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Abstract. Let {Dq;TorEec,,¥}j k,mez be an irregular wave packet system and let
H be the Hilbert transform on L2 (R). In this paper we give necessary and sufficient
conditions for the system {Dq; Tor Ec,, H}j k,mez to be a frame for L2(R).

1. Introduction and Preliminaries

A sequence {f;} in a separable Hilbert space H with inner product (.,.) is called a
frame (or Hilbert frame) for H, if there exists finite positive constants A and B such
that

AlIFIP < I{(F fi) iz < BIIFII®, for all f € H. (1.1)

The positive constants A and B are called lower and upper bounds of the frame,
respectively. The inequality (1.1) is called the frame inequality of the frame. If upper
inequality in (1.1) holds, then {5} is called a Bessel sequence. The operator T : {2 — H
given by

o0
T({ex}) =D cxtr, {ax} €0,
k=1
is called the synthesis operator or the pre-frame operator of the frame. The adjoint
operator T% : H — 2 of T is called the analysis operator and is given by

T f=Af, fe)}s feH.
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Composing T and 7™ we obtain the frame operator S = TT* : H — H which is given
by

o0

S() =Y A fifes feH

k=1
The frame operator S is a positive continuous invertible linear operator from H onto
H. Note that if {fi} is a Bessel sequence, then the frame operator S is well defined
operator on H.

Duffin and Schaeffer [11] introduced frames for Hilbert spaces, while addressing some
deep problems in nonharmonic Fourier series. Later, in 1986, Daubechies, Grossmann
and Meyer [10] found new applications to wavelet and Gabor transforms in which frames
played an important role. The basic theory of frames and wavelets can be found in [6,
12, 13, 14, 20].

Cordoba and Fefferman [9], introduced and studied the wave packet systems by
applying certain collections of dilations, modulations and translations to the Gaussian
function in the study of some classes of singular integral operators. Later, Labate
et al. [16] adopted the same expression to describe any collection of functions which
are obtained by applying the same operations to a finite family of functions. More
precisely, Gabor systems, wavelet systems and the Fourier transform of wavelet systems
are special cases of wave packet systems. Wave packet systems have recently been
successfully applied to some problems in harmonic analysis and operator theory. Recent
development on wave packet system can be found in [7, 8, 18].

Recently, the Hilbert transform of Gabor and Wilson system studied by Jarrah
and Panwar in [15]. In this paper we consider an irregular wave packet system of
the form {DaijkEand]}j,k,mEZy where ¢ € L2(R) s {a]‘}jez,c RJ'_, {Cm}mEZ Cc R
and b > 0. In this paper we give necessary and sufficient conditions for the system
{Dao,; TorEe,, HY} j kmez to be a frame for L?(R) , where H is the Hilbert transform on
L?(R).

In the rest part of this section, we recall basic notations and definitions which will
be used throughout the paper . For 1 < p < oo, let LP(R) denote the Banach space of
complex-valued Lebesgue integrable functions f on R satisfying

1= (/. f<t>|pdt)’l’ <o,

For p = 2, an inner product on LP(R) is given by

(f.9) :/ngdt,

where g denote the complex conjugate of g.
The Gabor system is based on the following bounded linear unitary operators on
L?(R) which are given by :
Translation = T, : f(t) — f(t —a), a € R, f € L?(R).
Modulation = FEj, : f(t) — e*™f(t), be R, f € L*(R).
Dilation = D, : f(t) — ﬁf(é),a eRa#0, feL*R).

One can easily verify that for g € L2(R), EnpThag(t) = 2™ g(t — na). If a,b > 0
and (g,a,b) = {EmpThag}mmnez is a frame for L*(R), then we call (g,a,b) a Gabor
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frame or a Weyl-Heisenberg frame for L*(R). Casazza in [3] introduced and studied the
irregular Weyl-Heisenberg frames for L?(R). A survey of the irregular Weyl-Heisenberg
frames can be found in [17]. Let (Z.,,yn) € R? and let g € L?(R). A system of the form
{Es,, Ty, 9(®) }im.nez is called an irreqular Weyl-Heisenberg frame (in short IW H frame)
for L2(R), if {E,, Ty, g(®)}mnez is a frame for L2(R). Let ¢ € L*(R) ,{a;}jez C R,
b # 0 and {cm}mez C R. A system of the form {Dg, TyrEc,, ¥}k mez is called an
irregular Weyl-Heisenberg wave packet system (in short IWHW packet system).

Let ¢, € L2(R). Then, {Dy, Tox Ee,, ¥} k.mez and {Do, Tok Ee,, ¥} 5mez form dual
pair if the series

P(f; g) = Z <fa DuijkEcmw> <DaijkEcm'(Z7 g> (12)
J,k,m€eZ

converges in the sense of the convergence of the sequence

ma J2 ko

li li li D, Ty E D, TonE. 1, q).
ml,ﬁlrglﬁmjl,jlznj)ookl,lclgoom;mlj;l k;1<‘f’ a; -+ bk me>< a;+bk Cm¢7g>

and satisfies
P(f,9)=(f.9), f.g € L*(R). (1.3)

Lemma 1.1. (8] Let {a;}jez, CRT,b > 0,{¢m}mez C R and ¥, € LA(R). Assume that

the wave packet systems {Do;TorEec,, Y} kmez and {DaijkEcm{/;}j,k,meZ are Bessel
sequences and

=3 X [ Ifer PPl s - el < .
jmnez’ suppf
and
/ L 7 aj 215 —1 2
D=5 3 [ e+ PPl e - en) s < .

j,m,ne”Z uppf

for all f € D, where D = {f € L%(R) : f € L™(R) and suppf is compact in R}. Then,
{Do, ToxEe,, ¥} jkmez and { Do, ToxEe,, ¥} j kmez form dual pair if and only if

~

S S ey € en)lag €+ 0) — em) = bao (1.4)

MEL JET
forae. §ER, a €A, where A =], ajb L, 1o ={j €L a;lba € Z} and § is the

kronecker delta.

Definition 1.2. [4] Let 1 < p < oo. The Hilbert transform H for a complex-valued
function f € LP(R) is defined as

H(f (1)) = 1lim/|> Ft=s) 4

T e—0 S

Definition 1.3. [2] A function f € L?(R) is analytic if its imaginary part is the Hilbert
transform of its real part. Its real and imaginary parts are said to form a Hilbert pair.
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Recall that the Fourier transform of a function f € L?(R) is defined as
fw = [ sweeas,
R

Theorem 1.4. [1] Let f,g be a complex functions in L*(R) of real variable x. Then, the
following holds.

(i) If the Fourier transform f(u), of f(x) vanishes for |u| > a and the Fourier
transform, §(u) of g(x) vanishes for |u| < a, where a is an arbitrary positive
constant, or

(ii) If f(x) and g(z) are analytic (i.e. their real and imaginary parts are Hilbert pairs),
then the Hilbert transform of the product of f(x) and g(z) is given by

H(f(x)g(x)) = f(z)H(g(x)). (1.5)

For basic properties of the Hilbert transform an interested reader may refer to [1, 2,
4,5, 19].

2. Irregular Wave Packet System for L?(R)

Definition 2.1. The IWHW packet system { Do, Ty Ee,, 1V} j k,mez is a frame for L?(R) if
there exists finite positive constants A and B such that

AP < D [(fy Doy Tox Be, 0)* < B||f|I?, for all f € L*(R). (2.1)
J,k,m€EZ
In this case we say that {Do, TorEe, ¥} ) k,mez is an IWHW packet frame for L*(R).
If upper inequality in (2.1) holds, then we say that { D, TyxEe,, %} ) kmez is an IWHW
packet Bessel system for L?(R) with Bessel bound B.

Definition 2.2. If { Dy, Ty Ee,, HY} j k,mez constitutes a frame for L?(R), then we say
that {Daj Ty Ee,, HY} j gk mez is a Hilbert irreqular Weyl-Heisenberg wave packet frame
(in short H-IWHW packet frame) for L*(R).

Remark 2.3. Let ¢ € L*(R) be an analytic function. If {Dy TyxE., ¥}k mez is a
IW HW packet Bessel system with frame operator S. Then, H-IW HW packet Bessel
system {Daj Ty Ee,, HY}j i mez also has the frame operator S. Indeed, let T denotes the
frame operator for the IW HW packet Bessel sequence {Da]. TorEe,, Hw}j,k,me% Then,
for 1 € L*(R) we have

Tf= > (f Do, TotEe, HY)Dy, Ty B, H.
7, k,mEZ

Therefore
Tf = Z (f, Da;Tor Ee,, ) Do, Ty B, %. (see Lemma 2.7)
7, k,m€EZ
Therefore Tf = Sf, for all f € L2(R).

Example 2.4. Consider the function ¢ = cos%%x[oﬁg} C?L*(R). Choose a; = 1
for all j € N, ie., D,, = I (the identity operator on L*(R) for all j € Z and

cm = am, for all m € Z. Then, it is easy to observe that {Dg;TyrEc,, ¥}k mez and
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Do TowEe, HY} i 1 mez are both frame for 0 < a < 2 and 0 < b < 2 (see Theorem
J m LS 3 4
9.1.12 in [6] at page 206).

Remark 2.5. Let ¢ € L?(R) be such that {Dg, TypEc,, ¥}k mez is an IWHW packet
frame. Then, in general { Dy, Tyr Ec,, H1)}j kmez is not a H-IW HW packet frame. This
is given in the following example.

Ezample 2.6. If ¢ = x0.1], b = 1, ¢ = m, then {Dy, Ty e, %} j kmez is an IWHW
packet frame but {D,,TyrEc,, H}j k. mez is not a H-IW HW packet frame for L2(R).

Now we give a result in the form of a lemma, which says that the image of the Hilbert
transform on IWHW packet system is the scalar (pure complex) multiple of the given
IW HW packet system. For the Gabor system, this result can be found in [15].

Lemma 2.7. Let ) € L*(R) be an analytic function. Then,
H(Daj T Ec, ¥(t)) = Dy, Ty Ee,, Hy(t)) = =Dy, ToiEe, ().
Proof. Since
H(Dg,; Top Ee,, (1))
1
=H ((cos(?w(ajlt —kb)en,) +1 sin(27r(a;1t — kb)cm))w(ajflt - kb)) .
Vi
Therefore, by using (1.5) in Theorem 1.4, we have
H(Dg,;Typ Ee,, (1))

J

= —iDg, Ty B, (1) (2.2)

1
= —(sin(27(a; 't — kb)ey,) — icos(2m(ar tt — kb)em a 't — kb
—(sin(2m(a; "t — kb)erm) (2m(a; "t — kb)em))p(ay "t — kb)

Now

1
Dy, Ty Ee,, Hi(t) = NG exp (2 (a; 't — kb)cy ) Hip(a; 't — kb)
= =Dy, Tor Ee,, (1). (2.3)
Thus, by using (2.2) and (2.3), we have
H(Do;TorEe,, () = —iDa; Tor Ee,, 1 (t).
O
The following proposition provides a sufficient condition on a window function

associated with a given IW HW packet frame {(®)¢}; k.mez such that {(®)Hv}; k.mez
constitutes a H-IW HW packet frame for L*(R).

Proposition 2.8. Let 1 € L2(R) be an analytic function. Then, {Do; TorEc,, Y} jkmez 5
an IWHW packet frame for L*(R) if and only if { Do, Ty Ee,, H)}j kmez is a H-IWHW
packet frame for L*(R).

Proof. By Lemma 2.7, we have
> [fs Do, TonEe,, HY)* = > |(f, Do, TonEe,, )|?, for all f € L*(R).

j.k,meZ j,k,meZ
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Therefore, {Dqy, TorEe,, ¥} jkmez is an IWHW packet frame for L?(R) if and only if
{Do,TorEc,, HY} j i mez is a H-IWHW packet frame for L*(R). O

Remark 2.9. The Hilbert transform is an isometry on L?(R). Therefore, the system
{Da, Ty Ee,, "} j.k,mez in Proposition 2.8 is an orthonormal basis for L?(R) if and only
if {Dq,TorEe,, HY} j k,mez is an orthonormal basis for L%(R).

Now we give give necessary and sufficient conditions for the Hilbert transform of
IW HW packet system to be a H-IW HW packet frame for L?(R). This is an extension
of Theroem 3.2 in [16] to H-IW HW packet frame for L?(R).

Theorem 2.10. Let {a;}jez C RT,b > 0,{cm}mez C R and let ¢ € L*(R) be an analytic
function. Assume that

~

L =5 X [ IF€+ DnPide; e - en)de < oc,for all f €D,

7,m,neEZ uppf

where D = {f € L*(R) : fe L*°(R) and suppf is compact in R}.

Then, the system {Dq, TypEc,, H}j kmez is a tight H-IWHW packet frame for L*(R)
if and only if ¥ satisfies

LY S W € ey blar (€4 0) ) = o (2.4)

MEZL JET

forae. E€ER, a €A, where A=, ,a;b7'Z, 7o, ={j €L aj_lboz €Z}.

JEZL
Proof. Assume first that {Dy, Tor Ee,, ¥} j kmez is a tight H-IW HW packet frame for
L2(R). Choose 1 = . Then, by using (1.2), we have

P(fa f) = Z <f7 Daj Tbk:Ecr,,L'(/)> <Daj TbkEcr,,L{/\;v f>

J,k,m€EZ

= Z <f, DaijkEcmw> <Daj TbkEcm'(/Jv f>

J,k,meZ

= Z (£, Da, Tok Ec,,, ) |*
J,k,m€EZ

= |IfI?, for all fe L*(R).

Let us write Ly (§) = >_,.cz ez |1Z(aj_1§fcm)|2. Then, Ly, € L*(R) and P(f,g9) = (f,9)

for all f,g € L?(R). Thus, by Lemma 1.1, (1.4) holds for ¥ = ¥, ie., equation (2.4)
holds.
For the reverse part, we first observe that

PUN=F 3 | T e - enfle+ Lorilar ' — e+ )i,

G k,mez” —
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where the series certainly converges for f € D, provided that Ly, € L*°(R). Indeed, for
suppf C [—h, h], there exist an j € Z such that

ZZ Z/ flo )A(£+%s>x«$(a;1§—cm+§)dg

m€Zj<J| <S5

b __ T P
S%ZZ > (/h|f(£>f<s+ $)1(a; s—cm)|2de>

meZ j<J |s|<S;

natn) y
(g T e e

B+
<k Z Za71||f||oo (/_ hisD) W(a;lf - Cm)|2df>

meZj<J

1
2

)

1
2

2

< /{||f||oo||1/)||, where & is some constant.

Choose A = Ujezab™'Z, 7o ={j €L a;lba € Z}. Then, P(f, f) can be written as

I X 3 [ ROfe 0 x| X b e = en)la e+ o) )| de

mEZaEA JE€ETa
(2.5)
Choose o = 0 in (2.4), we have
bzwa_l 12( Cm) bZW)a E—cm)? =1, forae. £ €R.

JETa JETa

Then, we have Ly (§) = b a.e., £ € Rso that Ly € L°; and on the other hand, equation
(2.5) can be simplify to

P(ff) =  F©F©de=|fIP forall feD.

This gives (choose f =g in (1.2))

> {f. Do, TokEe, ) (Da, To B, . f) = || ||, for all f € D.
J,k,m€EZ

In particular, for ¢ = @Z, we have
Z <f7 DaijkEcm¢><DaijkEcmw7f> = Hf||27 for all f €D.
J,k,mEZ
That is
> s Doy Ton e, $)* = || fII, for all f € D. (2.6)
J,k,m€EZ

By using the density of D in L?(R), we conclude that (2.6) hold for all f € L*(R).
Therefore, {Dg,TyrEe,, 1V} jkmez is a tight IW HW packet frame for L?(R). Hence by
Lemma 2.7, { Dy, Tyx Ee,, HY } j k mez is a tight H-IW HW packet frame for L*(R). O
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To conclude the paper we discuss the commutativity of the frame operator associated
with IWHW packet Bessel system and Hilbert transform. More precisely, let
{(®)¢}; k,mez IWHW packet Bessel system with frame operator S. Then, in general, S
does not commutes with the Hilbert transform H. The following proposition provides
sufficient conditions on the system {Da]. TviEe,, ¥} k,mez such that the associated frame
operator S commutes with the Hilbert transform H.

Proposition 2.11. Let ¢p € L*(R) be an analytic function. Let {Do; TorEe,, "} kmez
be an IWHW packet Bessel sequence with frame operator S and let H be the Hilbert
transform on L?>(R). Then, SH = HS.

Proof. Since
Sf=3" (f,Da,ToxEe,,¥) Do, TotEe, t, for all f € L*(R). (2.7)
J.k,m€eZ
Taking Hilbert transform on both sides in (2.7), we have
HSf= Y (f Do, TotEe, ¥)H (Do, Tyi B, ), for all f € L*(R).  (2.8)
7,k,m€EZL
Since 1 is analytic, by (2.8), we have
HSf=—i Z (f, Da,TyiEe,, ) Do, Ty Ec,, ¥, for all f € L*(R). (2.9)
J,k,m€EZ

By using the fact that H* = —H, we compute
SHf = Y (Hf,Do,TotEe,,t))(Da, To B, v)

7, k,mEZ
= > {f,H Do, TokEe,, )(Da, Tok Ee,, 1)
J,k,mEZ
= Y (f,—HDq,TyxEc, $))(Da, Tit B, )
7, k,mEZ
=—i > (f Da,TorEe,, ) Do, Tok Ee,, ¥, for all f € L*(R). (2.10)
7, k,m€EZ
By (2.9) and (2.10), S and H commutes. The claim is proved. O

Remark 2.12. The result given in Proposition 2.11 for the Gabor system can be found
in [15].
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