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Abstract. The main aim of this paper is to determine the fine spectrum of the
operator B(r,s,t) on v of all convergent series. Also, we study the approximate
point spectrum, defect spectrum and compression spectrum of the matrix operator
B(r,s,t) on 7.

1. Introduction

In functional analysis, the spectrum of an operator generalizes the notion of
eigenvalues for matrices. The spectrum of an operator over a Banach space is partitioned
into three parts, which are point spectrum, the continuous spectrum and residual
spectrum. The calculation of these three parts of the spectrum of an operator is
called calculating the fine spectrum of the operator. By w we denote the space of
all complex-valued sequences. Any vector subspace of w is called a sequence space. We
write I, ¢, co, and [, for the spaces of all bounded, convergent, null and p-absolutely
summable sequences, where 1 < p < oo. The space « of all convergent series is defined

by
= {(l'k) cw: (ka> Ec}.
k=0

If T :~ — ~is a bounded linear operator with the matrix A, then its adjoint operator
T* : v* — ~* is defined by transpose of the matrix A and v* is isomorphic to I; with

o0
the norm ||z|| = > |xg|.
k=0

Let X and Y be two sequence spaces and A = (a,k) be an infinite matrix of real or
complex numbers a,i, where n,k € N = {1,2,3,...}. Then, we say that A defines a
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matrix mapping from X into Y, and we denote it by writing A : X — Y, if for every
sequence x = (z) € X the sequence Az = {(Az), } the A-transform of z, is in Y,
where

neN?

(Az), = Zankxk (n e N) (1.1)
k

By (X :Y), we denote the class of all matrices A such that A : X — Y. Thus,
A€ (X :Y) if and only if the series on the right side of (1.1) converges for each n € N
and every x € X, and we have Az = {(Az),}, .y €Y forall z € X.
The spectrum and fine spectrum of linear operators which are defined by some triangle
matrices over some sequence spaces are studied. One of them is the spectrum of the
Cesaro operator on the sequence space ¢y which was studied by Reade [13]. Okutoyi
studied the spectrum of the Cesaro operator Cy on bug [12]. The fine spectrum of the
difference operator A over the sequence spaces ¢y and ¢ has been studied by Altay and
Bagar [1]. Same authors have studied the fine spectrum of the generalized difference
operator B (r, s) over the sequence spaces ¢y and ¢ [2]. Then, Furkan, Bilgi¢ and Altay
[7] have studied the fine spectrum of the operator B(r,s,t) over ¢g and c. Bilgi¢ and
Furkan [5] have studied the fine spectrum of operator B(r, s, t) over 1 and bv. The fine
spectrum of operator B(r, s,t) over the sequence spaces I, and bv, (1 < p < 00) has been
studied by Furkan, Bilgi¢ and Bagar [8]. Recently, Bagar, Durna and Yildirim [4] studied
subdivisions of spectra for the triple band matrix over certain sequence spaces, and fine
spectrum of the generalized difference operator B (r, s) over the class of convergent series
has been studied by Dutta and Tripathy [6]

2. Preliminaries and Notations

In this section, basic definitions which are benefit from [4], are given.
Let X and Y be Banach spaces and T : X — Y a bounded linear operator. We denote
the range of T' by R (T'), and B (X), the set of all bounded linear operators on X into
itself. If X is any Banach space and T' € B (X), then the adjoint 7™ of T is a bounded
linear operator on the dual X* of X defined by (T*¢) (z) = ¢ (Tx) for all ¢ € X* and
x € X with ||T|| = [|T*|].
Let X # {0} be a complex normed space and T : D (T') — X be a linear operator with
domain D (T) C X. By T, associate the operator T, = T — oI, where « is a complex
number and I is the identity operator on D (T). If T, has an inverse, which is linear,
we denote it by 7,1 = (T —al)™", and it is called the resolvent operator of T. The
name resolvent is appropriate, since T, ! helps to solve the equation T,x = y. Thus,
x = T 'y provided T, ! exist. More important, the investigation of properties of T);*
will be basic for an understanding of the operator T itself. Naturally, many properties
of T,, and T, ! depend on «, and spectral theory is concerned with those properties.
For instance, we shall be interested in the set of all a in the complex plane such that
T ! exist. Boundedness of T, ! is another property that will be essential. We shall also
ask for what a’s the domain of T, ! is dense in X, to name just a few aspects. For our
investigation of T, T, and T, !, we need some basic concepts in spectral theory which
are given as follows (see[[11] pp. 370-371]).
Let X # {0} be a complex normed space and T : D (T) — X also be a linear operator
with domain D (T') C X. A regular value « of T is a complex number such that
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(R1): T;! exist

(R2): T,;! is bounded

(R3): T, is defined on a set which is dense in X.
The resolvent set p (T, X) of T is the set of all regular values « of T'. Its complement, in
the complex plane C, o (T, X) = C\ p (T, X) is called the spectrum of T. Furthermore,
the spectrum o (T, X) is partitioned into three disjoint sets as follows:
The point spectrum o, (T, X) is the set such that T,;! does not exist. An « € o, (T, X)
is called an eigenvalue of T
The continuous spectrum o, (T, X) is the set such that T, ! exist and satisfies (R3) but
not (R2).
The residual spectrum o, (T, X) is the set such that T, ! exist (and may be bounded or
not) but not satisfy (R3).
Therefore, these three subspectras form disjoint subdivisions

o(T, X) = 0,(T, X) U oe(T, X) U o (T, X). (2.1)

In this section, following Appell et al. [3], we call the three more subdivisions of the
spectrum called the approximate point spectrum, defect spectrum, and compression
spectrum.

Given a bounded linear operator T in a Banach space X, we call a sequence (zj) in X
as a Wely sequence for T if [|zx|| = 1 and || Tax|| — 0, as k — oco.

In what follows, we call the set

oap (T, X) := {a € C : there exists a Wely sequence for T — ol } (2.2)
the approximate point spectrum of 7. Moreover, the subspectrum
05 (T,X) :={a € C:T — ol is not surjective} (2.3)
is called defect spectrum of T
The two subspectra given by (2.2) and (2.3) form a (not necessarily disjoint) subdivision
o(T,X) =0 (T, X)Uos (T, X)
of the spectrum. There is another subspectrum,

0o (T, X) := {a sz#)(}

which is often called compression spectrum in the literature. The compression spectrum
gives rise to another (not necessarily disjoint) decomposition

o(T,X) =0 (T, X) U0 (T, X)
of spectrum. Clearly, o, (T, X) C 0ap (T, X) and o (T, X) C 05 (T, X). Moreover,
comparing these subspectra with those in (2.1) we note that
or (T,X) =0co (T, X))\ 0p (T, X), and 0. (T, X) =0 (T, X) \ [0p (T, X) Uoeo (T, X)] .

Proposition 2.1. [3] Spectra and subspectra of an operator T € B(X) and its adjoint
T* € B(X*) are related by following relations:

(a): o(T*, X*) =0(T,X)

(b): 0c(T*, X*) C 0up(T, X)

()t 0up(T*, X*) = 05(T, X)

(d): o5(T*, X*) = 0.p(T, X)

(€): op(T*, X*) = 0co(T, X)



22 Selma Altundag and Merve Abay

(£): oeo(T*, X*) D 0p(T, X)
(8): o(T,X) = 0up(T, X) U0, (T*, X*) = 0p(T, X) Uoap(T*, X*).

Relations (c)-(f) show that the approximate point spectrum is in a certain sense dual
to the defect spectrum, and the point spectrum dual to compression spectrum. The
equality (g) implies, in particular, that o(T,X) = o0a.p(T, X) if T is a Hilbert space
and 7T is normal. Roughly speaking, this shows that normal (in particular, self-adjoint)
operator on Hilbert space are most similar to matrices in finite dimensional spaces (see
3)).

From Goldberg [9], If T € B(X), X a Banach space, then there are three possibilities
for R(T),

(A): R(T) = X,
(B): R(T) # R(T) = X,
(C): R(T) # X,

and

(1): T~! exists and is continuous,
(2): T~! exists but is discontinuous,
(3): T! does not exist.

If these possibilities are combined in all ways, nine different states are created. These
are labelled by: Ay, As, Az, By, Bs, B3, C1, Co, and C5. If an operator is in state Cy,

for example, then R(T) # X and T~! exists but is discontinuous (see[9]).

Lemma 2.2. [9] The adjoint operator T* of T is onto if and only if T has a bounded
inverse.

Lemma 2.3. [9] T has a dense range if and only if T* is one to one.

Lemma 2.4. [14] The matrix A = (ani) gives rise to a bounded linear operator
T € B(ly) from 1y to itself if and only if the supremum of Iy norms of the columns
of A is bounded.

Corollary 2.5. [9] 0.(T, X) C 0,(T*, X*) C 0,.(T, X) U0, (T, X).

3. Main results

In this section, we study the fine spectrum of lower triangular triple-band matrix
B (r, s,t) over the sequence space v. Now, B (r, s, t) is determined by

B(r,s,t) =

OO+ » 3
O+ »w 3 O
S+’ 3 O O
n I OO O
S OO0 oo

where s and ¢ are complex parameters which do not simultaneously vanish.
Theorem 3.1. B (r,s,t):v — v is a bounded linear operator with

1B s,0)[l(y,5) = Ir| +|s| + [t]



On the fine spectrum of the operator B(R,S,T) over the class of convergent series 23

Proof. The proof is obvious. O
Theorem 3.2. Let \/s2 = —s and S = {aE(C: ‘+2(Z_Zz() < 1}. Then,

o(B(r,s,t),y) = 5.

Proof. Now, we show that (B (r,s,t) —al)" exists and (B (r,s,t) —al)"" is in B(y)
for o € C with

2(r —a)
—s+/s? —4t(r — a)

> 1.

Then we indicate that (B (r,s,t) —al)~" does not exist for oo € 5.

Let o ¢ S;. So, we have o # r. Since o # r, B(r,s,t) — ol is triangle and hence
(B (r,s,t) —al)”" exists.

By solving the equation [B (r,s,t) — al]z = y. We obtain

(r—a)zo =yo

sxo + (r— o)z =y

tx, + sr1 + (r — a)ze = Yo

and in this way we can get
To = Yo

r—o’
—s

T = iyl + a2 Yo
2_ —
xy = Aoys + Y+ > (T(_Ta)(;)tyo,

S
(r—a

Let a; = -2, as = ﬁ, e, G = W, (n > 3). So we can observe
a1 0 0
1 g Qaq 0
(B(r,s,t) —al)™" = as az ai

Clearly, when s? # 4t(r — ), a, = {w)"=(a)" g1y > 1 where

\/ s2—4t(r—a)

—s+4/82—4t(r—a) —s5—4/s2—4t(r—a)

2(r—a) 2(r—a) '
Since « ¢ S1, then |uq| < 1. So, we have |us| < |u1| and hence |ug| < 1.

Since |u1| < 1 and |ug| < 1, we can see that

= and ug =

B st —an™|  =sup 3 Jar = 3 Jal
() neNg=1 k=1

[ee]
< e (5 (raf ) ) <20
- ’ 52—4t(r—oz)’ (kz_:l | 1| ‘ 2|
This shows that o (B(r,s,t),v) C Si.
Let a € S; and @ = 7. So,
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(B(r,s,t) —al) =

O+ »w O
S+~ »n OO
n O OO
O O O O

(B(r,s,t) — al) does not have a dense range, so it is not invertible.
If s2 = 4t(r — «), then a,, = (Z—”) (ﬁ) for all n > 1 where

s r—a)

(r —a)an + sap_1 + ta,—2 = 0. Since ‘2(;7_5&)‘ > 1, then (B (r,s,t) —al)”" ¢ B(y).

We may assume that a # r and % # 4t(r — o). Since o # r, then (B (r,s,t) —al) "
exists, but since s2 # 4t(r — a) and |uy| > |ug| > 1, then (B (r,s,t) —al)"" is not
element B () as in [5].

This shows that S; C o(B(r, s, t),7). O

Theorem 3.3. 0,(B(r,s,t),v) = 0.

Proof. Let B(r,s,t)x = ax for x # 6 in . This gives
rroyg = axo
STro +1rr1 = 0y
trg + sx1 + res = axe

If @, is the first nonzero entry of the sequence « = (z,), then @ = r and
tTpg—1+ 8Tpy + TTpg41 = QLng41

which implies that x,, = 0. This contradicts the fact that z,, # 0 which means that

op(B(r,s,t),v) = 0 and this completes the proof. O
_ . 2(r—a) *w\
Theorem 3.4. Let Sy = {a eC: ’_s+ gy m— < 1}. Then oy (B(r,s,t) Y ) =

Ss.

Proof. Let B(r,s,t)*x = az for x # 0 in v* = ;. Then, by solving the system of linear
equations as in [2],

rrg+ sr1 +tres = axg

rr1 + Ssro +trs = axy

rTo + sr3 +try = axo

If « =r, then z = (20,0,0,0,...) for g # 0 is an eigenvector corresponding to a = r.

Suppose that a # r, we get

Ty = fﬁ:ll (a —r)xog + tf—’flxl; (n > 2) where P, = a,(r — a)™.

2(r—a)

—_—— We can
—s+4/s2—4t(r—a)

Suppose that o € Ss. So we can choose that zop = 1, 1 =

obtain
ro = (11)%, , w3 = (z1)3, ..., x, = (x1)", ... for all n > 2. Hence, since
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2(r—a)
—s++/82—4t(r—a)

{aGC:

Assume that « ¢ Sy. So, |u1| <1 and a # r. We have

Qn 41
Tpp1  [(T—« an, —To + T
Tn t Ap—1 —T0 + ai”il T

Part 1: |ug| = |u1| < 1.

< 1, we observe that x € v*. This demonstrate that

2(r — a)
—s+ /82 —4t(r — a)

< 1} C op(B(r,s,1)",7").

In this part we have s? = 4t(r — a). So, we have a,, = (2—”) ( —2 ) . We observe

that

1
= —>1.
|us|

an+1 xn+1

Tn

lim = ug = u; and lim
n—00 Oy n—oo

So (zn) ¢ 11.
Part 2: |ug| = |ui] =1

In this part we have s> = 4¢(r — «). Suppose that a € o,(B(r,s,t)*,v*), for  # 0
. % _ (—s\n—1 _ . . _

in v*. We get z,, = (2—;) ((1 —n) (275) To + ml). Since nll)n;o |z,,| = 0 then we have
x = 6. But this is a contradiction. Hence we must have o ¢ 0,(B(r, s,t)*,7*).

Part 3: |ug| < |uy] < 1.

In this part we have s? # 4t(r — a).

. ) 2(r—
Clearly lim = . Since g = 1, 7y = —20=)
n—oo0 9n—1 —s+4/82—4t(r—a)

An

, —og + u1x1 = 0. So, we

Tn+41 | __

> 1, so

get x, = ul%xo. Therefore (z,) ¢ ;. Because |u;| < 1 and nh—>Holo
(zn) ¢ L.

Therefore, we have o,(B(r,s,t)*,v*) C {a €: % < 1}, from Part 1, 2
and 3. 0

1
n u2

Theorem 3.5. o, (B(r,s,t),7) = Ss.

Proof. Since Theorem 3.4, B(r,s,t)* — al is not one to one for all & € S3. So,
B(r,s,t) — al does not have a dense in « for all @ € Sy from Lemma 2.3. We have
also seen that (B(r,s,t) — al)”" exist. O

-

Proof. The proof is simple. O

Theorem 3.6. o.(B(r,s,t),7y) = {a cC: ‘ 2(r—a)

—s+4/82—4t(r—a)

Theorem 3.7. Let a =r and |t| < |s|. Then o € Cyo (B (r,s,t),7).
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Proof. Since aw = r, then B(r,s,t) — al is in state Cq or Cy. We can see that

0o 1 0 0

0 = 10

_ (G — 1
B(r,st)—al) =0 = s
(B (r,s,t) — o) o ot G L
st 52

)
ol

So, this gives (B (r, s,t) — al) " € B(y) for |t| < |s| . Consequently, o € Cyo (B (r,s,t) ,7)
for |t| < |s|. O
Theorem 3.8. Let a =r and |t| > |s|. Then a € Cyo (B (r,s,t),7).

Proof. Proof is made similarly by Theorem 3.7. O

4. The Approximate Point Spectrum, Defect Spectrum and Compression
Spectrum of The Operator B(r,s,t) on ~

In the following three theorem, we give the approximate point spectrum, defect
spectrum and compression spectrum of the matrix operator B(r,s,t) on v and these
theorems similar as in Theorems of [4].

Si\A{r}y [t <ls|
Sio s = s
Proof. Since from Table 1 determined [10],
Oap (B(T’, S, t)a ’Y) =0 (B(T‘S, t)v’Y) \ 010' (B(Tv S, t),’}/)

Theorem 4.1. 7,,(B(r,s,t),7) = {

” NC
o Sl Ty, tl < |s
Tap(B(r,8,t),7) = { S, Lt > s
O
— . 2(r—a)
Theorem 4.2. o5(B(r,s,t),y) = {a eC: ‘_S+ pe Ty < 1} .
Proof. Since the following equality
o5 (B(r,s,t),v) = o (B(r,s,t),y) \ Aso (B(r,s,t),7)
holds from Table 1 determined [10] and we derive by Theorem 3.2, 3.3 that
2(r —a)
os5(B(r,s,t),y) =qae€C: <1p.
(B ) { —s4 /8% —4t(r — o) }

O

2(r—a)
—s+4/82—4t(r—a)

<1f.

Proof. We have by Theorem 3.4 and (e) of Proposition 2.1 that
- 1} |

Theorem 4.3. o.,(B(r,s,t),7) = {a eC:

2(r — )
s+ /s2 —4t(r — a)

Oeo(B(r,s8,t),7) = {a ceC:



On the fine spectrum of the operator B(R,S,T) over the class of convergent series 27

Conclusion

In this paper, the spectra of matrix operator on convergent series is established. As
a conclusion, we say that our results reduce to the spectrum of B(r, s) which is studied
Dutta et al. [6] over v since B(r,s,0) = B(r,s). So, this study is more general than
fine spectrum of the generalized difference operator B(r,s) over the class of convergent
series.
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