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Abstract. In this paper, we find the greatest values r1 and r2, and the least values
s1 and s2 in (0, 1/2) such that the double inequalities H[r1a+ (1− r1)b, r1b+ (1−
r1)a] < αA(a, b)+(1− α)L(a, b) < H[s1a+(1−s1)b, s1b+(1−s1)a] and H[r2a+(1−
r2)b, r2b+(1−r2)a] < αA(a, b)+(1− α)G(a, b) < H[s2a+(1−s2)b, s2b+(1−s2)a]

hold for all a, b > 0 with a ̸= b and any α ∈ (0, 1), where H(a, b), G(a, b), L(a, b)

and A(a, b) are the harmonic, geometric, logarithmic and arithmetic means of two
positive numbers a and b, respectively.

1. Introduction

For a, b > 0 with a ̸= b, the classical harmonic mean H(a, b), geometric mean G(a, b),
arithmetic mean A(a, b), logarithmic mean L(a, b), identric mean I(a, b) are defined by

H(a, b) =
2ab

a+ b
, G(a, b) =

√
ab, A(a, b) =

a+ b

2
, (1.1)

L(a, b) =
a− b

log a− log b
, I(a, b) =

1

e

(
bb

aa

)1/(b−a)

, (1.2)

respectively. It is well known that the inequalities
H(a, b) < G(a, b) < L(a, b) < I(a, b) < A(a, b)

hold for all a, b > 0 with a ̸= b.
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Recently, the harmonic, geometric, logarithmic and arithmetic means have been the
subject of intensive research. In particular, many remarkable inequalities for these means
can be found in the literature [1-11].

It might be surprising that the logarithmic mean has applications in physics,
economics, and even in meteorology [12-14]. Kahlig and Matkowski [12] study a variant
of Jensen’s functional equation involving the logarithmic mean, which appears in a
heat conduction problem. A representation of the logarithmic mean as an infinite
product and an iterative algorithm for computing the logarithmic mean as the common
limit of two sequences of special geometric and arithmetic means are given in [15]. In
[16, 17] it is shown that the logarithmic mean L can be expressed in terms of Gauss’
hypergeometric function 2F1. Carlson and Gustafson [17] prove that the reciprocal of
the logarithmic mean is strictly totally positive, that is, every n × n determinant with
elements 1/L(ai, bi), where 0 < a1 < a2 < . . . < an and 0 < b1 < b2 < . . . < bn, is
positive for all n ≥ 1.

In [15, 18-20] the authors present bounds for the logarithmic and identric means in
terms of geometric and arithmetic means as follows:

G2/3(a, b)A1/3(a, b) < L(a, b) <
2

3
G(a, b) +

1

3
A(a, b),

I(a, b) >
1

3
G(a, b) +

2

3
A(a, b),

G1/2(a, b)A1/2(a, b) < L1/2(a, b)I1/2(a, b)

<
1

2
L(a, b) +

1

2
I(a, b) <

1

2
G(a, b) +

1

2
A(a, b)

for all a, b > 0 with a ̸= b.
The power mean of order r of the positive real numbers a and b is defined by

Mr(a, b) =

(
ar + br

2

)1/r

(r ̸= 0), M0(a, b) =
√
ab.

The main properties of the power mean are given in [21]. In particular, the function
r → Mr(a, b) is strictly increasing with respect to r ∈ R for fixed a, b > 0 with a ̸= b.
Several authors discussed the relationship of certain means to Mr. The following sharp
bounds for L, I, L1/2I1/2 and (L+ I)/2 in terms of the power means are proved in [20,
22-27]:

M0(a, b) < L(a, b) < M1/3(a, b), M2/3(a, b) < I(a, b) < Mlog 2(a, b),

M0(a, b) < L1/2(a, b)I1/2(a, b) < M1/2(a, b),
L(a, b) + I(a, b)

2
< M1/2(a, b)

for all a, b > 0 with a ̸= b.
Alzer and Qiu [28] prove that the inequalities

αA(a, b) + (1− α)G(a, b) < I(a, b) < βA(a, b) + (1− β)G(a, b),

λA(a, b) + (1− λ)G(a, b) < L(a, b) < µA(a, b) + (1− µ)G(a, b),

Mc(a, b) <
L(a, b) + I(a, b)

2
hold for all a, b > 0 with a ̸= b if and only if α ≤ 2/3, β ≥ 2/e, λ ≤ 0, µ ≥ 1/3 and
c ≤ log 2/(1 + log 2).
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For p, q, α, β ∈ (0, 1/2), Chu et al. [29, 30] prove that the double inequalities
H[pa+ (1− p)b, pb+ (1− p)a] < I(a, b) < H[qa+ (1− q)b, qb+ (1− q)a]

and
H[αa+ (1− α)b, αb+ (1− α)a] < P (a, b) < H[βa+ (1− β)b, βb+ (1− β)a]

hold for all a, b > 0 with a ̸= b if and only if p ≤ (1 −
√
1− 2/e)/2, q ≥ (6 −

√
6)/12,

α ≤ (1−
√
1− 2/π)/2 and β ≥ (6−

√
6)/12, where P (a, b) = (a−b)/[4 arctan

√
a/b−π]

is the first Seiffert mean of a and b.
Chu and Wang [31] find the least values p, q and s in (0,1/2) such that the inequalities

H[pa+ (1− p)b, pb+ (1− p)a] > AG(a, b),

G[qa+ (1− q)b, qb+ (1− q)a] > AG(a, b)

and
L[sa+ (1− s)b, sb+ (1− s)a] > AG(a, b)

hold for all a, b > 0 with a ̸= b, where AG(a, b) is the classical arithmetic-geometric
mean of a and b, which is defined as the common limit of sequences {an} and {bn} given
by

a0 = a, b0 = b,

an+1 =
an + bn

2
= A(an, bn), bn+1 =

√
anbn = G(an, bn).

In [32] the authors prove that if p, q ∈ (0, 1/2), then the inequalities
H[pa+ (1− p)b, pb+ (1− p)a] > G(a, b) (1.3)

and
H[qa+ (1− q)b, qb+ (1− q)a] > L(a, b) (1.4)

hold for all a, b > 0 with a ̸= b if and only if p ≥ (2−
√
2)/4 and q ≥ (3−

√
3)/6.

For a, b > 0 with a ̸= b and x ∈ [0, 1/2]. Let
f(x) = H[xa+ (1− x)b, xb+ (1− x)a].

Then it is not difficult to verify that the function f(x) is is continuous and strictly
increasing on 0, 1/2]. Note that

f(0) = H(a, b) < αA(a, b) + (1− α)L(a, b) < A(a, b) = f(1/2) (1.5)
and

f(0) = H(a, b) < αA(a, b) + (1− α)G(a, b) < A(a, b) = f(1/2) (1.6)
for any α ∈ (0, 1).

Inspired by inequalities (1.5) and (1.6), it is natural to ask what are the best possible
parameters r1, r2, s1 and s2 in (0, 1/2) such that the double inequalities

H[r1a+ (1− r1)b, r1b+ (1− r1)a] < αA(a, b) + (1− α)L(a, b)

< H[s1a+ (1− s1)b, s1b+ (1− s1)a]

and
H[r2a+ (1− r2)b, r2b+ (1− r2)a] < αA(a, b) + (1− α)G(a, b)

< H[s2a+ (1− s2)b, s2b+ (1− s2)a]
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hold for all a, b > 0 with a ̸= b and any α ∈ (0, 1). Our main results are the following
Theorems 1.1 and 1.2.

Theorem 1.1. If r1, s1 ∈ (0, 1/2) and α ∈ (0, 1), then the double inequality
H[r1a+ (1− r1)b, r1b+ (1− r1)a] < αA(a, b) + (1− α)L(a, b)

< H[s1a+ (1− s1)b, s1b+ (1− s1)a]

holds for all a, b > 0 with a ̸= b if and only if r1 ≤ (1 −
√
1− α)/2 and s1 ≥

(3−
√
3(1− α))/6.

Theorem 1.2. If r2, s2 ∈ (0, 1/2) and α ∈ (0, 1), then the double inequality
H[r2a+ (1− r2)b, r2b+ (1− r2)a] < αA(a, b) + (1− α)G(a, b)

< H[s2a+ (1− s2)b, s2b+ (1− s2)a]

holds for all a, b > 0 with a ̸= b if and only if r2 ≤ (1 −
√
1− α)/2 and s2 ≥

(2−
√
2(1− α))/4.

Remark 1.1. We clearly see that Theorem 1.1 and 1.2 are the generalizations of
inequalities (1.3) and (1.4).

2. Proof of Theorems 1.1 and 1.2

Proof of Theorem 1.1. Let λ = (1−
√
1− α)/2 and µ = (3−

√
3(1− α))/6, we first

prove that the inequalities
αA(a, b) + (1− α)L(a, b) > H[λa+ (1− λ)b, λb+ (1− λ)a] (2.1)

and
αA(a, b) + (1− α)L(a, b) < H[µa+ (1− µ)b, µb+ (1− µ)a] (2.2)

hold for all a, b > 0 with a ̸= b and any α ∈ (0, 1).
Since A(a, b), L(a, b) and H(λa + (1 − λ)b, λb + (1 − λ)a) are symmetric and

homogeneous of degree 1, without loss of generality, we assume that a > b. Let
t = a/b > 1 and p ∈ (0, 1/2), then from (1.1) and (1.2) one has

H[pa+ (1− p)b,pb+ (1− p)a]− [αA(a, b) + (1− α)L(a, b)]

=
h(t)

(t+ 1)2 log t
A(a, b), (2.3)

where
h(t) = [(4p−4p2−α)t2+(8p2−8p+4−2α)t+(4p−4p2−α)] log t−2(1−α)(t2−1) (2.4)

We divide the proof into two cases.
Case 1.1 p = λ = (1−

√
1− α)/2. Then (2.4) becomes
h(t) = 2(1− α)(2t log t− t2 + 1). (2.5)

Therefore, inequality (2.1) follows from and (2.3) and (2.5) together with the
elementary inequality 2t log t+ 1 < t2.
Case 1.2 p = µ = (3−

√
3(1− α))/6. Then (2.4) reduces to

h(t) =
2

3
(1− α)[(t+ 2)2 log t− 3t2 + 3]. (2.6)
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Therefore, inequality (2.2) follows from (2.3) and (2.6) together with the elementary
inequality (t+ 2)2 log t+ 3 > 3t2.

Next, we prove that λ = (1 −
√
1− α)/2 is the best possible parameter in (0, 1/2)

such that inequality (2.1) holds for all a, b > 0 with a ̸= b and any α ∈ (0, 1). In fact, if
(1−

√
1− α)/2 = λ < p < 1/2, then it follows from (2.3) and (2.4) that

lim
t→+∞

[H(pa+(1− p)b, pb+ (1− p)a)− αA(a, b)− (1− α)L(a, b)]

= [4p(1− p)− α]A(a, b) > 0. (2.7)

Inequality (2.7) implies that for any (1−
√
1− α)/2 = λ < p < 1/2 there exists large

enough T such that H[pa + (1 − p)b, pb + (1 − p)a] > αA(a, b) + (1− α)L(a, b) for all
a/b ∈ (T,+∞).

Finally, we prove that µ = (3 −
√

3(1− α))/6 is the best possible parameter in
(0, 1/2) such that inequality (2.2) holds for all a, b > 0 with a ̸= b and any α ∈ (0, 1).
Let 0 < ε < (3−

√
3(1− α))/6, 0 < t < 1 and p = (3−

√
3(1− α))/6− ε, then making

use of Taylor expansion we have
H[p(1 + t) + (1− p), p+ (1− p)(1 + t)]− [αA(1 + t, 1) + (1− α)L(1 + t, 1)] (2.8)

= 1 +
t

2
+

(
p− p2 − 1

4

)
t2 + o

(
t2
)
−
[
α

(
1 +

t

2

)
+ (1− α)

(
1 +

t

2
− t2

12
+ o

(
t2
))]

= −

(√
3(1− α)

3
+ ε

)
εt2 + o

(
t2
)
.

Equation (2.8) implies that for 0 < p < (3 −
√
3(1− α))/6 there exists 0 < δ1 < 1

such that H[pa+(1−p)b, pb+(1−p)a] < αA(a, b)+(1− α)L(a, b) for all a/b ∈ (1, 1+δ1).

Proof of Theorem 1.2. Let ζ = (1−
√
1− α)/2 and η = (2−

√
2(1− α))/4, we first

prove that the inequalities
αA(a, b) + (1− α)G(a, b) > H[ζa+ (1− ζ)b, ζb+ (1− ζ)a] (2.9)

and
αA(a, b) + (1− α)G(a, b) < H[ηa+ (1− η)b, ηb+ (1− η)a] (2.10)

hold for all a, b > 0 with a ̸= b and any α ∈ (0, 1).
Since A(a, b), G(a, b) and H(ζa + (1 − ζ)b, ζb + (1 − ζ)a) are symmetric and

homogeneous of degree 1, without loss of generality, we assume that a > b. Let
x =

√
a/b > 1 and q ∈ (0, 1/2), then from (1.1) one has

H[qa+ (1− q)b,qb+ (1− q)a]− [αA(a, b) + (1− α)G(a, b)]

=
J(x)

(x2 + 1)2
A(a, b), (2.11)

where
J(x) =(4q − 4q2 − α)x4 − 2(1− α)x3 + (8q2 − 8q + 4− 2α)x2

− 2(1− α)x+ (4q − 4q2 − α). (2.12)
We divide the proof into two cases.

Case 2.1 q = ζ = (1−
√
1− α)/2. Then (2.12) becomes

J(x) = −2(1− α)x(x− 1)2 < 0 (2.13)
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for x > 1.
Therefore, inequality (2.9) follows from (2.11) and (2.13).

Case 2.2 q = η = (2−
√

2(1− α))/4. Then (2.12) reduces to

J(x) =
1− α

2
x4−2(1− α)x3 + 3(1− α)x2 − 2(1− α)x+

1− α

2

=
1− α

2
(x− 1)4 > 0 (2.14)

for x > 1.
Therefore, inequality (2.10) follows from (2.11) and (2.14).
Next, we prove that ζ = (1 −

√
1− α)/2 is the best possible parameter in (0, 1/2)

such that inequality (2.9) holds for all a, b > 0 with a ̸= b and any α ∈ (0, 1). In fact, if
(1−

√
1− α)/2 = ζ < q < 1/2, then it follows from (2.11) and (2.12) that

lim
x→+∞

[H(qa+ (1−q)b, qb+ (1− q)a)− αA(a, b)− (1− α)G(a, b)]

= [4q(1− q)− α]A(a, b) > 0. (2.15)

Inequality (2.15) implies that for any (1−
√
1− α)/2 = ζ < q < 1/2 there exists large

enough X such that H[qa + (1 − q)b, qb + (1 − q)a] > αA(a, b) + (1− α)G(a, b) for all
a/b ∈ (X2,+∞).

Finally, we prove that η = (2−
√

2(1− α))/4 is the best possible parameter in (0, 1/2)
such that inequality (2.10) holds for all a, b > 0 with a ̸= b and any α ∈ (0, 1). Let
0 < ε < (2−

√
2(1− α))/4, 0 < x < 1 and q = (2−

√
2(1− α))/4− ε, then making use

of Taylor expansion we have
H[q(1 + x) + (1− q), q + (1− q)(1 + x)]− [αA(1 + x, 1) + (1− α)G(1 + x, 1)] (2.16)

= 1 +
x

2
+

(
q − q2 − 1

4

)
x2 + o

(
x2
)
−
[
α
(
1 +

x

2

)
+ (1− α)

(
1 +

x

2
− x2

8
+ o

(
x2
))]

−

(√
2(1− α)

2
+ ε

)
εx2 + o

(
x2
)
.

Equation (2.16) implies that for any 0 < q < (2 −
√
2(1− α))/4 there exists

0 < δ2 < 1 such that H[qa + (1 − q)b, qb + (1 − q)a] < αA(a, b) + (1− α)G(a, b) for
all a/b ∈ (1, (1 + δ1)

2).
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