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Abstract. In this paper, we prove that the inequalities

o0 n 1 oo a
n < —
n:l(I];[l ak) B en:l( n+ 13CL) !
and
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pRIREST) § PRI Srt
n=1 k=1 n=1

jee)
hold if an > 0 (n = 1,2,---) with 0 < 3 an < +oo, where a = 2.739,
n=1

b=[(4v2—-3)e—6]/[(3—2v2)e] =2.6203--- and c = (e/2 —1)(1+b) = 1.3002-- - .

1. Introduction

Leta, >0(n=1,2,---) with0 < Y a, < 400, then the well-known Carleman’s

n=1

Z(H ak)% < eZan.

n=1 k=1

inequality [1] is given by

In the last ninety years, the refinement, improvement, generalization, extension
and application for the Carleman’s inequality have attracted the attention of many
researchers [2-19].
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Alzer [2] gave a very elegant proof of the inequality
k
> pkGr + 5 > Fka <ed ptk,
k=1 k=1 k=1

where Ti, Pi > 0 (7’ = ]-aza"')’ Gk = Hk

i1 :zzpl/P’“ P, = Zle pi and >y PRk < 400.
In [20], Yuan established that

where «, § satisfy 0 < a < /10g2—1, 0<B<1-2/e, ef+2"* =¢ a, >0
(n=1,2,---)and 0 < > 7, a, < +oo.
Yang and Debnath [3] proved that the inequality

oo o0

S([[ant <e>0-—)a,
n=1 k=1

et 2n 4+ 2

holds if a, >0 (n=1,2,---) with 0 < Y a, < +o0.

n=1

In [21], the authors established that

Sl

2

ﬁ

fora, >0 (n=1,2,---) with0 < Y a, < +oo.
n=1
Yang [15] gave the following generalization of Carleman’s inequality

oo N /Sn(X) 0o N
Z (H a1/k ) < eZe’\” Sn(/\)am
= n=1

where X € [0,1], S,(A\) = >, 1%

o0
an>0(n=12---)and Y a, < +oo.
n=1
n [17], Hu proved that
o0 n b
S (Lot <o (1-3 Gt )
n=1 k=1 =

ifa,>0(n=1,2,--+) with0< Y a, <400, by =1and b, =+ E
n=1 —

In this paper, we present two refinements of Carleman’s 1nequahty Our main results

are the following Theorems 1.1 and 1.2.

Theorem 1.1. Let a =2.739, a,, >0 (n=1,2,--+) with 0 < >_ a,, < 400, then

(M) <% (- )

— n+ 13a
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Theorem 1.2. Let b = [(4v/2 — 3)e — 6]/[(3 — 2v/2)e] = 2.6203---, c = (e/2 — 1)(1 +
b) =1.3002---,a, >0 (n=1,2,--+) with 0 < > a, < 400, then

n=1

001 Kl * nib)(kﬁlakﬁ} < B;an.

n=

2. Lemmas

In order to establish our main results we need several lemmas, which we present
in this section.

Lemma 2.1 (see [22, Corollary 1.3]). Suppose that a,b € R with a <b, f : [a,b]" —
R has continuous partial derivatives and

Dy, ={x = (21,22, ,2pn)|a < 1r§nk12n{xk} < Ty = 1rgnkagxn{xk} <b},m=1,2,---,n.

1f 2% > 0 holds for all # € D, and m = 1,2, ,n, then

f(whx% o ,l’n) Z f(xminumminy o axmin)
for all ,, € [a,b] (m =1,2,--- ,n), where Tyin = min {zx}.
1<k<n

Lemma 2.2 (Stirling formula). If n € N is a positive natural number, then
n
nl = 27m(n> elsTnn,
e

Lemma 2.3. Let n € N be a positive natural number and a = 2.739, then

where 0 < 6,, < 1.

[ n?+ (14 24a)n + Za + 156a> ] . 4[ nl ]1/71 o
e — | .
(n+13a)(n+ 3)(n+ 14 13a)(n + 2) n|(2n+1)!
Proof. If n =1 and 2, the numerical computations lead to
1+ (14 24a) + Za + 1564
[ (1+24a) + 5a e ] —0.668. .., (2.2)
(1+13a)(2 + 13a) x 3
44 2(1+ 24a) + Za + 156a*
{ U+ 24a) + 5o 35a]:0.286..., (2.3)
(2+13a)(3 + 13a) x 3
4 I /2
5 = 0.666- - 2(5'> = 0258 . (2.4)
Equations (2.2)-(2.4) show that inequality (2.1) holds for n =1 and 2.
We claim that the inequality
1
2n+1)4/2+ - >
n
2 2 | 57 351 2 | 55 n
oo 14 (14 2a)n” 4 (13 + Fa + 1)n + (°5-a” + Za) (2.5)

n® + (3 +24a)n? + (1 + La + 156a%)n + (2a + 78a2)
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holds for all n > 3. Indeed, if n > 625, then it is not difficult to verify that

/ 1 1

(14 2a)n3 + (13a® + a + 1)n? + (3La® + Ba)n
n3 + (2 + 24a)n? + (& + &a + 156a2)n + (2a + 78a2)’
(2n +1)v2 > 1351v2 = 1769.181 - - - > €212 = 1768.699 - - - . (2.8)
It follows from (2.6) and (2.8) that

1
(2n +1)4/2 + — > el T mmelt2e, (2.9)
n

Equality (2.7) implies that

Note that

1+ 2a >

1 420341362+ 3 at+1)n2+ (331624 3P a)n

elt2a (1 + .’L‘)# > (1 + x);n3+(%+24a)n2+(%+%a+156a2)n+(%a+78a2) (2_10)
for any = > 0.
2 2, 57 351,255
Let ¢ = —ot2en +(8a7t 5 atint (%5 a +75a) 7y, then (2.5) follows from (2.9) and

n3+(2+24a)n2+ (3 + L a+156a2)n+ (2 a+78a
(2.10).

If 3 < n < 624, then we verify that inequality (2.5) is also true by compiling the
following VB language:

Private Sub Command-Click ()

Dim a As Double, b As Double

For n = 3 to 624

a=2xn+1)*xSqr(2+1/n)

b= Ezp(l+1/(12*n)* (((n + 35.607)(n + 36.607) * (n + 1.5))/

((n*n 4 66.736 x n + 1201.829376) * (n + 0.5))™

Text 1. Text = Textl. Text & 'n="& n & 7a =" & a & "b=" & b & "a-b=" &
(a-b) & Chr(13) & Chr(10)

Next n

End Sub.

From (2.5) we get

(2n+1)\/2+71>61+1;n[ (n+13a)(n + 1+ 13a)(n + 3) n
n (n?+ (14 24a)n+ Za+156a2)(n+ 3)] ’

{ n? + (1+ 24a)n + Za + 1564 r( 1)% - Jnel
(n+13a)(n+ 3)(n+1+13a)(n+ 2) 2 V2n+1(2n+1)’

o { n%+ (1+ 24a)n + 2a + 156a* ]n 4"\/%(%)"eﬁ
(n+13a)(n+ 3)(n+1+13a)(n+ 3) nn
and
6[ n? + (14 24a)n + %a + 156a° ] 4 < V2 () et >i
(n+13a)(n+ 3)(n+ 14 13a)(n + 2) 2 (@2n + 1)(2tLy2ntt )

n
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Therefore, inequality (2.1) follows from Lemma 2.2 and (2.11) for all n > 3.
Lemma 2.4. Let a = 2.739 and n € N be a positive natural number. Then

a 1 °°1 J
e(l— ) *H
n + 13a n+2 o J 5

0o j 1
Proof. Set f(n) =e(1 — nﬁga)é — iz %(Hi_l é)], n=1,2,---. Then
)

=0 (2.12)

1
J

l
2

and
f(n) = f(n+1)
n? + (1+ 24a)n + Za + 15602 4/ wl \7
Ui+ 18a)(n+ D(n+ 1+ 13a)(n+ g)} B <<2n + 1)!)
From Lemma 2.3 and (2.13) we clearly see that the sequence {f(n)}/> is strictly

decreasing. Therefore, Lemma 2.4 follows from (2.12) and the monotonicity of the

sequence {f(n)},/2.

Lemma 2.5. Let n € N be a positive natural number, b = [(4v/2 — 3)e — 6]/[(3 —
2v2)e] = 2.6203--- and ¢ = (¢/2 — 1)(1 +b) = 1.3002- - -. Then

(2.13)

e 1 c
n+1 = (n!)% <1+ n+b> (2.14)
and
e > 1 c
~> kZ:;z L:(k!)llc (1+ 2 — b)}. (2.15)

Proof. We first prove inequality (2.14). It is not difficult to verify that inequality
(2.14) becomes equality for n = 1,2. If 3 <n < 15, then

L o(j_c VoL (;, L3003
(n!)w n+b) " (nl)w n+262)

Let A, = e/(n + 1) and B, = (1 + 21"283%)/(73!)1/", then numerical
computations give (Az, B3) = (1.234---,1.231---), (A4, B4) = (1.203---, 1.196-- ),
(A5,Bs) = (1.180---,1.170---), (Ag,Bs) = (L162---,1.150---), (A7, B;) =
(1148~ ,1.135---), (As,Bs) = (1.136---,1.122.--), (Ag,By) = (L127---,

1111--+), (Ay,Bio) = (L.119---,1.103---), (Ayy,Bi1) = (L112---, 1.095--),
(A1g, Bis) = (1.105---,1.088---), (A13, B13) = (1.100---,1.083---), (A1q, Bra) =
(1.095---,1.078---), (A15,B15) = (1.091--- ,1.073---). Therefore, inequality (2.14)
holds for 3 <n <15

If n > 16, then we have

Vonm > V32r =10.026---, et < 23092 = 9976 .. | (2.16)
From (2.16) and e > (14 1/2)* (x > 0) we have

Vonr > et =ee > (1+ 1) [(14- C)nrz(1+)n(1+n
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(@nmF > " gy Gty e (2.17)
ni)2n — . .
n n n+b
It follows from Lemma 2.2 and (2.17) that
o
e e c e1zn? c 1 c
= 1 > 1 .
SR (n!)%( i (n!)%( Tty

>

n+1" n2nm)ze
Next, we prove inequality (2.15). Let

. (2.18)

:_Z{ P T

Then
lim H (n) =0, (2.19)

n——+0o
H(n)— H(n+1) = %[ni T

From (2.14) and (2.19) we clearly see that the sequence {H (n)}
decreasing. Therefore, inequality (2.15) follows from (2.18) and (2.19) together with

! 1+nib)]. (2.20)

oo, is strictly

the monotonicity of the sequence {H (n)},_;.
Lemma 2.6. Let m € N be a positive natural number, a,, > 0 (n = 1,2, --

B,, = min {(n + )an} and a = 2.739. Then

ez;l( n —|—a13a) n z;l(kll a)"
- n+ 12a Ui Q(n!)%
> 2Bm[ez::1 e ; (@nt 1)!)%] (2.21)

Proof. Tt is not difficult to verify that inequality (2.21) becomes equality for m = 1
Suppose that m > 2 and b, = (n + 1/2)a,, then inequality (2.21) is equivalent to

b, 1
ez Z(Hqu%)"

n+13a n+ =i

i n+12a " 2(nl)w
> 9B, _ 1. 2.22
- engl n+ 13a)(2n + 1) ;((211—1-1)!)%] (2.22)
Let
i a b AU 1
:b = (by,by, - ,bm) € (0, +00)™ 1— - )"
f (1a 2 ) )6( OO) —)6;( n+13a)n+% ,,;];[ %
and
Di = {(b1,b2,- - ,bm) | rr,lcigm{bk} <b; = @agxm{bk}}vi =12,

Then for any b € D; we get

df(b) a 1 -
Ob; = (1 i+13a)i+% ;

S\H

oI

:1

™
l\’)h—l
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a 1 - . 1
>e(l— )n
el i+ 13a)z +1 nz_l 1;[ %
a = - 1
>e(l — ). 2.23
oy Dl .
From Lemmas 2.1 and 2.4 together Wlth (2.23) we get

f(b17b27 7bM) Zf(BmwBWH 7Bm) (224)
Therefore, inequality (2.22) follows easily from (2.24).

Lemma 2.7. Let m € N be a positive natural number, a; > 0 (i = 1,2,--- ,m),
By = min {nan}, b = (42 = 3)e = 6]/[(8 = 2v2)e] = 2.6203--- and ¢ =
nsm
(e/2—1)(1+b) =1.3002--. Then
m m n .
e an— [(1 + m)(H ak)n]
n=1 n=1 k=1
2 Bniep o : 2.25
> 2|e 30 -3 e ) 225

Proof. We clearly see that mequaht
that m > 2 and b, = na, (n=1,2,-

25) becomes equality for m = 1. Suppose
then inequality (2.25) is equivalent to

; T ( n+b
(2.
,m),

Let
Fib=(bubay e b) € (0,00 e 302 =3 (1 ) [T,

Then for any b € D; (i =1,2,--- ;m), we have

010) _e sy Ly L Tnym

ob; i = nb; n+bn! P

>?Z[n(;!)i(l+nfrb)]' (2.27)

It follows from Lemma 2.1 and (2.15) together with (2.27) that
f(bh b27 et abn) Z f(BmaBnu e 7Bm)- (228)

Therefore, inequality (2.26) follows from (2.28).
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3. Proofs of Theorems 1.1 and 1.2

Proof of Theorem 1.1. Let B,, = 1?12 {(n+ 3)a,} and
nsm

i

n+ 12a nl n
) = =1,2,--- .
CRD W res oy §:j =12

Then
f(1) =0.5049 - - - > 0, (3.1)
o i+1+12a  2((i+1))F
fit1) =10 = Gt 1+ 13a)(2i 1 3) ((2i + 3)) 7 3.2)
It follows from Lemma 2.3 and (3.2) that
fli+1) = f@) >

. itl+12 _e¢+1(z‘+1)2+(1+24a)(i+1)+2—§’a+156a2

(i 4+ 14 13a)(2i + 3) 2 (i+1+13a)(i+2)(i+2+413a)(i+ 2)
_ el +a)(i+1)° + (4 +51a)(i+1) + 3(1+ 12a)(1 + 13a)] - (33)

(20 +3)(i + 1+ 13a)(i + 2 + 13a) (i + 2)
Lemma 2.6 and (3.1) together with (3.3) imply that

ez — 13a Z H ag)® > 2By f(m) > 2B, f(1) > 0. (3.4)

n=1 k=1
Therefore, Theorem 1.1 follows from (3.4) with m — +o0.

Proof of Theorem 1.2. Let m € N be a positive natural number and B,, =

min {na,}. Then we clearly see that
1<n<m

ml < (m+1)™,  (m)™ < (m)™(m+ 1)™ = ((m + 1))™

1

(m))w < ((m+ 1)!)mrr (3.5)
From (2.14) and (3.5) we have

e 1 c

milc (m!)#(1+m+b)
1 c
” ((m + 1)1)me (1+ m—i—b)
1 c
> ((m+1)g)ﬁ(1+m+1+b)' (3.6)
Let .
13 1 m 1 c
Glm) = e 3 0= S () =12 (37)
Then (3.6) and (3.7) lead to
G(1) = g >0, (3.8)
e 1 c
Gm+1) G(m)—m+1 (m+ 1D 11(1 m+1+b) 0 (3.9
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From Lemma 2.7 and (3.7)-(3.9) we get

e;a”_,;{(Hnib)(Eak)ﬂ >§Bm20~ (3.10)

Therefore, Theorem 1.2 follows from (3.10) with m — 4oc.
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