, we say that } )’ ,w, is summable by modified
Norlund mean with weight A = (1,) or summable (N’,p,, A,,) to s. And if

Zldn| <o (1.2)
n=0

then ) ;7 ,w, is said to be absolutely summable by modified Norlund mean of weight
A =(A,) or summable [N’,p,, A,|. For this, see Das [15].
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It follows from Das([15]; Lemma 4) that if p, > 0 and (A,,) is non decreasing then
(N, pu, Ayy) is absolutely conservative provided

) - O(Aik) (ii) (n-+ 1)py = O(P,). (13)
Further if, (p,) satisfies Kaluza condition:
M={py>0:pu1pu-1 = py” and pyq < py), (1.4)
then (Das[14])
IN, pul ~ IN", py, ] (1.5)

In 1979, Bosanquet and Das [2] have shown that a Norlund method is identical with
its modified Norlund mean of weight A, = n if and only if Norlund matrix is a Cesdro
matrix. In 1980, Das and Mohapatra [17] have studied a special case of (N, p,,) method,
which they called the generalized harmonic-Cesaro method (Z, «, ) and is generated

by (p,): pu = Agfl'ﬁ, determined by the identity

(o]

(1-2)" " Yloga/(1 -z)}f = ZAz"ﬁz”(|z| <1), (1.6)

n=0

where a, 8 are real and a > 2 is a fixed constant. Thus, in the case § = 0, the method
(Z,a, B) reduces to Cesdaro method (C, @) and in the case a = 0, > 0, it is equivalent to
the generalized harmonic summability method (Das and Mohapatra [16]) which was
first studied by Iyenger [22] for positive integer § by considering the following identity:

1 1 =z =
z B — } B = } Bn
{zlogl—z} {n:0n+1} —n:OCnZ (1-7)
for > 0,|z| <1 and z# 1, where
logn)P-1
cﬁ ~ M = qf,(suppose). (1.8)

n

We write [N, qﬁ |(8 > 0) for the absolute generalized harmonic summability method and
|Z’, a, B| for modified absolute generalized harmonic-Cesdro method associated with
the absolute generalized harmonic-Cesdro method |Z, a, f| , which has been studied by
Das and Mohapatra [18].

For real a and B, the following estimates are known ([33],p.192):

n
AYP ~ ZAﬁ‘l'ﬁ (1.9)
m=0
a,p n® B
Ayt~ —(logn)P(a #-1,-2,-3,....) (1.10)

F(a+1)
ALP ~ B(=1)* T (lal)n® (logn)P~ (@ = -1,-2,-3,....). (1.11)
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Let f € L,,, the space of all real valued, 27— periodic and L-integrable Functions over
[—7, 7). Then the Fourier series of f at a point x is given by

1 [Se] o0
590 + Z(ancosnx + b, sinnx) = ZAn(x), (1.12)
n=1 n=0

where a, and b,, are the Fourier coefficients of f.
We use the following notations throughout the paper for fixed real number x:

¢(t):%{f(x+t )+ f(x—1t)} (1.13)

R(t) = (1)~ 1), where gy (¢ f ol (1.14)

H,(t) = b(t)SiZtnt +f SiZ;”‘db( Lb(t) = tp(t), (1.15)

where p(t7!) is defined in 0 < t < 7t. We also write for any sequence (f,,) and & = 1,2,3....
Aofn:fwAfn:fn_an:Ahfn:A(Ah_lfn) (1.16)

VO fa = fur Vi = fa=far V' = VVILL). (1.17)

T = [%], the integral part, where 0 < t < 7t and k is a positive constant taken for the
convenience in the analysis and not necessarily the same at each occurrence. And for
positive integer n, we write y,, for y(n).

2. THEOREMS AND COMMENTS

The main object is to apply modified absolute Noérlund summability method
IN’, p,., Al with weight A = (1)) to study absolute summability |N, p,| -factor problems
in Fourier series. We observe that the application of modified Norlund mean with
weight A = (1,)) not only helps us to obtain simple conditions on p,, but it also provide
simpler proof. In this paper, we study, as special cases, the following series:

AL
ZnaA” Zl:g nn+1 Z«log n+1)

n=1
and investigate some new results. In some of the cases, we are in a position to inves-
tigate best possible conditions imposed upon the generating functions of the Fourier
series and best possible absolute summability factors in certain sense. In this context,
we first state the following known result:
Theorem A. Let, for 0 <a <1,

J-nt‘“|d¢(t)| < co. (2.18)
0
Then

Zn"‘An x)elCyl(0<a<n<1). (2.19)

n=1
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The case @ = 0 of Theorem A was first obtained by Bosanquet [1] and later on it
was generalized by a number of workers such as Pati([30], [31]), Kanno [23], Dikshit
[21] and Kuttner and Sahney [24] who replaced |C, 7| - method by absolute Nérlund
summability method and matrix summability method, respectively.

The case 0 < @ < 1 of Theorem A was first obtained by Mohanty [27] and was
generalized by using |N, p,| and absolute matrix summability method by Kanno [23]
and Chandra and Barve [11], respectively. We observe that retaining the condition
(2.18), various conditions on the generating sequence p,of |N,p,|-method have been
obtained to study } >, n*A,(x) but we did not see any one who obtained a different set
of condition or conditions than the one given in (2.18) to ensure absolute summability
of Y 721 n%A,(x),0 < a <1 by a method weaker than |C,#| (0 < a <# < 1). In this paper,
we make such an effort by using absolute generalized harmonic-Cesdro summability
method (Das and Mohapatra [17]) and modified absolute Nérlund summability
method with weights(Das [15]). To achieve this goal, we first prove

Theorem 2.1. Let (p,) € M and let monotonic function y(t~1), defined in 0 <t < m, satisfy
the following conditions:

tcy(t_l) increases with t for some cin 0 <c <1 (2.20)
t%y(t‘l) =O0{y(t™), t > 0+ (2.21)
¢! %y(til) = O{y(til)} decreases as t increases (2.22)
If, for g(t) = R(t)/y(t7"),
ook
f log? |[dg(t)| < oo. (2.23)
0
Then for the truth of
Y Aux)yst €Nyl (2.24)
n=1
it is sufficient that
g(0+)=0 (2.25)
should hold provided
P i ! =0(lo k) (2.26)
yr Tn:T Py, 83 .

uniformly in 0 <t < m.

We first use Theorem 1 to obtain the following new and interesting result under
stronger condition than (2.18) for 0 <@ < 1:

Theorem 2.2. Let, for 0<a <1land g >1,p, = Azfl’ﬁ and let g(t) = t7*R(t). Then, if
(2.26) holds, it is necessary and sufficient, for
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Zn“An €lZ,a,pl (2.27)

n=1

that (2.25) should hold. Further (2.23) cannot be replaced

s
J log"§|dg(t)|<oo(0<c7<1) (2.28)
0

and multipliers (n®) in (2.27) cannot be replaced by

(n%log€(n+1)) for 0<a<1ande>0. (2.29)

Also the result (2.27) under the hypotheses (2.23) and (2.25) is incomparable with
Theorem A for 0 < a < 1.

We now give the following new result under conditions weaker than (2.18) for
O<ac<l:

Theorem 2.3. Let, for
g(t)=t"%log™! éR(t) (0<a<1), (2.30)
(2.23) hold. Then in order that

Zlogn+1€|2aﬁ|(0<a<1,3>o) (2.31)

should hold, it is necessary and sufficient that (2.25) should hold. Also (2.23) cannot be
replaced by (2.28) and multipliers (n“log’l(n +1)) in (2.31) cannot be replaced by

(n®log=t(n+1)) (e > 0). (2.32)
We now obtain the following result for the absolute generalized harmonic summability

method |N, q,,| where qﬁ ZOg" (ﬁ 0).
Theorem 2.4. Let > 0 and 6 be real such that p+ 0> 1 and let, for
_ k
g(t) = R(t)log™~ (2.33)

(2.23) hold. Then in order that

Z log - €IN.ghl (B> 0) (2.34)

should hold it is necessary and sufficient that (2.25) should hold. Further, (2.23) is best
possible in the sense that it cannot be replaced by the weaker condition (2.28). Also the
multipliers l+ in (2.34) cannot be replaced by

0g°(n+1)

(loge(n+1)log5(n+1)) (e >0). (2.35)

Remark. Theorem 2.4 for 6 < 2 was earlier proved in [10].
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3. ESTIMATES

Let y(+7!) satisfy (2.20), (2.21) and (2.22) and let (p,) be non-negative and non-
increasing. Then we use the following estimates for 0 < ¢t < 7t in the proof of the
theorems:

H,(t) = b(t)SiZtnt + O{b(%)} (3.36)
H,(t) = b(t)SiZtnt L O[22 b(t)) (3.37)
Zym Pu-m = OfP,; "} (3.38)

For the proof of (3.36) and (3.37) proceed as in Chandra [7].

Proof. 1t is known that (y,) is monotonic, therefore if (y,) is non-increasing then the
proof of (3.38) is trivial. And if (y,,) is non—decreasing, we write, for N = [n/2],

Zympn m_Zympn 111+ Z ympnm

m=N+1

< Pu- NZym ""yN an m

m=0

O(Pyy "),
by using (2.20). O
4. LEMMAS
We use the following lemmas in the proof of the theorems:

Lemma 4.1. (Das[15]; Theorem 4). Suppose A, > 0 and increasing to co with n. Let h be a
non-negative integer and let

(i) V'p, € Mand (ii) n"*1 1, A1 (Al) (4.39)
n
In the case h = 0, further assume that
o 1
Z " O(Ap). (4.40)
n=k
Then
IN",pw Anl = IN, pyl. (4.41)
Lemma 4.2. Let p,, > 0 and let (p,) be non-increasing. If y(t') satisfies (2.20), then
n
| Zmy,},lpn_mexp(imt)l O{ny, ' Pr}, uniformly in 0 <t <. (4.42)
m=1

By (2.20), it follows that (my,,!) is increasing. Therefore for the proof of Lemma 4.2, we first
apply Abel’s lemma for (my;,!) and then use Lemma 5.11 of McFadden [26].
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Lemma 4.3. For real § and a > —1, the following inclusion is strict:

1Z,a, 81 IC.1l (1> ). (4.43)
For it’s proof, see Das and Mohapatra ([16],[17],[19]).
Lemma 4.4. Let r be real and 0 < a < 1. Then there exist B(nl),Bﬁqz),Bf) and a positive
constant d, depending upon a, such that

L” Siztntt“logrédt =B +B +BY, (4.44)
where Bsql) > 0 and Bsqz) > 0 and that
BS}) ~d n'"%log"n (for real r) (4.45)
and
B = O(n™'"*log" ' n} (for real r = 0) (4.46)
3513) =Ofn~?} (for real r=0). (4.47)

Proof. Denote the integral in (4.44) by I and split up into sub-integrals foﬂ and jz
2n

Then I = Oﬁ +J22 = B(,,l) +J, say, where B%l) > 0.
By using the transformation: nt = 6, we get

Bill) = n‘l“"log’nfo% 5,(0)deo,
where

5,(0) = {1+ log_lnlogg}rea_lsine =0(6%)

,0% € L[0,%] and 5,(0) — 0% 1sin6, as n — co.
Therefore, by Lebesgue dominated convergence theorem

(1) —1-a r 2 a-1
B, — n log"n 09 "5,(0)d0 as n — oo
0

Hence we get (4.45), where

s

d= jz 0215, (0)d0 > 0. (4.48)
0

)

Integrating by parts and denoting the first integral by B(n2 , we get

—_a-1 (" ja-27,,rk -2_a-17,,rk r (T ja-27,,r-1k
]_n_Z%t log"3cos nt dt —n~“m* " log Ecosnn—n—zjﬁt log"" Scos nt dt

= B(nz) + Bf), say,
where for real r

& k
t2log" 1 Zcos nt dt

I t

n

=0(n?)+O{|rln™'"log" 1 n}, (4.49)
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by using the second mean value theorem. From (4.49), we get (4.46) and (4.47). Once
again applying the second mean value theorem, we get

2k
B? = (1—a)(log?n)r(1—sin n’)> 0, (4.50)
where 7= <60’ <. This completes the proof of the lemma. O

Lemma 4.5. Let g(t) = t7*R(t). Then there exists an f € Ly, for which (2.25) and (2.28)
hold but the series in (2.27) at x=0 diverges properly.

Proof. We take an even function f € Ly,. Then for x =0, ¢(t) = f(¢).
We now define:

f(t):t"‘log_lé, for0O<a<landO0<a<m. (4.51)

Then by using (1.14) and integrating by parts, we get

Hence

gt)y=t"*R(t) = ﬁ {oclog_1 % +tat fot u"‘log_zgdu}

and g(0+) = 0, i.e. (2.25) holds. By using the value of g(t), as calculated above, it may
be shown that (2.28) holds.

We now show that ) 7 ; n*A,(0) diverges to —co. We have

2 T
A,(0) = ;J t”logilécos nt dt
0

2 T sin nt k 2 (" sinnt k
:——aJ —t"‘log_l—dt——f T t%log 2= dt
0 nt t TC 0 nt t

2
=——au, - ;vn, say. (4.52)

Then ([8]; Lemma 6)

v, = 0(1)n 1 "%log?n (4.53)
and, by Lemma 4.4

u, =BV + B + B, (4.54)
where B(y,l) >0,

BS) ~d n_l_“log_ln, (4.55)

d is a positive constant depending upon «, and

B(,,3) =O{n'"%log™?n). (4.56)
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However, by (4.53) and (4.56), it follows that
Z|na(vn+B§?))|<oo. (4.57)
n=1

And, in view of (4.52) through (4.57) except (4.55), it is sufficient for the proof of the
lemma to show that

Zn“Bg,l) diverges to + oo, (4.58)
n=1
which follows by using (4.55). This completes the proof of the lemma. 0

Lemma 4.6. Let ¢(0+) = 0. Then, for R(t) as defined in (1.14), the following hold for a > 0:

t%¢(t) € BV[0,t] < t *R(t) € BV[0, 7] (4.59)
79 p(t) e L[0, 1] &= t *7'R(t) € L[O, 7). (4.60)

Proof. For the proof of (4.59), see Chandra ([5]; Lemma 4). And for the proof of (4.60),
we ([5],p.76) use the following inversion formula:

t
(])(t):R(t)+J. u'R(u) du (4.61)

0

to get
" —a-1 l " —a-1
L 211 (1)] dts(1+a)J; e UR(1)| dt (4.62)
2 s
s(1+;)j0 g (1)) dt,

which gives (4.60). O

5. PROOF OF THE THEOREMS

PROOF OF THEOREM 2.1 We([4];Theorem 1) have

A,y (x) = 2 Ln R(t)(cosnt —

sin nt

- ) dt.

Then, for g(t) = R(t)/y(t™') and b(t) = ty(t~!), we have

[ etnpin g () ar
g(O+)JOn b(t)% (Si:t”t)) dt + % Ln dg(t)f b(u)% (“Zt"t)) du.

By using (2.20) and the integration by parts, we get

2 ™ (sin nt 2 ("
M) = 2g(09) [ (S Javto) de== [ H gt

An(x) =

Ap(x) =

Al Jno

2
= _E(a" + By), say.
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By (2.25), a,, = 0, for all n > 1 therefore by applying Lemma 4.1 for h = 0 and A,, = n?,
it will be sufficient for the proof of (2.24) to prove that

Y By €N’ pyni?, (5.63)
n=1

whenever (2.26) holds. However, by (1.1) and (1.2), (5.63) holds if and only if

Z Zm Pr-m¥Ym J H,,(t)dg(t)] < co. (5.64)
n

n=1
Now, in view of (2.23), it is sufﬁc1ent for the proof of (5.64) to show that

S 1 n - k
Z - Z 2P | ZmZPrl—mymle(tN = O(log?), (5.65)
n=1 " m=1

uniformly in 0 < t < t. We write

Z: i“Li: 1Z+Z say. (5.66)

uniformly in 0 < t < 7t, by (2.20). And, by(3.37), (3.38) and Lemma 4.2,

Yoneh )

n

2P,,Iermp" mym sin mt|+ O(1 _1 (th Z

2 n=T+1
+O TVT)Z” 2yt

DyrPr Z
n=T

At

uniformly in 0 < t < 1, by (2.26) and (2.20).
Collecting (5.65) through (5.68), we get (5.64) and this completes the proof.

PROOF OF THEOREM 2.2. In Theorem 1, suppose for 0 <a <1
a-1

(i) p(t7™') = t* and (ii) p, = m(logn)ﬁ(ﬁ >1). (5.69)

Then the conditions (2.20), (2.21) and (2.22) are satisfied and v, = n~%,yp =T~ %.
Also for large n,

(pu) € Mand A ~p,, (5.70)
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so that we can have
1Z,a, Bl ~ IN, pnl. (5.71)

Therefore, for the proof of (2.27), we only require to verify (2.26), where y(t~!) and p,,
are defined by (5.69). We observe that (see (1.9))

Pr = O{T*(logT)P}
and since (p,,) is decreasing,
N (O (5.72)
P, n%(logn)P

Now using the estimates obtained for v,,yr, Pr andP,;! in (2.26), we get the required
proof of (2.27).

(i) The condition (2.25) , i.e. g(0+) = 0 is necessary. For g(t) =t *R(t),
we have from Theorem 2.1,

2 T sin nt
"=—(1 0 t* dt 5.73
a" = 21+ alglos) | (573)
and by Lemma 4,
T . t
f S s gy = Y 4 B £ O(n72) (5.74)
o nt
where B(nz) > and Bg,l) > 0 is such that for positive constant d = d(«),
BY ~ dn1-a. (5.75)
Suppose g(0+) = 0, then for
Zn“ane|Z,a,ﬁ|(0<a<1,/3>1) (5.76)
n=1
it is necessary that
ZnaB;”qz,a,/ﬂ (O<a<1,p>1) (5.77)
n=1

which, by (5.51) , does not hold. Thus for the truth of (5.52), it is necessary that (2.25)
should hold.

(ii) The proof that (2.23) cannot be replaced by (2.28) follows from Lemma 4.5.

(iii) For the proof that multipliers (n%) in (2.27) cannot be replaced by the sequence
of multipliers given in (2.29), we consider an even function f € L, and the point x = 0.
We further define :

f(t)= t“log*eé (0<t<m),
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where € > 0, and proceed as in Lemma 4.5 to prove that

Y n%log€(n+1)A4,(0) = -

n=1

which gives the required conclusion.
(iv) We now show that Theorem 2.2 is incomparable with Theorem A for 0 < a < 1.
(a) It follows from Lemma 4.3 that the summability method |C,#| ( > a) used in

Theorem A is stronger than |Z, a, f.
(b) We observe that for Fourier series the condition (2.18) is equivalent to

(i) Jn t=|d¢(t)| < oo and (ii) p(0+) = 0. (5.78)
0
However ([3];Lemma 7), (5.78) and (2.23) with (2.25) are equivalent to
(i) t™%¢(t) € BV[0, 7] and (ii) t7* 1 (t) € L[O, ). (5.79)
and
(i) tOR(t )logk € BV[0,7] and (ii) t*"'R(t) € L[0, 7], (5.80)

respectively. Now , it is clear from Lemma 4.6 that (5.80), i.e. (2.23) with (2.25)
is stronger than (2.18). In view of (a) and (b) , the result (2.27) of Theorem 2.2 is
incomparable with (2.19) of Theorem A for 0 < a < 1.

This completes the proof of Theorem 2.2.

PROOF OF THEOREM 2.3. Letting p(t~!) = t*logk and p, = Ay " for 0 < a < 1
and > 0 in Theorem 2.1 and proceeding as in the proof of Theorem 2.2, we can get a
proof of the theorem.

PROOF OF THEOREM 2.4.

(i) In Theorem 2.1, let p,, = qﬁ — Bloglnr 1)) (>0)and y(t7!) = log for real values

n+1

of 6. Then we observe that conditions (2.20) through (2.22) and (2. 26) are satisfied.
Hence sufficiency of (2.25) follows from Theorem 2.1.

(ii) For the necessity of (2.25), see Chandra([7], pp. 218-219).

(iii) For the proof that (2.23) cannot be replaced by (2.28), see Lemma 7 of Chandra
[7]-

(iv) It follows from Lemma 8 of Chandra [8] that there exists f € L, for which (2.23)
and (2.25) hold for all real values of o but the series

0 1 5.81
Zflog°€n+l (0<e<l) (5:81)
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at x = 0 diverges properly to —co. Hence the series in (5.19) is not summable by any
absolutely conservative method.
This completes the proof of Theorem 2.4.

6. COROLLARIES

In this section, we consider some corollaries of Theorem 2.4 and compare with some
existing results. For this, we first observe that for g(t) = R(¢ )log"’k where 0 is real,
(2.23) with (2.25) is equivalent([28]) to

sk k
(i) R(t)log'™? eBV[O 7t] and (i7) t _1log_a R(t) € L]0, «t], (6.82)
for all real values of 6. For é =0, we get the following result from Theorem 2.4:

Corollary 1. Let 0 < 0 < 1.Then

(i) Jn (logk) |[dR(t)] < oo (ii) R(0+)=0 (6.83)
O t
is sufficient for
Y Aux) €N, gl (B>1) (6.84)
n=1

if and only if 0 = 1. Further, R(0+) = 0 is necessary for (6.84). Also
ZA x)log€(n+1)¢|N, q,,l(ﬁ>1) fore>0
REMARK 1. In Theorem A, it has been shown that

Y Au(x)€lCql (7> 0) (6.85)

n=1
and it follows from Lemma 4.3 that the inclusion :
IN.ghl € 1C,nl (> 0, > 0) (6.86)
is strict. Hence the summability method |N, qn| (B > 0) used in Corollary 1 is weaker

than the one used in Theorem A for a = 0. However, (6.85) was obtained in Theorem
A under the condition : ¢(t) € [0, 7] , which is equivalent([6]; Corollary 2) to

(i) R(t) € BV[0, 7] (ii) t ' R(t) € L[0, 27]. (6.87)

Hence, it follows from (6.82) with 6 = 0 that (6.83) with o =1 is stronger than (6.87).
Therefore Corollary 1 is incomparable with Theorem A for a = 0. Thus Corollary 1
yields a new result.

Among the other results, Kanno [23] obtained the following results:

Theorem B. If, for 6 >0,

Lnlog5§|d¢(t)| < 0. (6.88)
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Then

ZA,,(x)logb'(n+1)e|c,;7| (0<n<1). (6.89)

n=1

The case 6 =1 is due to Mohanty [29].
Theorem C. Let 0 < f<1and 0 <6 <1 and let

T Kk
f logl_b?|d¢(t)| < 0. (6.90)
0
Then

ZA x)log P (n+1)€IN,gh| (B+0>1). (6.91)

The case 6 = 1 = B is due to Varshney [32] and the case: p =1,0 <6 <1 of Theorem C
is due to Lal [25].

In context of Theorem B, we deduce the following result from Theorem 2.4 which
provides necessary and sufficient conditions:

Corollary 2. Let 0 <0 < 1,6 > 0 and g > 0. Then, for g(t) = R(t)logéé,

s k o
(z)f (log?) |dg(t)| < oo. (ii)g(0+) =0 (6.92)
0
is sufficient for
ZA x)log®(n+1)€|N,qh| (B+6>1). (6.93)
if and only if 0 = 1. Also g(0+) = 0 is necessary for (6.93) and if € > 0

ZA (x)l0g®*(n+1) e |N,qh| (B+6>1). (6.94)

REMARK 2. It is clear from (6.86) that the summability method |N,q5| (B >0), used in
Corollary 2, is weaker than the one used in Theorem B.

And, on the otherhand, condition (6.92) with 6 =1 is stronger than (6.88).

Hence, Corollary 2 is incomparable with Theorem B.

REMARK 3.In connection with Theorem C, we make the following observations:

(i) The condition (6.90) for 6 = 1 reduces to ¢(t) € [0, ] which holds if and only if (6.87)
holds and is stronger than (6.82) with 6 = 1. Hence, Theorem 2.4 for 6 = 1 improves
Theorem C.

(ii) For the case 0 < 6 < 1 of Theorem C, we may assume that ¢(0+) = 0 in (6.90)
without loss of generality. Then (6.90) with ¢(0+) = 0 holds if and only if ([28])

(i) p(t)log'™ ok C€ BV[0,7] and t_llog_bk(j) (t) € L[0, 7] (6.95)

However, it is known ([9]) that (6.95)(i) is stronger than (2.23) with (2.25), where
g(t) = R(t)log_‘sé. Hence, once again, Theorem 2.4 not only yields a better result than
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Theorem C but it also provides best possible conditions, imposed upon the generating
functions of Fourier series, and multipliers for the summability method.

Finally, we consider the following result due to Chandra and Mohapatra [12]:

Theorem D. Let 6 >,0 and let

¢(t)zog—f"§ € BV[0,7]. (6.96)
Then
ZA”—(’C) e|C,0]. (6.97)

= (log(n+1))1+e

This is an improved version of a theorem due to Chang [13].

We obtain the following result from Theorems 2.1 and 2.4, which improves
Theorem D:

_ “1-sk
Corollary 3. Let 6 > 0 and let, for g(t) = R(t)log™! b?,

n k
f log?|dg(t)| < co. (6.98)
0
Then in order that (6.97) should hold, it is necessary and sufficient that
g(0+)=0. (6.99)

Also (6.98) cannot be replaced by

Jn(logé) |[dg(t)] < oo (0 <0 <1). (6.100)
0

Further, in (6.97), (1 + 0) cannot be replaced by 1 + 6 — € for € > 0.
Proof. For the proof of its sufficiency part we use Theorem 2.1 for

pu=1"(0<r<1),n>0and y(t ') = 10g1+5§ (6>0). (6.101)

Then P, = O(1) and the conditions (2.20) through (2.22) and (2.26) are satisfied.
Hence sufficiency of (6.99) for (6.97) follows from Theorem 2.1 by appealing to
an ineffectiveness result on absolute Norlund summability of Dikshit [20]. For the
remaining part of the proof, one may proceed as in Theorem 2.4.

Now, for the proof that (6.98) with (6.99) is weaker than (6.96) for 6 > 0, see
Chandra([9],[10]).
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