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Abstract. For analytic functions in the class An in the open unit disk U,
two subclasses S∗

n(α) and Kn(α) of starlike functions and convex functions are
introduced. The object of the present paper is to discuss some interesting properties
of functions in the classes S∗

n(α) and Kn(α) with some subordinations.

1. Introduction

Let An be the class of functions f(z) of the form

f(z) = z +

∞∑
k=n

akz
k (n = 2, 3, 4, · · · ) (1.1)

which are analytic in the open unit disc U = {z ∈ C : |z| < 1}. If we consider a function
f(z) ∈ An which satisfies

Re

(
zf ′(z)

f(z)

)
> 0 (z ∈ U) (1.2)

then we say that f(z) is starlike with respect to the origin in U. We denote the subclass
of An by S∗

n consisting of starlike functions in U. Also, we say that f(z) is convex in U
if f(z) ∈ An satisfies

Re

(
1 +

zf ′′(z)

f ′(z)

)
> 0 (z ∈ U). (1.3)

This is equivalent to zf ′(z) ∈ S∗
n. We denote by Kn the subclass of An consisting of all

convex functions in U.
Let us consider a function f(z) given by

f(z) = z +
1

n
zn (n = 2, 3, 4, · · · ). (1.4)
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This function f(z) satisfies that

Re

(
zf ′(z)

f(z)

)
= n− Re

(
n(n− 1)

zn−1 + n

)
= n− n(n− 1)(n+ rn−1 cos(n− 1)θ)

n2 + r2(n−1) + 2nrn−1 cos(n− 1)θ
(1.5)

for z = reiθ ∈ U. Therefore, we see that

0 <
n(1− rn−1)

n− rn−1
< Re

(
zf ′(z)

f(z)

)
<

n(1 + rn−1)

n+ rn−1
<

2n

n+ 1
(z ∈ U). (1.6)

Further, if we consider a function f(z) given by

f(z) = z +
1

n2
zn (n = 2, 3, 4, · · · ), (1.7)

then we have

0 < Re

(
1 +

zf ′′(z)

f ′(z)

)
<

2n

n+ 1
(z ∈ U). (1.8)

Therefore, f(z) given by (1.4) is in the class S∗
n and f(z) given by (1.7) is in the class

Kn.
In view of the above, we say that f(z) ∈ S∗

n(α) if f(z) ∈ An satisfies

0 < Re

(
zf ′(z)

f(z)

)
< α (z ∈ U) (1.9)

for some real α > 1, and that f(z) ∈ Kn(α) if f(z) ∈ An satisfies

0 < Re

(
1 +

zf ′′(z)

f ′(z)

)
< α (z ∈ U) (1.10)

for some real α > 1. From the above definitions we say that f(z) ∈ S∗
n

(
2n

n+ 1

)
for

f(z) given by (1.4) and that f(z) ∈ Kn

(
2n

n+ 1

)
for f(z) given by (1.7). Also, we know

that S∗
n(α) ⊂ S∗

n(β) and Kn(α) ⊂ Kn(β) for 1 < α < β. It follows that if f(z) is given
by (1.4), then f(z) ∈ S∗

n(2) for any n = 2, 3, 4, · · · , and that if f(z) is given by (1.7),
then f(z) ∈ Kn(2) for any n = 2, 3, 4, · · · .

Let p(z) and q(z) be analytic in U. Then p(z) is said to be subordinate to q(z),
written by p(z) ≺ q(z), if there exists a function w(z) analytic in U, with w(0) = 0 and
|w(z)| < 1 (z ∈ U), and such that p(z) = q(w(z)). If q(z) is univalent in U, then the
subordination p(z) ≺ q(z) is equivalent to p(0) = q(0) and p(U) ⊂ q(U). We see many
results of subordinations concerning with univalent, starlike and convex functions in U
by Miller and Mocanu ([2],[3]), Obradović and Owa [7], Owa and Obradović [8], and
Owa and Srivastava ([9],[10]).

2. Some Properties

We first consider

Theorem 2.1. If f(z) ∈ An is given by

f(z) = z +mzn (n = 2, 3, 4, · · · ) (2.1)
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for some real 0 < m < 1, then
1−mnrn−1

1−mrn−1
≦ Re

(
zf ′(z)

f(z)

)
≦ 1 +mnrn−1

1 +mrn−1
(2.2)

for z = reiθ ∈ U and
1−mn

1−m
≦ Re

(
zf ′(z)

f(z)

)
≦ 1 +mn

1 +m
(z ∈ U). (2.3)

Proof. It follows from (2.1)
zf ′(z)

f(z)
= n− n− 1

1 +mzn−1
. (2.4)

Letting z = reiθ ∈ U, we have that

Re

(
zf ′(z)

f(z)

)
= n− (n− 1)(1 +mrn−1 cos(n− 1)θ)

1 +m2r2(n−1) + 2mrn−1 cos(n− 1)θ
. (2.5)

If we write

g(t) =
1 +mrn−1t

1 +m2r2(n−1) + 2mrn−1t
(t = cos(n− 1)θ), (2.6)

then

g′(t) =
mrn−1(m2r2(n−1) − 1)

(1 +m2r2(n−1) + 2mrn−1t)2
< 0. (2.7)

This shows us the inequality (2.2). Further, letting r → 1− in (2.2), we obtain (2.3). □

From Theorem 2.1, we easily say that

Theorem 2.2. If f(z) ∈ An is given by

f(z) = z +
m

n
zn (n = 2, 3, 4, · · · ) (2.8)

for some real m (0 < m < 1), then
1−mnrn−1

1−mrn−1
≦ Re

(
1 +

zf ′′(z)

f ′(z)

)
≦ 1 +mnrn−1

1 +mrn−1
(2.9)

for z = reiθ ∈ U and
1−mn

1−m
≦ Re

(
1 +

zf ′′(z)

f ′(z)

)
≦ 1 +mn

1 +m
(z ∈ U). (2.10)

Remark 2.3. Since 1−mn ≧ 0 for 0 < m ≦ 1

n
, f(z) given by (2.1) belongs to the class

S∗
n

(
1 +mn

1 +m

)
for 0 < m ≦ 1

n
and f(z) given by (2.8) belongs to the class Kn

(
1 +mn

1 +m

)
for 0 < m ≦ 1

n
.

To discuss our next result, we have to recall here the following lemma due to Miller
and Mocanu ([4],[5]) (also due to Jack [1]).
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Lemma 2.4. Let w(z) be analytic in U with w(0) = 0. Then, if |w(z)| attains its
maximum value on the circle |z| = r < 1 at a point z0 ∈ U, then we have

z0w
′(z0) = mw(z0) (2.11)

and

Re

(
1 +

z0w
′′(z0)

w′(z0)

)
≧ m, (2.12)

where m ≧ 1.

With the help of Lemma 2.1, we derive

Theorem 2.5. If f(z) ∈ An satisfies
zf ′(z)

f(z)
≺ α(1 + zn−1)

α+ (2− α)zn−1
(z ∈ U) (2.13)

for some real α > 1, then∣∣∣∣zf ′(z)

f(z)
− α

2

∣∣∣∣ < α

2
(z ∈ U), (2.14)

thus f(z) ∈ S∗
n (α).

Proof. It follows from (2.13) that there exists an analytic function w(z) in U with
w(0) = 0, |w(z)| < 1 (z ∈ U), and

zf ′(z)

f(z)
=

α(1 + w(z)n−1)

α+ (2− α)w(z)n−1
(z ∈ U). (2.15)

If we write that

F (z) =
zf ′(z)

f(z)
, (2.16)

then we obtain that

|w(z)n−1| =
∣∣∣∣ α(F (z)− 1)

α− (2− α)F (z)

∣∣∣∣ < 1 (z ∈ U). (2.17)

Since (2.17) gives us that
2|F (z)|2 − α(F (z) + F (z)) < 0 (z ∈ U), (2.18)

we obtain (2.14). Noting that (2.14) implies that

0 < Re

(
zf ′(z)

f(z)

)
< α (z ∈ U), (2.19)

we say that f(z) ∈ S∗
n(α). □

For the class Kn(α), we have

Theorem 2.6. If f(z) ∈ An satisfies

1 +
zf ′′(z)

f ′(z)
≺ α(1 + zn−1)

α+ (2− α)zn−1
(z ∈ U) (2.20)

for some real α > 1, then∣∣∣∣1 + zf ′′(z)

f ′(z)
− α

2

∣∣∣∣ < α

2
(z ∈ U), (2.21)
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thus f(z) ∈ Kn(α).

Next, we consider

Theorem 2.7. If f(z) ∈ An satisfies

Re

(
1 +

zf ′′(z)

f ′(z)
− zf ′(z)

f(z)

)
<

(n− 1)

2(α− 1)
(z ∈ U) (2.22)

for some real 1 < α ≦ 2 or

Re

(
1 +

zf ′′(z)

f ′(z)
− zf ′(z)

f(z)

)
<

(n− 1)(α− 1)

2
(z ∈ U) (2.23)

for some real α > 2, then∣∣∣∣zf ′(z)

f(z)
− α

2

∣∣∣∣ < α

2
(z ∈ U), (2.24)

therefore, f(z) ∈ S∗
n(α).

Proof. Let us consider a function w(z) which is analytic in U, w(0) = 0, and given by
zf ′(z)

f(z)
=

α(1 + w(z)n−1)

α+ (2− α)w(z)n−1
(z ∈ U) (2.25)

for f(z) satisfying (2.22) or (2.23). It follows from (2.25) that

1 +
zf ′′(z)

f ′(z)
− zf ′(z)

f(z)
= (n− 1)

zw′(z)

w(z)

{
w(z)n−1

1 + w(z)n−1
− (2− α)w(z)n−1

α+ (2− α)w(z)n−1

}
. (2.26)

Let us suppose that there exists a point z0 ∈ U such that
max

|z|≤|z0|
|w(z)| = |w(z0)| = 1. (2.27)

Then, Lemma 2.1 say that
z0w

′(z0) = mw(z0) (m ≧ 1). (2.28)
Letting w(z0) = eiθ, we have

Re

(
1 +

z0f
′′(z0)

f ′(z0)
− z0f

′(z0)

f(z0)

)
= (n− 1)kRe

{
ei(n−1)θ

1 + ei(n−1)θ
− (2− α)ei(n−1)θ

α+ (2− α)ei(n−1)θ

}
= (n− 1)k

{
1

2
− (2− α)(2− α+ α cos(n− 1)θ)

α2 + (2− α)2 + 2α(2− α) cos(n− 1)θ

}
.

(2.29)
Let us define the function g(t) by

g(t) =
2− α+ αt

α2 + (2− α)2 + 2α(2− α)t
(t = cos(n− 1)θ). (2.30)

Then

g′(t) =
4α(α− 1)

(α2 + (2− α)2 + 2α(2− α)t)2
> 0. (2.31)

Since g(t) is increasing for t = cos(n− 1)θ, we obtain

Re

(
1 +

z0f
′′(z0)

f ′(z0)
− z0f

′(z0)

f(z0)

)
≧ (n− 1)k

2(α− 1)
≧ n− 1

2(α− 1)
, (2.32)
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for 1 < α ≦ 2 and

Re

(
1 +

z0f
′′(z0)

f ′(z0)
− z0f

′(z0)

f(z0)

)
≧ (n− 1)(α− 1)k

2
≧ (n− 1)(α− 1)

2
(2.33)

for α > 2. This contradicts the conditions (2.22) and (2.23). Therefore, we say that
there is no w(z) such that w(0) = 0 and |w(z0)| = 1 for z0 ∈ U. This means that
|w(z)| < 1, for all z ∈ U. From the above, we have

|w(z)n−1| =

∣∣∣∣∣∣∣∣
α

(
zf ′(z)

f(z)
− 1

)
α− (2− α)

zf ′(z)

f(z)

∣∣∣∣∣∣∣∣ < 1 (z ∈ U) (2.34)

and f(z) ∈ S∗
n(α). □

3. Coefficient Inequalities

We consider some coefficient inequalities of functions f(z) for classes S∗
n(α) and

Kn(α).

Theorem 3.1. If f(z) ∈ An satisfies
∞∑

k=n

(|2k − α|+ α)|ak| ≦ α− |2− α| (3.1)

for some real α > 1, then f(z) ∈ S∗
n(α). The equality in (3.1) is attained for

f(z) = z +

∞∑
k=n

(α− |2− α|)nϵ
k(k + 1)(|2k − α|+ α)

zk (|ϵ| = 1). (3.2)

Proof. We know that if f(z) ∈ An satisfies∣∣∣∣zf ′(z)

f(z)
− α

2

∣∣∣∣ < α

2
(z ∈ U) (3.3)

for α > 1, then f(z) ∈ S∗
n(α). The inequality (3.3) is equivalent to

|2zf ′(z)− αf(z)| < α|f(z)|, (3.4)

that is, ∣∣∣∣∣(2− α) +

∞∑
k=n

(2k − α)akz
k−1

∣∣∣∣∣ < α

∣∣∣∣∣1 +
∞∑

k=n

akz
k−1

∣∣∣∣∣ (3.5)

for z ∈ U. Therefore, if f(z) satisfies

|2− α|+
∞∑

k=n

|2k − α||ak| ≦ α− α

∞∑
k=n

|ak|, (3.6)
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then f(z) ∈ S∗
n(α). The inequality (3.6) is equivalent to (3.1). Further, if we consider a

function f(z) given by (3.2), then we have
∞∑

k=n

(|2k − α|+ α) |ak| =

∞∑
k=n

(α− |2− α|)n
k(k + 1)

(3.7)

=

∞∑
k=n

(α− |2− α|)n
(
1

k
− 1

k + 1

)
= α− |2− α|.

This implies that f(z) given by (3.2) satisfies the equality in (3.1). □

For the class Kn(α), we have

Theorem 3.2. If f(z) ∈ An satisfies
∞∑

k=n

k(|2k − α|+ α)|ak| ≦ α− |2− α| (3.8)

for some real α > 1, then f(z) ∈ Kn(α). The equality in (3.8) is attained for f(z) given
by

f(z) = z +

∞∑
k=n

(α− |2− α|)nϵ
k2(k + 1)(|2k − α|+ α)

zk (|ϵ| = 1). (3.9)

4. An Application for Superordinations

In this section, we consider an application of functions f(z) for superordinations.
Miller and Mocanu [6] have shown the following lemma for superordinations.

Lemma 4.1. Let h1(z) and h2(z) be convex in U and f(z) be univalent in U with
h1(0) = h2(0) = f(0). Let γ ̸= 0 with Reγ ≧ 0. If

h1(z) ≺ f(z) ≺ h2(z) (z ∈ U), (4.1)
then

γ

zγ

∫ z

0

h1(t)t
γ−1dt ≺ γ

zγ

∫ z

0

f(t)tγ−1dt ≺ γ

zγ

∫ z

0

h2(t)t
γ−1dt, (4.2)

where the middle integral is univalent.

Applying Lemma 4.1, we obtain

Theorem 4.2. Let f(z) ∈ An satisfies
β(1 + zn−1)

β + (2− β)zn−1
≺ zf ′(z)

f(z)
≺ α(1 + zn−1)

α+ (2− α)zn−1
(z ∈ U) (4.3)

for 1 < β < α. Then

h(z) ≺ γ

zγ

∫ z

0

tγf ′(t)

f(t)
dt ≺ g(z) (z ∈ U), (4.4)

where γ ̸= 0 , Reγ ≧ 0 ,

h(z) =
γ

zγ

∫ z

0

β(1 + tn−1)tγ−1

β + (2− β)tn−1
dt (4.5)
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and
g(z) =

γ

zγ

∫ z

0

α(1 + tn−1)tγ−1

α+ (2− α)tn−1
dt. (4.6)

Proof. We define a function h1(z) by

h1(z) =
β(1 + zn−1)

β + (2− β)zn−1
(z ∈ U). (4.7)

Then, we have

1 +
zh′′

1(z)

h′
1(z)

= (n− 1)− 2(n− 1)(2− β)zn−1

β + (2− β)zn−1
. (4.8)

If we take z = eiθ in (4.8), then we have that

Re

(
1 +

zh′′
1(z)

h′
1(z)

)
= Re

(
(n− 1)− 2(n− 1)(2− β)ei(n−1)θ

β + (2− β)ei(n−1)θ

)
(4.9)

= Re

(
(n− 1)− 2(n− 1)(2− β)

βei(1−n)θ + 2− β

)
= (n− 1)− 2(n− 1)(2− β)(βcos(1− n)θ + 2− β)

β2 + (2− β)2 + 2β(2− β)cos(1− n)θ
.

Letting

s(t) =
βt+ 2− β

β2 + (2− β)2 + 2β(2− β)t
(t = cos(1− n)θ), (4.10)

we see that
s′(t) =

4β(β − 1)

(β2 + (2− β)2 + 2β(2− β)t)2
> 0. (4.11)

Therefore, h1(z) satisfies

Re

(
1 +

zh′′
1(z)

h′
1(z)

)
> 0 (z ∈ U). (4.12)

This implies that h1(z) is convex in U. The function

g1(z) =
α(1 + zn−1)

α+ (2− α)zn−1
(z ∈ U) (4.13)

is also convex in U. Furthermore, it is clear that
0 < Reh1(z) < β (z ∈ U) (4.14)

and
0 < Reg1(z) < α (z ∈ U). (4.15)

Thus, the condition (4.3) of the theorem implies that f(z) is starlike in U, that is, that
f(z) is univalent in U. Therefore, applying Lemma 4.1, we complete the proof of the
theorem. □

Making n = 2 and γ = 1 in Theorem 4.1, we have

Corollary 4.3. Let f(z) ∈ A2 satisfies
β(1 + z)

β + (2− β)z
≺ zf ′(z)

f(z)
≺ α(1 + z)

α+ (2− α)z
(z ∈ U) (4.16)
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for 0 < β < α. Then

h(z) ≺ 1

z

∫ z

0

tf ′(t)

f(t)
dt ≺ g(z) (z ∈ U), (4.17)

where

h(z) =


β

2− β

(
1 +

2(1− β)(log(β + (2− β)z)− logβ)

(2− β)z

)
(β ̸= 2)

1 +
1

2
z (β = 2)

(4.18)

and

g(z) =


α

2− α

(
1 +

2(1− α)(log(α+ (2− α)z)− logα)

(2− α)z

)
(α ̸= 2)

1 +
1

2
z (α = 2)

(4.19)

Finally, we consider

Theorem 4.4. Let f(z) ∈ An be univalent in U and satisfy

z +
1

m2
zm ≺ f(z) ≺ z +

1

n2
zn (z ∈ U) (4.20)

for natural numbers m and n such that 2 ≦ m < n. Then, we have

h(z) ≺ γ

zγ

∫ z

0

f(t)tγ−1dt ≺ g(z) (z ∈ U), (4.21)

where γ ̸= 0 , Reγ ≧ 0 ,
h(z) =

γ

γ + 1
z +

γ

m2(m+ γ)
zm (4.22)

and
g(z) =

γ

γ + 1
z +

γ

n2(n+ γ)
zn. (4.23)

Proof. If we write
h1(z) = z +

1

m2
zm, (4.24)

then, we have

Re

(
1 +

zh′′
1(z)

h′
1(z)

)
= Re

(
m− m(m− 1)

m+ zm−1

)
(4.25)

= m− m(m− 1)(m+ rcos(m− 1)θ)

m2 + r2 + 2mrcos(m− 1)θ
(z = reiθ)

>
m(1− r)

m− r
> 0.

* This means that h1(z) and

g1(z) = z +
1

n2
zn (4.26)
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are convex in U. Noting that
n(1− r)

n− r
<

m(1− r)

m− r
(4.27)

for 0 ≦ r < 1 and 2 ≦ m < n, we say that f(z), h1(z) and g1(z) satisfy the conditions
of Lemma 4.1. Further, since

γ

zγ

∫ z

0

h1(t)t
γ−1dt =

γ

zγ

∫ z

0

(
tγ +

1

m2
tm+γ−1

)
dt (4.28)

=
γ

γ + 1
z +

γ

m2(m+ γ)
zm,

we complete the proof of the theorem. □
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