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Abstract. The variable coefficients Sawada-Kotera equations and Wick-type
stochastic Sawada-Kotera equations are investigated. =~ White noise functional
solutions are shown by using the Hermite transform, homogeneous balance principle
and the modified tanh-coth method. Moreover, some examples are given for the
investigated model.

1. Introduction

It is well known that the solitons are stable against mutual collisions and behave like
particles. In this sense, it is very important to study the nonlinear equations in random
environment. However, variable coefficients nonlinear equations, as well as constant
coeflicients equations, cannot describe the realistic physical phenomena exactly. M.
Wadati [17] first answered the interesting question. How does external noise affect the
motion of solitons? and studied the diffusion of soliton of the KdV equation under
Gaussian noise, which satisfies a diffusion equation in transformed coordinates. Wadati
and Akutsu also studied the behaviors of solitons under the Gaussian white noise of
the stochastic KAV equations with and without damping [19]. In addition, a nonlinear
partial differential equation which describes wave propagations in random media was
presented by Wadati [18]. Now, many researchers pay more attention to the study
of the random waves, which are important subjects of stochastic partial differential
equations, a number of soliton solutions of nonlinear stochastic partial differential
equations and nonlinear stochastic fractional partial differential equations are obtained
[1,2,3,4,5,6,7,8,9,10,11,12,13,14,29,30,31]. Holden et al.[11] researched stochastic partial
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differential equations in Wick versions via white noise functional approach. By using
the homogeneous balance method, Xie studied exact solutions for stochastic mKdV
equations [31]. Chen and Li used the symmetry reductions to study the soliton-like
solutions for stochastic mKdV equation [2]. In this paper, with the help of Hermite
transformation, white noise theory and modified tanh-coth method, we will deduce
exact solutions for the Wick-type stochastic Sawada -Kotera equation as the following
form:

Pt)oU + Q(t) o Usy + R(t) 0 (U 0 Uppe + Up 0 Upa) + S(t) o U? 0 U, =0,  (1.1)

7

where “o” is the Wick product on the Kondratiev distribution space (S)_1which was
defined in [11],P(t), Q(t), R(t)andS(t)are(S)_1 —valued functions. Moreover, when Wick
product “¢”is replaced by ordinary product in Eq.(1.1), we obtain the Sawada -Kotera
equation with variable coefficients:

p(t)us + q()use + 7(t) (Wgre + Ustipy) + s(E)uuy, = 0, (1.2)

which is of importance in mathematical physics field [15,16], where p(t), ¢(t),r(t), s(t)
are bounded measurable or integrable functions on R;. And Eq. (1.1) can be regarded
as the perturbation of Eq. (1.2).

2. White noise functional solutions of (1.1)
Taking the Hermite transform of Eq.(1.1), we get
P(t,2)U(x,t, 2) + Q(t, 2)Usa (. t, 2) + R(t, 2)[U (2, t, 2)Usaa (2, 1, 2)

U (2, t, 2)Ung (2,1, 2)] 4 S(t, 2)U% (2, t, 2) Uy (2, 8, 2) = 0, (2.1)
wherez = (21, 2, ...) € CVis a vector parameter. UsingU (z,t, 2) = U(€, 2),§ = a—ctthat
will carry out Eq. (2.1) into

—cA e + Aouse + As(uugee + uguee) + )\4u2u5 =0, (2.2)
where u(¢, 2) = U(E, 2),M(t 2) = P(t, 2),Aa(t, 2) = Q(t, 2),\s(t, z) = R(t, z)andAy(t, z) =
S(t, z). Considering the homogeneous balance between uscandu?ug in Eq.(2.2), givesM =

2. According to the tanh-coth method [20-28], we can set the solution of Eq.(2.1) in the
form

u(x,t,2) = S(Y) = ao(t, 2) + a1(t,2)Y (&) + aa(t, 2)Y?(€)

+b1(t, 2)Y THE) + ba(t, 2)Y T2(6), (2:3)
where Y (§) satisfies the Riccati equation
Y =c1 + Y +e3Y?, (2.4)

andeq, co, czare constant to be prescribed later. By virtue of (2.3) and (2.4) with
observation of the linear independence ofY"(n = —7,—6,...,7)Eq.(2.2) implies the
following system of nonlinear equations
—cMAg+ X Ey + )\3[(1000 —a1C6 — asC7 + b1Cy + bgCg} + Ao[)\3BQ)\4F0]
= A[AsBi+ A1) — As[A3Ba + A o] — Ag[A3 B3 + A4 k3]
+  A1[A3Bs + M F5] + Az[A3Bs + Ay Fg| + Az[A3Br + M\ Fy] = 0,
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—cAM AL+ A Ey + )\3[(1001 +a1Cy — a2Cs + b1Co + bQCj} + A; [)\330 + >\4F0]
+  Ao[A3By + AF1] — Ag[A3Ba + Ay Fp] — As[A3B3 + Ay F3]
— A6 [/\3B4 + )\4F4] + Ag[)\385 + >\4F5] + Ag[/\gB(; + )\4F6] =0,

—cM A + Ao FEo + A3 [GQCQ +a1C1 + aCy + b1C3 + b204] + AQ[)\?)BO + )\4F0]
+  A1[A3B1 + M F1] 4 Ao[A3Ba + A\ Fy] — Ay[A3B3 + Ay F3]
—  A5[A3B4 + M Fy] + A3[A3Bs + M F5] =0,

7CA1A3 + )\2E3 + )\3[&003 + a1C'2 + a201 + b104 + b205] + A3 [>\3B0 + )\4F0]
+  As[A3B1 + A Fi] + A1[A3Ba 4+ MEs] + Ao[AsBs + A F3] — Ay[AsBy + A\ Fy] =0,

MoFEy + )\3[&004 4+ a1C3 + axCsy + bng,} + As [)\331 + )\4F1]
+ Ao[A3Ba + M F] + A1[A3Bz + Ay F3] + Ao[A3 By + M Fy] = 0,

)\2E5 + /\3[&005 + (1164 + CLQOg] + A3 [/\332 + )\4F2]
+  A[A3B3 + AaF3] + A1[AsBa + MFy] =0,

Mo Es + A3[a1C5 + a2C4] + A3[A3Bs + A F5] + Aa[AsBy + A\ Fy] = 0,
Ao E7 + A3a2C5 + As [)\334 + )\4F4] =0,

cA\ Ay — Mo FEg + )\3[7(1006 —a1C7 —axCsg + b1Cy + bQCl] — A4[/\3B0 + >\4F0]
—  As [/\3B1 + /\4F1] — AG[)\ng + >\4F2] + Ag [/\335 + )\4F5] + Al[AgBG + /\4F6]
+  A[A3B7 4+ My Fr] 4+ Az[A3Bg + M\ Fg| = 0,

cA1 Ay — Mo Eg + )\3[—0,007 —a10g — asCy — b1Cg + szo] — A5[)\330 + >\4F0]
—  Ag[A3B1 + A\F1] — Au[A3Bs + Ay F5) + Ag[A3Bs + Ay ]
+  Ai[A3Br + M Fr] 4+ Az[A3Bs + M Fg] =0,

C)\1A6 — )\2E10 + )\3[—(1008 - ang - CLQClO - b107 — bQCS]
— A [)\330 + )\4F0] — As [)\335 + )\4F5] - A4[)\336 + )\4F6]
+  Ao[AsB7 + A\aF7] + A1[A3Bs + A Fs] = 0,

—X2E11 — A3[apCy + a1Cho + 01Cs + b2Cr] — Ag[A3Bs + A4 F5]
—  Ag[A3Bs + A Fs) — Ag[A3Br + M\ Fr] + Ao[AsBs + A\ Fg] =0,

Ao E1s + A3[agCio + b1Coy + b2Cs] + Ag[A3Bs + Ay Fi)
+  A5[A3B7 4+ Ay F7| + As[A3Bg + Ay Fg| = 0,

Ao E13 + A3[b1Cro + b2Co] 4+ Ag[A3 By + A\ Fr] 4+ As[A3Bs + M Fg] =0,

AoErg 4+ A3baCho + As[A3Bs + A\ Fg] =0, (2.5)

Where,Ao = aicy — blcg, Al = aice + 20,201, A2 = a1c3 + 2&262, A3 = 20,203,144 =
bico + 2bocs, As = bier + 2baca, Ag = 2bacy, By = c1 A1 + c3Ay, B1 = 0 A1 + 2¢1 Ao,
B2 = 63A1 + 202142 + 301A3, B3 = 203142 + 362A37B4 = 3631437 B5 = 02A4 + 203145,
Bg = 1Ay + 2c0As + 3c3Ag, By = 2¢1As + 3c0Ag, Bs = 3c14g, Cy = ¢1B1 — ¢3Bs,
Cl = CQBl + 2(21B27 02 = C3B1 + 26232 + 36133, 03 = 26332 + 36283 + 401B4,
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C4 = 303B3 + 462347 C5 = 46334, CG = CQB5 + 26336, 07 = ClBg, + 20236 + 303B7,
Cs = 2¢1Bg + 3¢oB7 + 4c3Bg, Cy = 3¢1B7 + 4c2Bg, C19 = 4¢1Bg, Dy = ¢1C1 + ¢3C,
Dy = cCy 4 2¢1Cs, Dy = c3C1 + 2¢5C5 + 3¢1C3, D3 = 2c3Cy + 3c2C3 + 4¢1CYy,
Dy = 3¢c3C3 + 4c5C4 + 5¢1C5, D5 = 4e3Cy + 5¢2Cs, Dg = 5c3Cs, D7 = coCq + 2¢3C7,
Dg = ¢1Cg+2¢c2C7+3c3Cs, Dg = 2¢1C7+3¢c2Cs+4c3Cy, D1g = 3¢1Cs+4coCo+5c3C 0,
Di1 = 4¢1Cy + 5¢2Ch0, D12 = 5¢1Cho, By = 1Dy — caDr7, Ev = c2D1 + 2¢1 D,
FEy = c3D14+2coDy+3c1 D3, B3 = 2c3Do+3coD3+4c1 Dy, By = 3cgD3+4coDy+5¢1 D5,
E5 = 403D4 + 5(32D5 + 661D6, EG = 563D5 + 6621)67 E7 = 6C3D6, ES = 02D7 + 263D8,
Eg = 61D7 + QCng + 363D9, Em = 201D8 + 362D9 + 4C3D10, E11 = 361Dg + 462D10 +
5c3D11, E1g = 4c1D1g + 5ca D1y + 6c3Dia, Bz = 5c1D11 + 6¢2D1g, E1y = 6e3D1o,
Fo = a3 + 2(a1by + asbs), Fi = (apar + azb1), Fo = a3 + 2apas, F3 = 2a1a2, Fy = a3,
F5 = 2(0,0()1 + abz), FG = b% + 2a0b2, F7 = 2b1b2, and Fg = b%

In the remaining part of this section we will discuss and solve our problem for some
special cases for the Riccati equation as follows:

A. 61202:1,63:0.

This choice for the constants implies that

Yi(§) = exp(§) — 1. (2.6)

By the aid of MATHEMATICA, the above system of equations (2.5) can be solved for
the following cases:
Case I: a1 = ay = by = 0,09 = &= 4)\§+)\4(C§:716>\2
by — £5423/402+ Ag (cA1—16X2)—208A% — 171022 A4
2= £4/422+ A1 (cA1 —16)2) '
Using Eq.(2.6) and Eq.(2.3), then Eq.(2.1) has the solution:

)70 N\ £ 0,0 # Oand16Xs < cAj,

O EVANE 4 M(ed — 16)2) — 2)3 N +54031/402 + Ag(ch) — 16X2) — 20873 — 1710\ )y
o +4/40NZ + My(chy — 16Xg)(exp (x — ct) — 1)2

U1

2.7)

+1/ X245 (ch1—Xa)— A3

Case II: a; = a3 = by = 0,A1 # 0, 3 # 0, A2 < cA1,a0 = W ,b1 =
—54),

)\3 :
Using Eq.(2.6) and Eq.(2.3), then Eq.(2.1) has the solution:

i\/)\% + 4)\4(0)\1 — )\2) — A3 —54),
24 As(exp (z —ct) — 1)
B. ¢q =—c3=0.5,c5 =0.
This choice for the constants implies that
Y2(¢) = coth(§) =+ esch(§), (2.9)

or

Y3(¢) = tanh(&) £ isech(§). (2.10)
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By the aid of MATHEMATICA, the above system of equations (2.5) can be solved for
the following cases:
Case III: apg = a; = ag = bl :0,)\3 7é 0,b2 = W

Using Eq.(2.6) and Eq.(2.3), then Eq.(2.1) has the solution:

> 7 BAs(coth(x — ct) £ csch(x — ct))?’ '
35)\2 — 26)\1
= . 2.12
ta 5As(tanh(x — ct) £ i sech(x — ct))? (2.12)
Case IV:iag=a; =b; =by =0,\3 #0,as = %.
Using Eq.(2.6) and Eq.(2.3), then Eq.(2.1) has the solution:
dehy — 31
us = %(cath(x — ct) + csch(x — ct))?, (2.13)
3
4de; — 31A
Ug = %(tanh(m —ct) £ i sech(z — ct))>. (2.14)
3

Lemma 2.1. [11] Supposeu(z,t,z)is a solution (in the usual strong pointwise sense)
of Eq. (2.1) for(x,t)in some bounded open setG C R x Ry, and for allz € K, (n), for
somem < oo,n > 0. Moreover, suppose thatu(z,t, z)and all its partial derivatives, which
are involved in Eq.(2.1), are (uniformly) bounded for(x,t,) € G X K,,(n), continuous
with respect to(z,t) € Gfor allz € K, (n)and analytic with respect toz € Ky, (n), for
all(z,t) € G. Then there existsU(z,t) € (S)_1such that u(z,t,z) = U(z,t)(2), for all
(z,t,2) € G x K(n)andU (z, t)solves (in the strong sense) Eq. (1.1) in(S)_1.

From Lemma 2.1, we know that there existsU(z, ) € (S)_ysuch thatu(z,t, z) = U(x, )(z)for
all(z,t,z) € G x K;,(n), whereU(x, t)is the inverse Hermite transformation ofu(z,t, z).
Consequently, U(z,t) solves Eq.(1.1). Hence, for P(t) # 0,R(t) # 0,S(t) > 0 and
Q(t) < cP(t)\16 the white noise functional solutions of Eq.(1.1) are as follows:

0(t) — 2R(t) , 54R(1) o 6(t) — 208R(t) ~ 171Q(1) 0 S(1

Ui, t) = =505 10(1) o (exp®(z — ct) — 1)°2 o (215)
Vel 1) = e(tl@?(ff 9 RO o <ef§§§)_ 1) (2.16)

Vs t) = 5piys (cotl?f(gmc;) 25:521@ ) (2.17)

Vsl t) = 35Q(t) — 2cP(t) 218)

5R(t) o (tanh®(x — ct) £ isech®(x — ct))®?’
Us(z,t) = (4cP(t) — 31Q(t))(2R(t) o (coth® (x — ct) & csch®(x — ct))®?, (2.19)

Us(z,t) = (4cP(t) — 31Q(t))(2R(t) o (tanh® (z — ct) +isech®(x — ct))®?,  (2.20)
where

0(t) = £{4R°%(t) + S(t) o [cP(t) — 16Q(t)]}°=.
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We observe that for different forms ofP(t), Q(t), R(t)andS(t), we can get different
solutions of (1.1) from (2.15)-(2.20).

3. Examples

LetW (t) = B(t)be the Gaussian white noise, where B(t)is the Brownian motion.
We have the Hermite transform/W(t,z) = Yz fot n;(s)ds.  Sinceexp®[B(t)] =
exp[B(t) — t2/2], we havetanh®[B(t)] = tanh|B(t) — t2/2], coth®[B(t)] = coth[B(t) —
t2/2], sech®[B(t)] = sech|[B(t) — t?/2]andcsch®[B(t)] = csch[B(t) — t2/2]. Suppose
P(t) = Q(t) = aR(t),R(t) = S(t) = f(t) + SW(¢),where «, Sare arbitrary constants
and f(t)is integrable or bounded measurable function onR;. Hence, the white noise
functional solutions of Eq.(2.1) are as follows:

R(t) 0 0(t) — 208R°2(t) — 17100.5°2(t)

Ul 1) = £+ ale = 10) + s e =AM + g2y — 1~ > 3D
Us(2,1) = ~(4+/TF da(e —16) — 1) — bla (3.2)
’ 2 lexp(z — c[t — BB(t) + Bt2\ 2]) — 1]’ ’
B (35 — 2¢)
Uola,1) = [coth(z — c[t — BB(t) + Bt \ 2]) £ csch(z — c[t — BB(t) + Bt \ 2])]?’ (3:3)
Uo(z,t) = (35 — 2¢) (3.4)

[tanh(xz — c[t — BB(t) + Bt2 \ 2]) + isech(z — c[t — BB(t) + Bt2 \ 2])]?’

Uni(z,t) = %(40 — 31)[coth(x — c[t — BB(t) + Bt* \ 2]) £ csch(x — c[t — BB(t) + Bt*\ 2])]2,(3.5)
Uia(x,t) = %(46 — 31)[tanh(z — c[t — BB(t) + ft*\ 2]) £ isech(z — c[t — BB(t) + Bt*\ 2])]%.(3.6)

4. Conclusion

In this paper, we have obtained many exact solutions to the Wick-type stochastic
Sawada -Kotera equation via Hermite transformation and the modified tanh-coth
method . These approaches can be used in various types of nonlinear stochastic
equations, and help us to find more new stochastic excitations (especially the stochastic
solitary wave excitations). In addition, we should also note that since there is a unitary
map between the Wiener and the Poisson white noise spaces, we can obtain the solution
of the Poissonian SPDE simply by applying this map to the solution of the corresponding
Gaussian SPDE. A nice, concise account of this connection was given by Benth and
Gjerde [1], and can be seen in Section 4.9 of [11] .Hence, we can get exact solutions of
(1.1) if the coefficients P(t), Q(t), R(t)andS(¢)are Poissonian white noise functionals.
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