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Abstract. For analytic functions in the class A, in the open unit disk U,
two subclasses S} (a) and Kn(a) of starlike functions and convex functions are
introduced. The object of the present paper is to discuss some interesting properties
of functions in the classes S (a) and K, («) with some subordinations.

1. Introduction

Let A,, be the class of functions f(z) of the form
f(z):z+2akzk (n =2,3,4,--+) (1.1)
k=n

which are analytic in the open unit disc U= {z € C: |z] < 1}. If we consider a function
f(z) € A, which satisfies

zf'(2)
Re ( ) ) >0 (z€U) (1.2)
then we say that f(z) is starlike with respect to the origin in U. We denote the subclass
of A, by S consisting of starlike functions in U. Also, we say that f(z) is convex in U
if f(z) € A,, satisfies

2f"(2)
Re (1 + ) >0 (z € D). (1.3)
This is equivalent to zf/(z) € S¥. We denote by K,, the subclass of A,, consisting of all
convex functions in U.

Let us consider a function f(z) given by

f(z):er%z” (n=2,3,4,---). (1.4)
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This function f(z) satisfies that

2f'(2)\ _ nn—1)\ _ n(n —1)(n+r""tcos(n —1)0)
Re ( f(2) ) =n—Re (2"1 + n) - n2 + r2(n=1) 4 2nrn—1cos(n — 1)6

for z = re’¥ € U. Therefore, we see that

0 < n(l — 1) < Re (zf’(z)) - n(l+r"1) 2n

(1.5)

(zeU).  (1.6)

<
n—rr-t f(2) n—+rnl n+1
Further, if we consider a function f(z) given by
1
fz)=z+ — 2" (n=2,3,4,---), (1.7)
n

then we have

(z € ). (1.8)

0 < Re (1 n Zf”(z)> 2n

7)) Snrd
Therefore, f(z) given by (1.4) is in the class 8} and f(z) given by (1.7) is in the class
K.

In view of the above, we say that f(z) € S} () if f(z) € A, satisfies

Zf'(2)>
0 <Re <o zeU 1.9
(7 =) )
for some real a > 1, and that f(z) € K, (o) if f(2) € A, satisfies
Zf”(Z))
0<Re(l+ <« ze€U 1.10
(145 (e (1.10)
for some real a@ > 1. From the above definitions we say that f(z) € S <2_:L1> for
n

f(2) given by (1.4) and that f(z) € KCp, (2_:_11> for f(z) given by (1.7). Also, we know
n

that S () C §(B) and K, () C K, (B) for 1 < a < 8. It follows that if f(z) is given
by (1.4), then f(z) € S(2) for any n = 2,3,4,---, and that if f(z) is given by (1.7),
then f(z) € K, (2) for any n =2,3,4,--.

Let p(z) and ¢(z) be analytic in U. Then p(z) is said to be subordinate to ¢(z),
written by p(z) < ¢(z), if there exists a function w(z) analytic in U, with w(0) = 0 and
|lw(z)| < 1 (z € U), and such that p(z) = q(w(z)). If ¢(z) is univalent in U, then the
subordination p(z) < ¢(z) is equivalent to p(0) = ¢(0) and p(U) C ¢(U). We see many
results of subordinations concerning with univalent, starlike and convex functions in U
by Miller and Mocanu ([2],[3]), Obradovi¢ and Owa [7], Owa and Obradovié¢ [8], and
Owa and Srivastava ([9],[10]).

2. Some Properties
We first consider
Theorem 2.1. If f(z) € A,, is given by
f(z) =z4+mz" (n=2,3,4,--+) (2.1)
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for some real 0 < m < 1, then

_ n—1 / n—1
1—mnr < Re zf'(2) < 1+mnr (2.2)
1 —mrn—1 f(z) 1+ mrn—1
for z=re"® € U and
1—mn z2f'(2) 1+ mn
< < . 2.
T _Re(f(z) S 1rm (z€U) (2.3)
Proof. Tt follows from (2.1)
z2f'(z) n—1
=Nn—- ——. 24
f(z) " T et (24)
Letting z = re € U, we have that
Re z2f'(2) o (n— 1)(17—&— mrn—1 ci)s(n —1)9) . (2.5)
f(2) 1+ m2r2(n=1) 4 2mprn—1cos(n — 1)0
If we write
1+mr"'t
g(t) = TSI g weyers v (t = cos(n — 1)0), (2.6)
then
n—1 2,.2(n—1) _ 1
gt = <o (2.7)

(1 4+ m2r2(=1) 4 2mprn—1¢)2
This shows us the inequality (2.2). Further, letting » — 1~ in (2.2), we obtain (2.3). O
From Theorem 2.1, we easily say that
Theorem 2.2. If f(z) € A,, is given by
ﬂ@:z+%w (n=234, ) (2.8)
for some real m (0 < m < 1), then

n—1 " n—1
1—mnr < Re 1+zf (2) él—i-mm“
1—mrn—1 f'(2) 14+ mrn—1

for z=7re" € U and

1—mn zf"(2) 1+mn

<Rell < U). 2.10

T sre (14 LE) < ey (210)
1

Remark 2.3. Since 1—mn =2 0for 0 <m < e f(2) given by (2.1) belongs to the class

1+ mn 1+mn
1+m 1+m

S*

n

1
) for0 <m < - and f(z) given by (2.8) belongs to the class C,, (
1
for 0 <m < —.
n

To discuss our next result, we have to recall here the following lemma due to Miller
and Mocanu ([4],[5]) (also due to Jack [1]).
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Lemma 2.4. Let w(z) be analytic in U with w(0) = 0. Then, if |w(z)| attains its
mazimum value on the circle |z| =r <1 at a point zo € U, then we have

zow' (20) = mw(zo) (2.11)
and
zow” (20) .
Re <1 e ) > m, (2.12)

where m 2 1.
With the help of Lemma 2.1, we derive

Theorem 2.5. If f(z) € A,, satisfies
2(2) ot

fz) a+(2-a)m! (2 €D) (2.13)
for some real o > 1, then
ZJ]:;S) -3|<3 (z€), (2.14)

thus f(z) € Sk ().

Proof. Tt follows from (2.13) that there exists an analytic function w(z) in U with
w(0) =0, lw(z)] <1 (2 € U), and

2f'(2) a(l+w(z)"™)

7 = et e (z € ). (2.15)
If we write that
_z2f'(»)
F(z) = ) (2.16)
then we obtain that
et _|_alFE) —1) .
lw(z)" | = o= (2= a)F () <1 (z € 1). (2.17)

Since (2.17) gives us that
AF(2)|> —a(F(2) + F(2)) <0 (2 €T), (2.18)
we obtain (2.14). Noting that (2.14) implies that

2f'(2)
O<Re( B > < (z €, (2.19)

we say that f(z) € S(a). O
For the class I, (a), we have

Theorem 2.6. If f(z) € A, satisfies

z2f"(2) a(l+2"71)

1+ f(z) e+ (2-a)znt (zeD) (2.20)
for some real o > 1, then
2f"(z) o]«
‘1 e 2t 2 (z €D), (2.21)
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thus f(z) € Kp(a).
Next, we consider

Theorem 2.7. If f(z) € A, satisfies

Re (1 + ZJ{I/;S) - Z]J:;S) > < 2((7;_11)) (z € U) (2.22)
for some real 1 < a < 2 or
Re (1 + ZJ{,/;S) - zﬂ?) <= 1)2(a ) (z € U) (2.23)
for some real a > 2, then
ZJ{;S) - % < % (z € V), (2.24)

therefore, f(z) € Sk (a).
Proof. Let us consider a function w(z) which is analytic in U, w(0) = 0, and given by

2f'(z) _ a(l+w(x)"") .
) a+@-—auw()r? (=€) (2.25)

for f(z) satistying (2.22) or (2.23). It follows from (2.25) that

2f"(z) _ 2f'(2) aw'(z) [ w(z)"! (2 — aJw(z)"!
- =(n-1 — . (2.2
e e e e ek awer S
Let us suppose that there exists a point 2y € U such that
max ()] = ()] = 1. (2.27)
Then, Lemma 2.1 say that
zow'(20) = mw(2o) (m=1). (2.28)
Letting w(zg) = €, we have
z0f"(20)  20f'(20) eiln—10 (2 — a)ein=1)0
1 — = — 1)kR . — .
Re ( + f/(zo) f(ZO) (n ) € 1 + ez(nfl)e o+ (2 _ a)el(nfl)e
— (- 1)k 1 (2—a)(2—a+ acos(n—1)0) '
2 a?+(2-a)?+2a(2—a)cos(n—1)0
(2.29)
Let us define the function g(t) by
2—a+at
— = S — 1 . 2
9(®) a2+ (2—-a)2+2a2-a) (t = cos(n —1)6) (2.30)
Then
, da(a—1)
= . . 1
I = a1 20z—amE " (2:31)

Since g¢(t) is increasing for ¢ = cos(n — 1), we obtain

20f" (20) Zof’(zo)) =Dk n-1 (2.32)

RE@*.N%>‘ fo) )= 20@-1) = 2a-1)
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for 1 <a<2and

Re (1 N ZO{”(ZO) B zof’(zo)> > (n—1(a—1)k
f'(z0) f(20) 2

for o« > 2. This contradicts the conditions (2.22) and (2.23). Therefore, we say that

there is no w(z) such that w(0) = 0 and |w(z)| = 1 for zyp € U. This means that

lw(z)| <1, for all z € U. From the above, we have

(n—1)(a - 1)
2

1\

(2.33)

. (zf’(z) ) 1>

lw(z)""!| = /() 7| <t €U (2.34)
AT

and f(2) € S(a). O

3. Coefficient Inequalities

We consider some coefficient inequalities of functions f(z) for classes S}(a) and
K ().
Theorem 3.1. If f(z) € A, satisfies

S (|12k — ol + @] S a— |2 - af (3.1)

k=n

for some real a > 1, then f(z) € S8&(a). The equality in (3.1) is attained for

> a— |2 —al)ne
f(z):z+§k<k(+1)(|2k_;|+a)zk (lel=1). (3.2)

Proof. ~ 'We know that if f(z) € A, satisfies
2f'(z2) «

(67

o 2| 32 (z €U) (3.3)
for o > 1, then f(z) € S;f(a). The inequality (3.3) is equivalent to
22f'(2) — af (2)] < alf(2)]; (3-4)

that is,

<«

oo
1+ Z akzk_1

k=n

(2—a)+ Z(Zk —a)apz" !
k=n

(3.5)

for z € U. Therefore, if f(z) satisfies

2—of + > 2k —allax| S —a ) |ax, (3.6)
k=n k=n
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then f(z) € Si(a). The inequality (3.6) is equivalent to (3.1). Further, if we consider a
function f(z) given by (3.2), then we have

S o~ (a—[2—al)n
>k —al vy lasl = 30 L (5.7
= ia—|2—a| (1—1>:a—|2—a|.
Pt ko k+1
This implies that f(z) given by (3.2) satisfies the equality in (3.1). O

For the class K, («), we have
Theorem 3.2. If f(z) € A,, satisfies

> k(2k — ol + a)|ax| £ a— 2 q (3.8)
k=n
for some real o > 1, then f(z) € Kp(a). The equality in (3.8) is attained for f(z) given
by

(a— |2 —al)ne &
= =1). 3.9
Z+Zk2k+1 Ph—ata)° d=1 (39)

4. An Application for Superordinations

In this section, we consider an application of functions f(z) for superordinations.
Miller and Mocanu [6] have shown the following lemma for superordinations.

Lemma 4.1.  Let hi(z) and ha(z) be convex in U and f(z) be univalent in U with
h1(0) = ha(0) = f(0). Let v # 0 with Rey =2 0. If

hi(z) < f(2) < ha(2) (=€), (4.1)
then ; B B
l/ hi(t)t~Ldt < l/ FOOdt < l/ ha(t)t"~Ldt (4.2)
27 Jo 27 Jo 27 Jo ’
where the middle integral is univalent.
Applying Lemma 4.1, we obtain
Theorem 4.2.  Let f(z) € A, satisfies
BL+20Y)  2f(s) | a(l+zn)

B+(2-pB)zt A f(2) 2 +(2— )t (z€T) (4.3)
for1< g <a. Then
~y z t'yf/(t)
h(z) < 27/0 OB g(z) (€, (4.4)

where v # 0, Rey 2 0,

oy [P+t
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and

_ 7 [fal+erThe
g(z) = p /0 ot @) dt. (4.6)

Proof.  We define a function hq(z) by
B(1+z"71)

S PR F

(z € U). (4.7)

Then, we have

zhi(z) . .0 2(n—1)(2- B)znt

me VT TR e e

If we take z = €%’ in (4.8), then we have that
HY)\ 2(n = 1)(2 - Beit-1

fe (1 e ) - e <(" B ENC R > (49)

2(n—=1)(2-5)

Re ((n -1) - Beil=n)0 {9 _ 5)

2(n—1)(2 — B)(Beos(1 —n)fd +2 — B)

1+

= e B 28e Bl
Letting
B Bt+2—0 _ .
s(t) = B O-B)r 1280 (t = cos(1 —n)b), (4.10)
we see that
s'(t) = 4808~ 1) > 0. (4.11)

(B2 +(2—-8)*+2B(2—-p)t)?
Therefore, hq(z) satisfies

zhy(z)
Re 1+ =4 0 ). 4.12
e(+h’1(z)>> (z€U) (4.12)
This implies that hq(z) is convex in U. The function
a(l+zm1
ne)= 20T ey (413

a+(2—-a)zn-t
is also convex in U. Furthermore, it is clear that
0 <Rehi(z) < g (z€U) (4.14)
and
0 < Regi(z) < (z € U). (4.15)

Thus, the condition (4.3) of the theorem implies that f(z) is starlike in U, that is, that
f(2) is univalent in U. Therefore, applying Lemma 4.1, we complete the proof of the
theorem. O

Making n = 2 and v = 1 in Theorem 4.1, we have

Corollary 4.3. Let f(z) € Ay satisfies
Bt ) | _a(t2)
B+(2-P)z f(2) a+(2-a)z

(z € U) (4.16)
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for 0 < 8 < a. Then

h(z) < i/oz t;é? dt < g(z) (z € U),

where
B 2(1 — B)(log(B + (2 = B)z) — logh)
(1 CREE )
h(z) =
14 =2 (8=2)
and
o 2(1 — a)(log(a + (2 — a)z) — loga)
) 2a<1+ (2—a)z )
9(z) =

1

Finally, we consider

Theorem 4.4.  Let f(z) € A,, be univalent in U and satisfy
1 m 1 n
for natural numbers m and n such that 2 < m <n. Then, we have
ne) < L[ et < gl (eD)
0

where v #0, Rey 20,

Y Y
h(z) = m
(2) 7+1z+m2(m+7)z
and

’y n
g9(z) = z+ z".
() y+1 n?(n +7)

Proof.  If we write

then, we have

Re (1 + Zh’ll(z)) = Re <m - m(m_l)>

Ry (=) m+ zm=1
_ m(m — 1)(m + rcos(m — 1)0)
B m? + r2 + 2mrcos(m — 1)0
> M > 0.
m—r

* This means that hq(z) and

1 n
g(z)=z+ ﬁz

81

(4.17)

(B#2)

(4.18)

(a #2)

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

(z = re'f)

(4.26)
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are convex in U. Noting that
1-— 1-—
n(l=r) _m(1-)
n—r m-—r
for 0 <7 < 1and 2 < m < n, we say that f(z),h1(z) and g1(z) satisfy the conditions
of Lemma 4.1. Further, since

(4.27)

z z 1
T meta = 2 (ﬂ + thﬂl) dt (4.28)
zZ7 Jo 27 Jo m
gl v m
= z+ z,
v+ 1 )
we complete the proof of the theorem. O
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