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Abstract. In the paper we establish some new results depending on the comparative
growth properties of composite entire or meromorphic functions using relative L*-order,
relative L*- type and relative L*-weak type.

1. Introduction, Definitions and Notations.

Let f be an entire function defined in the open complex plane C. The maximum
modulus function M (r) corresponding to f is defined on |z| = r as follows:

If (2)] -

When f is meromorphic, My (r) cannot be defined as f is not analytic
throughout the complex plane. In this situation, one may introduce another function
T¢ (r) known as Nevanlinna’s characteristic function of f, playing the same role as
maximum modulus function in the following manner:

Tr (r) = Ng(r)+mg(r),

max
My= 2,

where
;

N (r) = J-Mdt+nf(0)logr
0
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is the pole-counting contribution, where n(r) is the number of poles of f, including
multiplicities, for |z| < 7. On the other hand, the function m (r) known as the proximity

function is defined as
21

mg (r) L1 log* f(reie)‘de,

:271
0

where log" x = max(logx,0) forall x> 0.

If f is an entire function, then the Nevanlinna’s Characteristic Tf (r) of f reduces to
my (r). For a non-constant entire function f, Tr (r) is strictly increasing and continuous

and its inverse Tf‘1 : (Tf (0),00) — (0, 00) exists and is such that lim T7! (s) = co. In this

f
§—00
connection we just recall the following definition which is relevant:

Definition 1.1. {[1]} A non-constant entire function f is said have the Property (A) if

2
for any o > 1 and for all sufficiently large r, [Mf (r)] < My (r?) holds. For examples of
functions with or without the Property (A), one may see [1].

However, we denote the order and lower order of growth of meromorphic f by p¢
and Af respectively and they are defined as
log Ty (r) log Ty (r)

pf = hrrn_)s;lpW and Af = hrnlg}f logr

When f is entire, one can easily verify that

(2] (2]
pf = limsuploglﬂ and Ay = liminfw
PN ogr r—co logr

where log[k] X = log(log[k_l] x) fork=1,2,3,...and log[O] X =X

Somasundaram and Thamizharasi [9] introduced the notions of L-order and L-
type for entire functions where L = L(r) is a positive continuous function increasing
slowly i.e.,L(ar) ~ L(r) as ¥ — oo for every positive constant ‘a’. The more generalized
concept for L-order and L-type for entire and meromorphic functions are L*-order and
L*-type. Their definitions are as follows:

Definition 1.2. [9] The L*-order ij;* and the L*-lower order )\? of an entire function f

are defined as

log!? M (r . log!?I M (r
8 M) nd A = limineot 2

P}» =limsup mir W'

rooo log [reL(’)]

When f is meromorphic, one can easily verify that

. log Tr (r . log T¢ (r
ij; zlimsupg—f() and /\)I; :liminfg—f()
r—co log[rel(")] 7= log|rel")]

Definition 1.3. [9] The L*-type GJF of an entire function f is defined as

. log M« (r .
crjf =limsup 8 f(,f)0< p? <00.

P o
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For meromorphic f,

. Tr(r .
ok =limsup f()*0< pL <00,
f L f
r—oco [TeL(r)]pf

Similarly, L*-lower type EJL: of an entire function f is defined as

. log M, (r .
EJI; :liminfg—f(v)0< p]Lf <00,
r—o0 [reL(r)]pf

When f is meromorphic,
. Tr(r .
E}I; :liminfL)L* 0< pr <oo.
r—00 [reL(T')]pf

Analogously in order to determine the relative growth of two entire or
meromorphic functions having same non zero finite L*-lower order one may introduce
the definition of L*-weak type of entire and meromorphic functions having finite
positive L*-lower order in the following way:

Definition 1.4. The L*-weak type denoted by T]I(f of an entire function f is defined as

follows:
log M (r)

/\L* ’

[reL(r)] f

Also one may define the growth indicator ?jlz* of an entire function f in the following
manner :

LY g -
5 =liminf

r—00

0< /\jIZ* <oo.

. log M (r
?JLC zlimsupg—f(p),

0< /\ij* < oo,
r—co [reL(r)]/\f

For meromorphic f,

Tf (T) L
T min =, 0< /\f < oo.

Tr (v .
f( ) and T}‘ = liminf
f [reL(r)])‘f

?]];* = limsup
e [reL(’)]

Lahiri and Banerjee [7] introduced the definition of relative order of a
meromorphic function with respect to an entire function which is as follows:

Definition 1.5. [7] Let f be meromorphic and g be entire. The relative order of f with
respect to g denoted by p, (f) is defined as

pe(f) = inf{/,t >0: Ty (r) < Tg(r¥) for all sufficiently large r}
log T, ' T¢ (r
= limsupgg—f() .
PN logr

The definition coincides with the classical one [7] if g(z) = expz.
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Similarly one can define the relative lower order of a meromorphic function f
with respect to an entire g denoted by A4 (f) in the following manner:

log T, ' Tf (r)
e § 'f
Ag (f) = h{[—l)})?fT .

In the line of Somasundaram and Thamizharasi [9] and Lahiri and Banerjee
[7], one may define the relative L*-order and relative L*-lower order of a meromorphic
function f with respect to an entire function g in the following manner:

Definition 1.6. The relative L*-order pg (f) and the relative L*-lower order /\g (f)ofa
meromorphic function f with respect to an entire function g are defined by

log T 1Ty (r . log T 1Ty (r
gg—f()and/\é (f) = liminf—2 & £ (1)

L .
(f) =limsu R e
pg f P r—00 log [reL(r)]

r—oco log [reL(r)]

Further to compare the relative growth of two meromorphic functions having

same non zero finite relative L*-order with respect to another entire function, one may

introduce the definitions of relative L*-type and relative L*-lower type in the following
manner:

Definition 1.7. The relative L*-type and relative L*-lower type denoted respectively by
ag (f) and Eg (f) of a meromorphic function f with respect to an entire function g are
respectively defined as follows:

. 1T (r . T 1T (r

oy (f)=limsupg—wand5L (f) = liminf— f(*)

§ o oy (f) g r—00 ¥ (f)
el e’

’

0< pk (f) <oo.

Analogously to determine the relative growth of two meromorphic functions
having same non zero finite relative L*-lower order with respect to an entire function
one may introduce the definition of relative L*-weak type in the following way,

Definition 1.8. The relative L*-weak type denoted by Té‘* (f) of a meromorphic
function f with respect to an entire function g is defined as follows:

) T, T (r .
7L (f):liminfg—f(*), 0< AL (f) <oo.
8 r—00 AL () 8
reL(’)] £

Also one may define the growth indicator ?Igf (f) of an entire function f with respect

to another entire function g in the following manner :

. T 1T, (r .
7L (f):limsupg—f(*), 0< AL (f) <.
§ roco [ p 1M () g
[ret]

In the paper we establish some new results depending on the comparative
growth properties of composite entire or meromorphic functions using L*-order, L*-
type and L*-weak type. We use the standard notations and definitions in the theory of
entire and meromorphic functions which are available in [6] and [10].
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2. Lemmas.
In this section we present some lemmas which will be needed in the sequel.

Lemma 2.1. [2] If f be meromorphic and g be entire then for all sufficiently large values of
r,

T(r,g)
logM (r,g)
Lemma 2.2. [3] Let f be meromorphic and g be entire and suppose that 0 < p < pg < co.
Then for a sequence of values of v tending to infinity,

T(r,fog)=T(exp(rF),f).

Lemma 2.3. [8] Let f be meromorphic and g be entire such that 0 < p, < oo and 0 < Af .
Then for a sequence of values of r tending to infinity,

Trog(r) > Tg (exp(17)),

T(r,fog)<{l+o(1)} T(M(r,8),f) -

where 0 <p <pg.

Lemma 2.4. [4] Let f be a meromorphic function and g be an entire function such that
Ag <p<ooand 0 < As <ps <oco. Then for a sequence of values of r tending to infinity,

Trog(r) < Tf (exp(rF)) .

Lemma 2.5. [4] Let f be a meromorphic function of finite order and g be an entire function
such that 0 < Ay < p < co. Then for a sequence of values of r tending to infinity,

Trog(r) < Tg (exp(r#)) .

Lemma 2.6. [5] Let f be an entire function which satisfies the Property (A), $ >0, 6 > 1
and a > 2. Then
BTy (r) < Ty (aré).

3. Theorems.

In this section we present the main results of the paper.

Theorem 3.1. Let f be a meromorphic function and g and h be any two entire functions
such that 0 < /\g (f) < o0 and GgL* < o0. Also let h satisfy the Property (A). IfL(Mg(r)) =

o([rexpL(r)]%) as r — oo and for some positive a < pg, then for any 6 > 1
log T Tyo, (7 .
liminf 8T Tjog () <5l
"% log T, ' Ty (exp[reXpL(r)]pg )

Proof. Let us consider that § > 2 and 6 > 1. Since T, ! (r) is an increasing function of r,
it follows from Lemma 2.1, Lemma 2.6 and the inequality Ty (r) <log M (r) {cf. [6] } for
a sequence of values of r tending to infinity that

Ty Tog (r) < T [{1+0(1)) Ty (Mg (1)
ie, T Tfog(r) < ﬁ[Th‘le(Mg(f))r
ie, logT, ' Trog () < Slog T, ' Ty (Mg () + O(1)
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i.e, log T Trop(r) < 8(Af (f)+¢)(logMy (r)+ L(Mg(r)))
+0(1).
i.e, log Ty Troe (r) <8(A} () +¢)-
[(agL* +é)[rexpL(n]’s +L(Mg(r))] +o(). (3.1)
Further, we obtain for all sufficiently large values of r that
log T;, ' Ty (exp [rexpL(r)]pg ) >

(/\g (f) - e) [[rexpL(r)]pg + [L(exp [rexpL(r)]Pg )H

i.e., log Th*1 Ty (exp [rexpL(r)]Pg ) > (/\ﬁ (f)- e) : [rexpL(r)]pg .

Now from (3.1) and above, it follows for a sequence of values of r tending to infinity
that

log Th’leog(r)
log Th’l Ty (exp [rexpL(r)]pg)
O(1)+ 6(/\5 (f)+ E) . [(Ggy + é) [rexpL(r)]pg + L(Mg (r))]
(/\I}f (f)—s)-[rexpL(r)]pg

log T, ! Trog () B O(1)
log Th_le (exp[rexpL(r)]plgf) - (/\i (f)—f) : [rexpL(r)]pé

(L (a1 L(M,(r))

o(AL (f)+e) [(ag ve)s —[rexpwﬁ]
(A (H-¢)

Asa< pg and L(Mg (r)) =o([rexpL(r)]%) as r — oo, we obtain that

lim —L (Mg (T))

r—o00 [

<

i.e.

+

(3.2)

_=0. (3.3)
rexpL(r)]fs

Since € (> 0) is arbitrary, it follows from (3.2) and (3.3) that
log Th_leog(r)
log T, ! Tr (exp [rexpL(r)]pg)

Thus the theorem is established. O

liminf <604 .

r—00

In the line of Theorem 3.1, the following two theorems can be carried out and
therefore their proofs are omitted:
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Theorem 3.2. Let f be a meromorphic function and g and h be any two entire functions
such that 0 < p}If (f) < o0 and agL* < oo. Also let h satisfy the Property (A). IfL(Mg(r)) =
o([rexpL(r)]*) as r — oo and for some positive o < pg, then for any 0 > 1

log Th_1 Trog (1)
log T, ' T¢ (exp [rexpL(r)]pE)

<é§-ob.

liminf < f;

r—00

Theorem 3.3. Let f be a meromorphic function and g and h be any two entire functions
such that 0 < /\E (f) < pE (f) < co and Gg < oo. Also let h satisfy the Property (A). If

L(Mg (r)) =o([rexpL(r)]%) as r — oo and for some positive a < pg, then for any 6 > 1
log Thfleog(r) . Pf (f) O-gL*
A

limsup -
= Jog T, Ty (exp [rexpL(r)]fs )

Using the notion of L* -lower type, we may state the following theorem without
its proof because it can be proved in the line of Theorem 3.3:

Theorem 3.4. Let f be a meromorphic function and g and h be any two entire functions
such that 0 < /\g (f) < pf (f) < oo and Eg < oo. Also let h satisfy the Property (A). If

L(Mg (r)) =o([rexpL(r)]%) as r — oo and for some positive & < pg, then for any 6 > 1

log Ty, Tyog (1) o, P )T

liminf oy < g
log T, Tf (exp[rexpL(r)]pg ) A (f)

r—00

Now we state the following three theorems without their proofs as those can be
carried out in the line of Theorem 3.1, Theorem 3.2 and Theorem 3.3 respectively.

Theorem 3.5. Let f be a meromorphic function and g, h and k be any three entire functions
such that /\I}f (f) < oo, /\f (g) > 0 and og < oo. Also let h satisfy the Property (A). If

L(Mg (r)) =o([rexpL(r)]%) as r — oo and for some positive a < pg, then for any 6 > 1
log Th_1 Trog (1)
log T, ' T, (exp [rexpL (,,)]pg )

AL ol
liminf %
r—oco Ak (g)

< o-

Theorem 3.6. Let f be a meromorphic function and g, h and k be any three entire functions
such that pﬁ* (f) < oo, pg (g) > 0 and ogL* < oo. Also let h satisfy the Property (A). If

L(Mg (r)) =o([rexpL(r)]%) as r — oo and for some positive a < pg, then for any 6 > 1

log T Treg (1) _ P ay

liminf T Iz
log Tk_ng(exp[rexpL(r)]pg ) pi (8)

r—00

Theorem 3.7. Let f be a meromorphic function and g, h and k be any three entire functions
such that pf (f) < oo, )\g (g) > 0 and agL* < co. Also let h satisfy the Property (A). If
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L(Mg (r)) =o([rexpL(r)]%) as r — oo and for some positive & < pi;*, then for any 6 > 1

A
AL (g)

log Th_1 Trog(r)

<90

limsup =
o Jog T, T, (exp [rexpL(r)]Fs )

Theorem 3.8. Let f be a meromorphic function and g, h and k be any three entire functions
such that pf’ (f) < oo, AL (g) > 0 and Gy < co. Also let h satisfy the Property (A). If

L(Mg (r)) =o([rexpL(r)]%) as r — oo and for some positive a < pg, then for any 6 > 1
log T, Tyog (1) _ P )Ty
\ = *
log T, ' T, (exp[rexpL(r)]pé ) A (9)

liminf

r—00

We omit the proof of Theorem 3.8 as it can easily be established in the line of
Theorem 3.4.
Further we state the following two theorems which are based on L* -weak type:

Theorem 3.9. Let f be a meromorphic function and g and h be any two entire functions
such that 0 < )\],;* (f) < pls* (f) < o0 and T‘g < o0. Also let h satisfy the Property (A). If

L(Mg (r)) =o([rexpL(r)]%) as r — oo and for some positive a < /\g, then for any 6 > 1
log T, ! Trog (1) e ()t
L\ —
log Th_1 Ty (exp [rexpL(r)]* )

liminf

r—00

Theorem 3.10. Let f be a meromorphic function and g, h and k be any three entire functions
such that pﬁ* (f) < oo, AE (g) > 0 and T‘é‘* < oo. Also let h satisfy the Property (A). If

L(Mg (r)) =o([rexpL(r)]¥) as r — oo and for some positive a < /\g, then for any 0 > 1
log Ty Tyog (1) _s )T

log T-IT LE ) AL (9)

og T T,|exp[rexpL(r)] k

liminf

r—00

The proofs of the above two theorems can be carried out in the line of Theorem
3.4 and Theorem 3.8 respectively and therefore their proofs are omitted.

Using the concept of the growth indicator ?‘]g;* of an entire function g, we may
state the subsequent six theorems without their proofs since those can be carried out
in the line of Theorem 3.1, Theorem 3.2, Theorem 3.3, Theorem 3.5, Theorem 3.6 and
Theorem 3.7 respectively.

Theorem 3.11. Let f be a meromorphic function and g and h be any two entire functions
such that 0 < AI};* (f) < co and ?g < o0. Also let h satisfy the Property (A). IfL(Mg(r)) =

o([rexpL(r)]*) as r — oo and for some positive a < AL, then for any &> 1

log T, ! Tyoq (1 .
liminf BT Tres ) <57l

r—00 -1 /\L*
log T, " Ty (exp[rexpL(r)] g )
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Theorem 3.12. Let f be a meromorphic function and g and h be any two entire functions
such that 0 < pf (f) < o0 and ?g < oco. Also let h satisfy the Property (A). IfL(Mg(r)) =
o([rexpL(r)]%) as r — co and for some positive a < AL, then for any 6 > 1

log Th_1 Trog (1)
log Th_1 Ty (exp [rexpL(r)]’\g)

liminf < - Té .
r—00

Theorem 3.13. Let f be a meromorphic function and g and h be any two entire functions
such that 0 < AL (f) < pf (f) < oo and ?g < oo. Also let h satisfy the Property (A). If

L(Mg (r)) =o([rexpL(r)]%) as r — oo and for some positive a < /\g, then for any o > 1
log T, Ty, Ly 7t
limsup 08Ty Trog(r) << 0 On STy (Lf) g
=% Jog Th_le (exp[rexpL(r)]/\g ) Ay (f)

Theorem 3.14. Let f be a meromorphic function and g, h and k be any three entire functions
such that AL (f) < oo, AL’ (g) > 0 and Ty < co. Also let h satisfy the Property (A). If

L(Mg (r)) =o([rexpL(r)]%) as r — oo and for some positive & < /\g, then for any 6 > 1
log T, Tog () AE(f)- Ty
N\ ST T
log Tk_ng (exp [rexpL(r)]’\é ) A (8)

liminf

r—00

Theorem 3.15. Let f be a meromorphic function and g, h and k be any three entire functions
such that pf (f) < oo, p]g (g) > 0 and ?g < oo. Also let h satisfy the Property (A). If

L(Mg (r)) =o([rexpL(r)]%) as r — oo and for some positive & < /\g, then for any 6 > 1
log T, Tog () _ s o) Ty
* — L*
log Tk_ng (exp[rexpL(r)]’\é ) P (8)

liminf
r—00

Theorem 3.16. Let f be a meromorphic function and g, h and k be any three entire functions
such that pllf (f) < oo, )\g (g) > 0 and ?g < oo. Also let h satisfy the Property (A). If

L(Mg (r)) =o([rexpL(r)]%) as r — oo and for some positive a < /\g, then for any 0 > 1

log T, ! Ty, ( Ly =t
limsup 8Ty Trog(r) o S ph(f#
roeo long”Tg(exp[rexpL(r)]/\g ) Ae (9)
Theorem 3.17. Let f be a meromorphic function and g and h be any two entire functions

such that 0 < pl (f) < pg and o} (f) > 0. IfL(exp(reL(f))a) = 0( reL(r)]a) (r — o0) for any
a >0, then

limsuplog Ty Tfog (ret) N AE(f)
r—00 Th_l Tf (T) B O’If* (f)
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Proof. From the definition of relative L*- type of meromorphic function, we obtain for
all sufficiently large values of r that

Th_le (r) < (a;f* (f)+ e) reL(r)]pE(f) . (3.4)

As0< pf (f) < pg, we obtain in view of Lemma 2.2 for a sequence of values of r tending
to infinity that

log Th_l Tfog (T’gL(f)) > log Th_l Tf (exp (TCL(r))ph (f))

i.e., log T, ' Trog (reL(r)) >
(AL (- e)[ re“’)]p‘?(f) + L(exp(,eL(r))Pﬁ*(ﬁ)] .

Therefore from (3.4) and above, it follows for a sequence of values of r tending to
infinity that

log Th_1 Tfog (reL(’)) .
T, Ty (r)

(AL (H-e) [[reur)]PW 'L (exp (rett?) )pﬁ*m)]

(of (F)+ e) [reunré*(f)

L exp(reL(Y))f’}%*(f)) N N
Since }LTOW =0as L(exp(re”r)) ) = 0( reL(’)] ) (r = o) for any a > 0, we
ret\r

obtain from above that
log Ty Trog (re) AL (f)
limsup — Z -
r—o00 Th Tf (1’) O'h (f)
Thus the theorem follows. O

Now using the concept of the growth indicator ?E (f) of a meromorphic
function f, we may state the following theorem without its proof since it can be carried
out in the line of Theorem 3.17.

Theorem 3.18. Let f be a meromorphic function and g and h be any two entire functions
such that 0 < pt" () < pg and T, (f)> 0. IfL(exp(reur))“) =of reur)]“) (r — o0) for any
a >0, then
. log T, Tyog (re"") AL ()
limsup = 2 = .
r—o0 Th Tf (7’) (A (f)

Theorem 3.19. Let f be a meromorphic function and g and h be any two entire functions

such that (i) p}If (f)= pg, (i) agL* < oo and (iii) E],;* (f) > 0. Also let h satisfy the Property
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(A). Then for any 6 > 1
(a) if L(Mg (r)) = of T, Ty (1)} then
-1 Ly, L7
limsup log Ty Tyog (1) <o- ph_(lf) %
e T Ty (1) + L (Mg (1) o (f)

and (b) if Th_le (r)= O{L(Mg (r))} then

logT_lTo (r) I
PR < 5ol ().

limsup
roeo T, Ty (1) + L(Mg (7))

Proof. Let us consider that > 2 and 6 > 1. Since Th_1 (r) is an increasing function of r,
it follows from Lemma 2.1, Lemma 2.6 and the inequality Ty(r) < log M (r) {cf. [6] } for
all sufficiently large values of r that

T Trog(r) < Tj [{1+0(1)}Tf(Mg(r))]
. _ _ o
ie, Ty Trog () < BT, Tp (Mg ()]
i, log T ' Trog(r) < ologT, ' Ty (Mg (r)+0(1)
ie, log Ty Trog(r) < (pf (f)+¢)(logMg(r)+L(Mg(r)))
+0(1)
R
ie., log Th_leog(r) < 5(p,€ (f)+ s)(GgL + s) reL(’)]pg
+5(pf (f)+¢)L(Mg(r)+0(1).
In view of condition (ii), we obtain from above for all sufficiently large values of r that

log T T L I Lo )
g 1, fog(r)gé(f)h (f)+£)(‘7g +E) re ]

+6(pf (f)+¢)L(Mg(r)+0(1). (3.5)

Again from the definition of relative L*-lower type, we get for all sufficiently large
values of r that

_ y Y
Th le (r) > (Gﬁ (f)_e) reL(f)]ph
et ¢ T 0
(T} (f)-¢)

Now from (3.5) and (3.6), it follows for all sufficiently large values of r that

i.e., [

. . T,'T
log T Trog (1) < 6(pF (f)+¢)(ot +5)ﬁ
L' (f) -
+5(pf (f)+€)L(Mg(r))+0(1)
log Ty ! Ty o (1) B 0(1)

1e., =
T, Ty () + L(Mg (1)~ T, T (r) + L(Mg (r))
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8(pk (F)+e)(af

() (f)-¢)
L(Mg(r))
T, Ty (r)

If L(Mg (r)) = O{Tl;l Tr (r)} then from (3.7), we get that

+é)

+ (3.7)

1+

fmsup 08T Treg ) _ 06l <fL>*+e)(agL* re)
r—o0 Th_le(T)+L(Mg(r)) (Eh (f)—¢

Since ¢ (> 0) is arbitrary, it follows from above that

log T 1 Ty, L (fy. ol
limsup 10g b Treg () Sé'ph_(L{) g
r—eo T, Ty (1) + L(Mg (7)) o (f

Thus the first part of the theorem follows.
Again if Th‘1 Tr(r) = o{L(Mg (r))} then from (3.7) it follows that

limsup log ThfleOg(r) < 6(pﬁ* (f)+e) .
reo T Ty (r) + L( Mg (r))

As g (> 0) is arbitrary, we obtain from above that

logTh_leog(T) < 5p]§*(f)

limsup
roeo” TV Ty (r) + L( Mg (r))

Thus the second part of the theorem is established. O

Theorem 3.20. Let f be a meromorphic function and g and h be any two entire functions
such that (i) A}, (f) < oo, (ii) pj; (f) = p§ , (iii) 0f < co and (iv) GL(f) > 0. Also let h
satisfy the Property (A). Then for any 6 > 1,

(a) if L(Mg (r)) = of T, Ty (1)} then

log T, ' Ty, AL (f)-oF
liminf IOg - Tros () <o- h_(Lf) %
= T Ty (r) + L(Mg (7)) L (f)

and (b) if T, Ty (r) = o{L(Mg (r))} then

log Th_1 Troq (1)
r=e0 T Ty (r) + LM (1))

< 8- AL (f).

Theorem 3.21. Let f be a meromorphic function and g and h be any two entire functions
such that (i) pf (f) = p% , (ii) 6} < oo and (iii) o} (f)> 0. Also let h satisfy the Property
(A). Then for any 0 > 1,

(a) if L(Mg(r)) = o{Th—l Ty (r)} then
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and (b) if T, Ty (r) = o{L(Mg (r))} then

Theorem 3.22. Let f be a meromorphic function and g and h be any two entire functions
such that (i) pfl* (f) = pg, (1) Eg < oo and (iii) Eﬁ* (f) > 0. Also let h satisfy the Property
(A). Then for any 6 > 1,

(a) ifL(Mg (r)) = O{T}Zl Ty (r)} then

1 T*lT L* =L
liminf— 08T Tes) 5 0w )"0
=TTy (r) + L(Mg (7)) oL (f)

and (b) if Th_le (r)= O{L(Mg (r))} then

log TP:1 Tfog (7’) <5 pﬁ* (f) .

We omit the proof of the above three theorems as those can be carried out in the
line of Theorem 3.19.

Similarly using the concept of the growth indicator T{ (f)and Tg, we may state
the subsequent four theorems without their proofs since those can be carried out in the
line of Theorem 3.19, Theorem 3.20, Theorem 3.21 and Theorem 3.22 respectively.

Theorem 3.23. Let f be a meromorphic function and g and h be any two entire functions
such that (i) pk'(f) < oo, (ii) AL (f) = AL, (iii) Ty < oo and (iv) Ti (f) > 0. Also let h
satisfy the Property (A). Then for any 6 > 1,

(a) if L(Mg (r)) = of T, Ty (1)} then

limsup log T, "Trog (1) < .pf(f)'?g
o TATp () +L(Mg(n) ~ i (f)

and (b) if T, Ty (r) = O{L(Mg (r))} then

logT_lTo (r) I
R <5 pE ()

limsup
roeo T, Ty (1) + L (Mg (7))

Theorem 3.24. Let f be a meromorphic function and g and h be any two entire functions
such that (i) AL (f) = AL, (ii) Ty < co and (iii) T} (f) > 0. Also let h satisfy the Property
(A). Then for any 6 > 1,

(a) if L(Mg (r)) = o{Th—l Ty (r)} then

log T; ' Ty, AF(f)- 7
liminf IOg h Tog (1) <s. (Lf) £
= T Ty (r) + L(Mg (7)) T, (f)
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and (b) if T, Ty (r) = o{L(Mg (r))} then
log Th_1 Trog(r)

<o AF(f).

Theorem 3.25. Let f be a meromorphic function and g and h be any two entire functions
such that (i) pk (f) < oo, (ii) AL (f) = AL, (iii) Ty < oo and (iv) T}, (f) > 0. Also let h
satisfy the Property (A). Then for any 6 > 1,

(a) if L(Mg (r)) = of T, Ty (1)} then

log T ' Ty, Lyl
liminf— 080 Test 5 o V)T
"= T T (r) + LMy (1) T (f)

and (b) if T, Ty (r) = O{L(Mg (r))} then

log T Tro, (1
liminf : Rl fg()
e TVTE () + L(Mg (7))

<505 (f)-

Theorem 3.26. Let f be a meromorphic function and g and h be any two entire functions
such that (i) pj (f) < oo, (ii) A (f) = AL, (iii) ©f < oo and (iv) T} (f) > 0. Also let h
satisfy the Property (A). Then for any 6 > 1,

(a) ifL(Mg (r)) = o{Th_1 Ty (r)} then

log T, ' Ty, L (fy. <V
liminf IOg h fg(”) S(S-ph (Lf) 2
= T Ty (1) + L(Mg (7)) ©, (f)

and (b) if T, Ty (r) = o{L (Mg (1))} then

log T ' T, .
liminf_ 08 Th Treg 5L (f) .
= T Ty (1) + L(Mg (7))

Analogously we may state the following four theorems under some different
conditions which can also be carried out using the same technique of Theorem 3.19
and therefore their proofs are omitted.

Theorem 3.27. Let f be a meromorphic function and g and h be any two entire functions
such that (i) py (f) < oo, (ii) A}, (f) = pk, (iii) of < oo and (iv) T (f) > 0. Also let h
satisfy the Property (A). Then for any 6 > 1,

(a) ifL(Mg (r)) = o{Th_1 Ty (r)} then

log T 1 Ty, L(fy- ol
limsup 08 Ty Trog (1) Sé-ph (Lf) 2
roeo T, Ty (r) + L(Mg (1)) T (f)

and (b) if T, Ty (r) = o{L (Mg (1))} then

log T Ty,
limsup log p Trog () <
roeo T, Ty (r) + L(Mg (7))
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Theorem 3.28. Let f be a meromorphic function and g and h be any two entire functions
such that (i) )\I,f (f)= pg, (i) agL* < co and (iii) T (f) > 0. Also let h satisfy the Property
(A). Then for any 6 > 1,

(a) ifL(Mg (r)) = o{Th_1 Ty (r)} then
-1 L gy, L
liminf log Ty Tfog(r) <o- al (Lf) %
= T Ty (1) + L(Mg (7)) 7 (f)

and (b) if Th_le (r)= o{L(Mg (r))} then

log T, Tro, (1
liminf Sl fg()

<8 AK(f).
=20 T Ty () + L (M (1)) h

Theorem 3.29. Let f be a meromorphic function and g and h be any two entire functions
such that (i) pf (f)= /\g, (i) ?g < oo and (iii) Ei* (f) > 0. Also let h satisfy the Property
(A). Then for any 6 > 1,

(a) ifL(Mg (r)) = o{Th_1 Ty (r)} then

limsup logTh_leog(r)
oo T Ty (r)+L(Mg(r) — @ (f

and (b) if T, Ty (r) = o{L(Mg (r))} then

log T, ! s, () .
PIE<spl ().

limsup
r—00 Th*1 Tr (r)+ L(Mg (r))

Theorem 3.30. Let f be a meromorphic function and g and h be any two entire functions
such that (i) pﬁ* (f)= /\g, (i) ?g < co and (iii) G& (f) > 0. Also let h satisfy the Property
(A). Then for any 6 > 1,

(a) ifL(Mg (r)) = o{Th_1 Ty (r)} then

liminf log Th_leOS(r) <s- /\g () 'Tg
Pt nfTh‘le(T)JrL(Mg(r)) ar (f)

<o-AF(f).
Theorem 3.31. Let f be a meromorphic function and h be an entire function such that 0 <
)\Ihf (f) < pf (f) < oo. Also let g be an entire function. Then

log T, ' Trog () A}
fimsup g_i, Fog (1) S ﬁ(f)
r—oo” log Ty Ty (expr?) — py (f)

where 0 < p < pg < oo.
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Proof. In view of Lemma 2.2, we obtain for a sequence of values of r tending to infinity
that

\%

log Th_le (exprt)
(AL () =€) [r"+Liexprt)] . (3.8)

Also for any arbitrary (> 0), it follows for all sufficiently large values of r that

log Th_leog(r)

v

i.e., log T, Tog (1)

log Th’1 Tr (exprt) < (pﬁ (f)+ e) [r* + L(expr”)] . (3.9)

Now from (3.8) and (3.9), we get for a sequence of values of r tending to infinity that

log T, ' Tyog (1) _ (A (f) =)+ L{expr”)]
log T, ' Ty (exp ) ~ (pk" () +¢)[r+ Liexprt)]
Since ¢ (> 0) is arbitrary, it follows from above that
log T, ' Tr, AL
limsup g_? fos ) 2 IZ ) .
r—co logT, Ty (exprt)  py, (f)
Thus the theorem follows. O

Theorem 3.32. Let f be a meromorphic function, g be an entire function with non zero
finite order and h be any entire function such that 0 < Ag and 0 < )\g (g) < pﬁ* (g) < oo.

Then
log Ty ' Trog (r) AL
]imsup gi;; f g( ) > Ihf (g)
r—eo” log Ty ' T (exprH) — py (g)

where 0 < p < pg.

We omit the proof of the above theorem as it can be carried out in the line of
Theorem 3.31 and with the help of Lemma 2.3.

Theorem 3.33. Let f be a meromorphic function of non zero finite order and lower order
and h be an entire function such that 0 < )\ﬁ* (f) < pfl* (f) < o0. Also let g be an entire
function. Then
log T T, (1 L
liminf 128 n 17 ) _ p;;f(f)
roe log Ty T (exprt) Ay (f)

where Ag < p < oo.

Proof. In view of Lemma 2.4, we obtain for a sequence of values of r tending to infinity
that

log Th_1 Trog(r) < log Th_1 Tf (exprt)
i.e, logT ' Trop(r) < (pf (f)+€)[r*+Liexprt)] . (3.10)
Also for any arbitrary € (> 0), it follows for all sufficiently large values of r that

log Th_1 Tr (exprt) > (AI,; (f)- e) [r* + L(expr?)] . (3.11)
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Now from (3.10) and (3.11), we get for a sequence of values of r tending to infinity that
log Th_leog(r) . (P,& (f)+ 5)[7” +L(exprt)]
log T; ' Ty (expr#) (A" (f)—¢)[ri+ L(expr®)]

Since ¢ (> 0) is arbitrary, it follows from above that
log T, ' Tro, (7 L
liminf 8 il fg( ) Zp}i*(f)
roo log Ty Ty (exprt) Ay (f)
Thus the theorem follows. U

Now we state the following theorem without its proof as it can be carried out in
the line of the above theorem and with the help of Lemma 2.5:

Theorem 3.34. Let f be a meromorphic function of finite order and g, h be any two entire
functions such that 0 < AL (¢) < pk* (g) < co. Then
log T T, (7 L
limin g_,f Fog (1) < p;z* (g)
r=o log Ty Ty (exprt) Ay (8)

where 0 < Ay <p <oo..
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