Poincare Journal of Analysis €& Applications ENW
Vol. 1, No. 1 (2014), 1-21 O GaRy ==
©Poincare Publishers

DOI: 10.46753/pjaa.2014.v01i01.001

ON A GENERALIZED PRODUCT SUMMABILITY
OF FOURIER SERIES

XHEVAT Z. KRASNIQI

Date of Receiving : April 27, 2014
Date of Revision : May 19, 2014
Date of Acceptance : June 19, 2014

Abstract. In this paper a generalized product of summability is introduced in
order to make an advanced study on the special topic of summability. In addition,
employing that product we establish a new theorem regarding to summability of
Fourier series.

1. Introduction and Known Results

Let f(t) be a periodic function with period 27 and integrable over the interval (—m, 7)
in the sense of Lebesgue. Let

o0
f(t) ~ % + Z(an cosnt + by, sinnt) (1.1)
n=1

be its Fourier series.
For two sequences of real or complex numbers p = {p,} and ¢ = {¢, }, let

n

P, = p0+p1+p2+"'+pnzzpva for all n,
v=0
n

Q. = q0+q1+q2+...+qn:2qv, for all n,
v=0

and let the convolution (p * q), be defined by

n
R, = (p * q)n = vaqnfv-
v=0
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Let >°7° , ¢n be a given infinite series with the sequence of its n—th partial sums {s,, }.
We write

n
t%q = Rin UZ:OpnquvSw
If R, # 0 for all n, the generalized Norlund transform of the sequence {s,} is the
sequence {tP7}.

Throughout this paper we shall write w,, = O(z,) if z, > 0, (n =0,1,2,...), and if
there exists a constant K > 0 such that £» < K, and we write w, = o(zy) if 2= — 0
as n — oo.

If 79 — sas n — oo, then the series Y ¢, or {s,} is summable to s by generalized
Norlund method (see Borwein [2]) and is denoted by

Sn —> 8(N,p,q).

The necessary and sufficient conditions for (N, p, ¢) method to be regular are

Z |pn7'uqv‘ = O(|Rn|)

v=0

and p,—, = o(|Ry]), as n — oo for every fixed k > 0, for which ¢, # 0.
If

1 " /n
E; = 7(1 mn Z_: (U>rnvsv =58, (r>0)
v=0
then the series Y.~ ¢, is said to be (E,r) summable to s (see Hardy [3]).
Let A := (an,w)n,venufo} be a positive lower triangular matrix, i.e. a,, > 0 for
0 <v<mn,and a,, =0 for v > n, such that ZZ:O Gn,» = 1. Further, let us consider
the transformation

" Qv L i
T8 = 2 7t 32 ()

v=0 7=0 J

of the sequence S = {s;}.

If T, a(p,r)(S) — s, as n — oo, then we say that the series > ° ¢, or the sequence
S = {sp} is summable to s by (A)(E,r) summability.

In the special case, if we take ay , = % and r = 1, then (A)(E,r) summability
exactly coincides to (N, p, q)(F, 1) summability employed in [5].

Despite of a good amount of work that is known regarding to ordinary summability
of Fourier series, recently the authors of the paper [5] established a new theorem on
(N, p,q)(E, 1) summability of Fourier series.

Following, before we recall their result, in which several typos has been occured, we
shall write some notations:

%(t):1[f($+t)+f(ff*t)*2f(ff)]» ‘Pm(t):/o |02 (w)|du,

2
T:H’ R<1>:RT, R, = R(n),

t t
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and
1 i cos®(%) cos(k +1)(%)
27TR7L Pn—vQu sm(%) )

v=

Kn(t) =

where t € (—m,7) and z is a fixed value of ¢.

Theorem 1.1 ([5]). Let {pn} and {g.} be positive monotonic non-increasing sequences
of real numbers such that

n

R, = Zpkqn,y — 00, as n — oo.
v=0

Let (t) be a positive and non-decreasing function of t. If

/|¢ )|du = ((1/t)> as t— +0,

B(n) = 0o, as n— oo,

then a sufficient condition that the Fourier series (1.1) to be summable (N,p,q)(E,1)
to f(t) at the point t = x is

R as m— 0o
/1u,8(u)duo(Rn)’ — 00.

The main aim of this paper is to find the sufficient conditions under which the Fourier
series (1.1) of the function f(t) is (A)(E,r) summable at the point t = z; t € (—m, 7).
As is showed in [4] the infinite series

s

is not (F,1) summable nor (C,1) summable. However, it is proved that the above
series is (C,1)(F, 1) summable. Therefore the product summability (C,1)(E,1) is more
powerful than the individual methods (C,1) and (E,1). Thus, (C,1)(F,1) mean (as
particular case of (A)(F,r) mean) gives some more general results for a wider class of
Fourier series than the individual means (C, 1) and (E, 1).

To achieve the aim of this paper first we need to prove some helpful statements given
in next section.

2. Auxiliary Lemmas

At first, we denote

A(1/t) = Zam, n) =1,

and
" e = [V ;8in(2j + 1% eF (r+ ety
G" t) = ZEaY )T ———= =S NV L No i (1 79)
®) UZ_O(I-FT)”;)(])r sm(;) Uz(:)a (1+r)vsin(t/2)’

where (2) denotes the imaginary part of z.
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Lemma 2.1 (Abel’s Lemma, [1], page 18). Let {ar}7 ), {br}, two real sequences
and Vip =30 o bi. If ag >0, a L, |[Vi| <M form <k <n, and M > 0, then

< 2a,,M

Lemma 2.2. Let 0 <t < 1/n. Then the following estimation
Gn(t)] = O (n),
holds true.

Proof. Obviously, we have

n v . . t

An v v v—1] Sll’l(2] + 1)7

Gl = |3 e () T
v=0

A\
(]
—
Tle
+ s
3 |=
~
o
I S
(e}
<
N——

N3

—

®)
<
= |t
E»—A
Z
=

IA
NE
—~
—_
+ |2
= |2
~—
(83
L
[\
(o4
+
o
N—
[
o
<
N———
=
e
d

In
[
[\
=
_|_
=
S
B
<

The proof is completed. O

Lemma 2.3. Let {a, 1} be non-negative and non-increasing sequence with respect to k.
Then for 0 <i<j < oo, (1/n) <t <m, and any n, the following estimation

j v . .
(i,j) L an v v v—j SIH(QJ + 1)5 _ An,T
o) =1 5 Z(j)r (@ |-\ )

2
holds true.
Proof. We have

T—1 v t

i, O, CATE ;8in 2+ 1)z
o] < T
= (1+7) — \Jj sin (1)

I G sin(2j 4+ 1)L
Ly () S0 D3| 1 (1)) + [Gua®)].
=T 0

sin (3)
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For the first term, appearing in the right hand side of the above inequality, we have

|Gra(t)] < (%) X_: (1(1:7;% ZO <';f)7,vj

v=t j=

. T—1 1 T—1 A
n,T
S (;) ;an,v =0 <t ;aﬂv) =0 <t> )
where we have used the basic inequality sinf > (2/7)6 for 0 < 0 < /2.
Now we estimate the second term. Using Abel’s lemma, we get

j o LA v_jsin(2j+1)%
Gualt) < ZMZOT Csin(d)

=0

2

(21 %

=0 2

J v
0 Qo U\ i/ aind
< - — )7 (e
e aE s () e
7 it v
T r+e
< —
S r ( 1+r>
27y + e\
< ——— max
t T<v<j 0 1+7r
it v+1
2Ty, + 1= <T1+er )
S e
TSV Ttr
< Ara, - r+1 < 4r+)m%an,,
- t sin% - t t
2
< Adir+D7m* (an- An,'r}
t A, t
< 4r+1)7m? A, B Ay -
- t (r+Dt "\t )’
since (an,r)/An,r < 1-%7 and 1-&% < t. With this the proof is completed.

3. New Result
We establish the following theorem.

Theorem 3.1. Let A := (ay,,,) be a positive lower triangular matriz such that

=1, (n=01,2,...)
v=0

and its entries form a mon-increasing sequence.
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Let B(t) be a positive and non-decreasing function of t. If

/|¢T )|du = < 1/t)) as t— 40,

B(n) = 0o, as n— oo,

then a sufficient condition that the Fourier series (1.1) to be summable (A)(E,r) to f(t)
at the pointt = x is

CRW as n— oo
/luﬁ(u)du_o(l)’ — 0.

Proof. Following A. Zygmund (see [6], page 88, equality (5.6)) the j-th partial sums of
the series (1.1) at the point ¢t = x is

sm +1/2)t
5(2) / 9l sin(t/2) T

Therefore, we can write for (E,r) means of the series (1.1) at the point ¢ = z, as follows

CUIIRESS (e

= ) T ) |y <?>T”Jbln<j+;>t dt

m(L+7)v Jy sin(t/2) =\

= fo) ’ S “ ro=ieilita)t| gt
m(l+7)v Jy sin t/2 =

= @)+ £+ ety at

B v m(L+7)v Jo smt/2 ex(re

e T (r 4 €'t)
- / Ot 1+4+7r) hln(t/ZJ dt. (32)

Thus, using (3.2) transformation T, (g, (z) of the partial sums s;(x) takes the
following form

n

Tn VA(E, 'r) Z a’” - Z (U) Tv_jsj (Jj)

v=| O J

%(T—&—eit)”
= f(x)JF%/ Zanv¢z wdt

o2 [Cae
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and for 0 < § < 1 we can write

TnaEr) (@ </ / / ) o(t)dt := mZ: T (). (3.3)

Using Lemma 2.2 and conditions of the theorem, we have

n@l < 1 [T Gl

= (Q(n)/oy11 |¢I(t)|dto(n)0(n,6’1(n)> —0 as n—oo. (3.4)

Now, using Lemma 2.3, we obtain

Ira(a)| /\G Jla(0)]dt

IA

IN

t
o(56%)
- o2
- w(/%( 1) (At s (23
- (i +£w<z%%>>

( KR “Z [ i%dt)
- (>+d>([ Mm;m)

ta /t)
o(1) + 0(1)O(1) = o(1). (3.5)

Finally, using the well-known Riemann-Lebesgue theorem we immediately obtain
1 ™
|rs(z)] < ;/ |G (t)||p(t)|dt = 0(1) as n — . (3.6)
5
Now, (3.3) with (3.4), (3.5), and (3.6) complete the proof of theorem. O

ACICS)
Z—/j@m(t)d (Ag/t)»

o ([ (sim)® ( )
)

= 0O

_ 0( A(l/t)éw(t))

In the following cases can be specialized the product mean (A)(E,r):
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If 4y, = 2524 then (A)(E,r) mean reduces to (N,p,q)(E,r) mean.

n

If ap,, = 2= then (A)(E,r) mean reduces to (N,p)(E,r) mean.

)
) i
(ili) If an,p = &= then (A)(E,r) mean reduces to (N,q)(E,r) mean.
(iv) If ap, = n%rl and r = 1 then (A)(F,r) mean reduces to (N,1/(n+ 1))(E,1)
mearn.
(v) Ifap, = (”Zﬁ;l), a > 0and r =1, then (A)(F,r) mean reduces to (C, a)(E,1)
mean.

Now we present here only two of corollaries derived from the main result.

Corollary 3.2. Let all the conditions of Theorem 3.1 be satisfied. Then a sufficient
condition that the Fourier series (1.1) to be summable (N, p, ¢)(E,r) to f(t) at the point
t=uxis

"R
/ (u)du:()(l), as n — 00.
1 uB(u)
Corollary 3.3. Let all the conditions of Theorem 3.1 be satisfied. Then a sufficient
condition that the Fourier series (1.1) to be summable (C,a)(E, 1) to f(t) at the point
t=uxis
" R(u)
1 uB(u)
Remark 3.4. Note that if we take r = 1 in Corollary 4.1. we immediately obtain
Theorem 1.1. Therefore Theorem 3.1 is a proper generalization of the result presented
in [5].

du=0(1), as n— oo.

References
[1] N. K. BARY: Trigonometric Series,(in Russian), Moscow, 1961.
[2] D. BORWEIN: On products of sequences, J. London Math. Soc., 33 (1958), 352—-357.
[3] G. H. HARDY: Divergent Series, Oxford University Press, Oxford, UK, 1st edition, 1949.
[4] V. N. MISHRA ET AL.: Approzimation of signals by product summability transform, Asian

J. Math. Stat., 6(1): 12-22, 2013.

[5] H. K. NIGAM, A. SHARMA: On (N, p,q)(E,1) summability of Fourier series, Int. J. Math.
Math. Sci. 2009, Art. ID 989865, 8 pp.

[6] A. ZYGMUND: Trigonometric Series. Vol. I, Cambridge University Press, Cambridge, UK,
2nd edition, 1959.

STATE UNIVERSITY OF PRISHTINA “HASAN PRISHTINA”, FACULTY OF EDUCATION,
DEPARTMENT OF MATHEMATICS AND INFORMATICS, AVENUE "MOTHER THERESA”, 10000
PrisuTINA, KOSOvA

E-mail address: xhevat.krasniqi@uni-pr.edu



