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Abstract. Sufficient condition for ω̂2n+1(ξ) and m0(ξ) and their first q − 1

derivatives to vanish respectively at ξ = 0 and ξ = π has been obtained.
A relationship between higher moments of ω2n and ω2n+1 for wavelet packets
associated with Haar wavelet has been given. Some results for Fourier transform of
Hartley-like wavelet packets has been incurred and finally, sufficient conditions for
higher vanishing moments of Hartley-like wavelet packets has been procured.

1. Introduction

In 1984, the combined effort of Grossmann and Morlet [5] directed to a complete
mathematical study of the continuous wavelet transforms and their various applications.
The wavelet theory has provided a new method for decomposing a function or a signal.
In 1989, Mallat [10] and Meyer [13] presented the theory of multiresolution analysis.
In 1996, Hernández and Weiss [6] studied higher vanishing moments of wavelets. Later
in 2015, Khanna, Kumar and Kaushik [7, 8] studied vanishing moments of Hilbert
transform of wavelets and give certain results to approximate the functions in L2(R).
To fix the poor frequency localization of high frequency wavelet bases, its significant
generalization was introduced by Coifman et al. [2] and thereby provide more adequate
decomposition containing stationary and transient components. The wavelet packet
method is a generalization of wavelet decomposition that offers a richer signal analysis.
The wavelet packets can be used for numerous expansions of a given signal. Recently
in 2016, Khanna, Kumar and Kaushik [9] introduced a notion of Hilbert transform of
wavelet packets and Hartley-like wavelet packets. For various details related to wavelet
packets, one may refer to [2, 6].

This paper deals with the study of wavelet packets. First, we give a sufficient condition
under which ω̂2n+1(ξ) and low pass filter m0(ξ) and their first q− 1 derivatives vanishes
at ξ = 0 and ξ = π respectively. This is followed by a relationship between the qth
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moment of ω2n and ω2n+1 of wavelet packets {ωn} associated with the Haar wavelet.
Few results on Hartley-like wavelet packets and their higher vanishing moments have
been obtained.

2. Preliminaries

A wavelet for L2(R) is a square integrable function ψ such that the collection
{ψj,k = 2

j
2ψ(2jx−k) : j, k ∈ Z} forms an orthonormal basis for L2(R). Haar introduced

an orthonormal basis which is now referred to as “Haar wavelet basis” with a box function
ϕ = χ[0, 1] and ψ(x) = ϕ(2x)−ϕ(2x−1) in 1909. The advantages of Haar wavelet being
used are fewer intricacy of calculation which requires less hardware usage, quick, memory
efficient and it is exactly reversible without fidelity loss but this has a major drawback
of discontinuity, which restricts its practical applications. Good wavelets are usually
constructed through Multiresolution analysis, a mathematical framework provided by
Meyer and Mallat. Daubechies was the first to give explicit examples of scaling function
and associated wavelets that have arbitrary high order of differentiability, have compact
support and are orthonormal [3].

Wavelets are usually designed with higher vanishing moments which make them
orthogonal to the low degree polynomials and therefore, they have the ability to compress
non-oscillatory functions. The smoother ψ is, the greater the number of vanishing
moments. For any wavelet family, vanishing moments are necessary condition for the
smoothness of the wavelet functions. Vanishing moments have far reaching implications
for the efficient representation or approximation of functions. Specifically, the wavelet
series of a smooth function will converge rapidly to the function as long as the wavelet
has a lot of vanishing moments, resulting in a good approximation. For example, Haar
wavelet has one vanishing moment, Daubechies D4 wavelet has two, etc.

Multiresolution analysis, MRA [6, 11], is an increasing sequence of closed subspaces
(Vj)j∈Z of L2(R) satisfying

(i) Vj ⊆ Vj+1, for all j ∈ Z,
(ii) f ∈ Vj if and only if f(2(·)) ∈ Vj+1, for all j ∈ Z,
(iii)

∩
j∈Z

Vj = {0},

(iv)
∪
j∈Z

Vj = L2(R).

(v) There exists a function ϕ ∈ V0 such that {ϕ(· − k) : k ∈ Z} is an orthonormal
basis for V0.

The function ϕ whose existence is asserted in (v) is called a scaling function of the given
MRA.
Scaling function ϕ solves the dilation equation

ϕ(x) = 2
∑
k∈Z

rk ϕ(2x+ k)

with |ϕ̂(0)| = 1 and the associated function ψ is defined by

ψ(x) = 2
∑
k∈Z

sk ϕ(2x+ k).
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It is well established ([6]), that a pair of quadrature mirror filter coefficients (QMF),
(rk)k∈Z, (sk)k∈Z ∈ ℓ2(Z), is associated to the MRA and the following relations

ϕ̂(ξ) = m0(
ξ

2
) ϕ̂(

ξ

2
),

ψ̂(ξ) = m1(
ξ

2
) ϕ̂(

ξ

2
)

are satisfied for a.e. ξ ∈ R, where the symbols m0 and m1 are given by

m0(ξ) =
∑
k∈Z

rk e
ikξ,

m1(ξ) =
∑
k∈Z

sk e
ikξ = eiξ m0(ξ + π) (2.1)

which are known as low-pass and high-pass filters, respectively. Also, we have
|m0(ξ)|2 + |m0(ξ + π)|2 = 1,

|m1(ξ)|2 + |m1(ξ + π)|2 = 1. (2.2)
Let Wj be the corresponding wavelet subspaces: Wj = span{ψj,k : k ∈ Z}. Using the

low-pass and high-pass filters associated with the MRA, the space Wj can be split into
two orthogonal subspaces, each of them can further be split into two parts. Repeating
this process j times, Wj is decomposed into 2j subspaces each generated by integer
translates of a single function. If we apply this to each Wj , then the resulting basis
of L2(R), which will consist of integer translates of a countable number of functions
(instead of all dilations and translations of the wavelet ψ), will give a better frequency
localization. This basis is called the “wavelet packet basis.”

A family of functions ωn, n = 0, 1, 2, ... defined as

ω2n(x) = 2
∑
k∈Z

rk ωn(2x+ k),

ω2n+1(x) = 2
∑
k∈Z

sk ωn(2x+ k),

where ψ = ω1 and ϕ = ω0 are often called mother and father wavelets, are called basic
wavelet packets.
Fourier transform of wavelet packets ωn are given by

ω̂2n(ξ) = m0(
ξ

2
) ω̂n(

ξ

2
), (2.3)

ω̂2n+1(ξ) = m1(
ξ

2
) ω̂n(

ξ

2
). (2.4)

Also, the set {ωn(x− k) : k ∈ Z, n = 0, 1, 2, ...} is an orthonormal basis of L2(R). The
family of wavelet packets {ωn} define the family of subspaces of L2(R) corresponding to
some orthonormal scaling function ϕ = ω0 given by

Un
j = span{ωn(2

jx− k) : k ∈ Z}, j ∈ Z, n = 0, 1, 2, ... . (2.5)
We notice that U0

j = Vj , U
1
j = Wj such that the orthogonal decomposition Vj+1 =

Vj ⊕Wj can be written as
U0
j+1 = U0

j ⊕ U1
j , j ∈ Z.
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The generalized version of the above expression is
Un
j+1 = U2n

j ⊕ U2n+1
j , for n = 1, 2, 3, ...; j ∈ Z,

where Un
j is defined by (2.9).

For each j = 1, 2, 3, ..., the decomposition trick as given in [6] gives

Wj = U1
j = U2

j−1 ⊕ U3
j−1,

Wj = U1
j = U4

j−2 ⊕ U5
j−2 ⊕ U6

j−2 ⊕ U7
j−2,

...

Wj = U1
j = U2k

j−k ⊕ U2k+1
j−k ⊕ ...⊕ U2k+1−1

j−k ,
...

Wj = U1
j = U2j

0 ⊕ U2j+1
0 ⊕ ...⊕ U2j+1−1

0 ,

where Un
j is as defined in (2.9). Moreover, for each j = 1, 2, ..., k = 1, 2, 3, ..., j and

m = 0, 1, ..., 2k − 1, the set {2 j−k
2 ωp(2

j−kx− l) : l ∈ Z} is an orthonormal basis of Up
j−k,

where p = 2k +m. However, all the elements of these bases have the general form given
by ωj,n,k(x) = 2

j
2 ωn(2

jx− k), n = 0, 1, 2, ...; j, k ∈ Z, x ∈ R.

3. Main results

Vanishing moments of Hilbert transform of wavelets were studied in [7]. Recall that
a function f(x) is said to have q vanishing moments if∫

R
xrf(x)dx = 0, for 0 ≤ r ≤ q − 1,

where Momr(f) =
∫
R x

r f(x) dx denotes the rth moment of f .
Motivated by Theorem 7.4 in [12], we give a sufficient condition for ω̂2n+1(ξ) and

low-pass filter m0(ξ) and their first q − 1 derivatives to vanish at ξ = 0 and ξ = π
respectively.

Theorem 3.1. Let ωn, n = 0, 1, 2, ... be wavelet packets associated with an MRA and
let q ∈ N0 such that |ω0(t)| = O((1 + t2)−

q
2−1) and |ω2n+1(t)| = O((1 + t2)−

q
2−1) and

for any 0 ≤ k < q, pk(t) =
∞∑

m=−∞
mk ω2n(t−m) is a polynomial of degree k. Then for

all n ∈ N0, ω̂2n+1(ξ) and its first q − 1 derivatives are zero at ξ = 0 and the low-pass
filter m0(ξ) given in (2.3) and its first q − 1 derivatives vanish at ξ = π.

Proof. Since ω2n+1 is orthogonal to ω2n, it is also orthogonal to all translates of the
polynomials pk, 0 ≤ k < q. This family forms a basis for the space of polynomials of
degree atmost q − 1. Thus, ω2n+1 is orthogonal to any polynomial of degree q − 1 and
in particular to tk for 0 ≤ k < q. This gives

Momr(ω2n+1) = 0 for r = 0, 1, 2, ..., q − 1.

Now, since |ω2n+1(t)| = O((1 + t2)−
q
2−1), we have∫

R
|ω2n+1(−ξ)| (1 + |ξ|q)dξ < +∞.
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Thus, in view of Theorem 2.5 in [12], ω̂2n+1(ξ) is q-times continuously differentiable.
Similarly, one can prove that ω̂0(ξ) is also q-times continuously differentiable.
Also, ω̂(k)

2n+1(ξ) =
̂(−it)kω2n+1(ξ), k = 0, 1, 2, ..., q − 1. This gives

ω̂
(k)
2n+1(0) =

̂(−it)kω2n+1(0) =

∫
R
(−it)k ω2n+1(t) dt = 0.

Thus, ω̂2n+1(ξ) and its first (q − 1) derivatives are zero at ξ = 0.
Note that

ω̂2n+1(ξ) = m1

(ξ
2

)
ω̂n

(ξ
2

)
= e

iξ
2 m0

(ξ
2
+ π

)
ω̂n

(ξ
2

)
.

Since for all n ∈ N0, ω̂2n+1(ξ) and its first (q − 1) derivatives are zero at ξ = 0 and
ω̂n(0) ̸= 0 (n ̸= 1), by differentiating the above expression q-times, we obtain

ω̂
(q)
2n+1(ξ) =

q∑
l=0

qCl
1

2q

[
l∑

m=0

lCm
1

2l
e

iξ
2 im

{
m0

(ξ
2
+ π

)}(l−m)

]
ω̂(q−l)
n

(ξ
2

)
.

This yields m0(ξ) and its first (q − 1) derivatives are zero at ξ = π. □

The next result gives a relationship between the qth moments of ω2n and ω2n+1 of
wavelet packets {ωn} associated with the Haar wavelet.

Theorem 3.2. Let {ωn} be a sequence of wavelet packets associated with the Haar
wavelet. Then, the following formula gives a relationship between Momq(ω2n) and
Momq(ω2n+1) as

Momq(ω2n+1) = i

q∑
l=0

qCl
1

22lπl+1

[
dl+1

dξl+1

{
log

(
Γ

(
2π + ξ

4π

))}∣∣∣∣∣
ξ=0

+ (−1)l+1 dl+1

dξl+1

{
log

(
Γ

(
2π − ξ

4π

))}∣∣∣∣∣
ξ=0

]
× Momq−l(ω2n).

where n, q ≥ 0 and Γ(ξ) denotes the gamma function.

Proof. The wavelet packets associated with the scaling function for the Haar wavelet
are defined recursively by

ω2n(x) = ωn(2x) + ωn(2x+ 1)

ω2n+1(x) = −ωn(2x) + ωn(2x+ 1).
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Their Fourier transforms are given by (2.3) and (2.4) with m0(ξ) =
eiξ+1

2 and m1(ξ) =
eiξ−1

2 . Then, we have

ω̂2n+1(ξ) =

(
ei

ξ
2 −1
2

ei
ξ
2 +1
2

)
ω̂2n(ξ)

=

(
i sin( ξ2 )

1 + cos( ξ2 )

)
ω̂2n(ξ)

= i tan(
ξ

4
) ω̂2n(ξ).

Differentiating both sides q-times and using lth derivative of function tan(ξ) given in [1]
, we have

ω̂
(q)
2n+1(ξ) = i

q∑
l=0

qCl
1

22l
tan(l)

(
ξ

4

)
(ω̂2n(ξ))

(q−l)

= i

q∑
l=0

qCl
1

22l

[
Γ(l + 1)

πl+1

{
(−1)l+1ζ

(
l + 1,

2π + ξ

4π

)
+ ζ

(
l + 1,

2π − ξ

4π

)}]
× (ω̂2n(ξ))

(q−l),

where ζ and Γ are Hurwitz zeta function and gamma functions, respectively and Γ(l) =
(l − 1)!.

Note that ζ(l + 1, ξ) = (−1)l+1

l! ϑ(l)(ξ), where ϑ(l) is a polygamma function.
This gives

ω̂
(q)
2n+1(ξ) = i

q∑
l=0

qCl
1

22l πl+1

[
ϑ(l)
(
2π + ξ

4π

)
+ (−1)l+1 ϑ(l)

(
2π − ξ

4π

)]
× (ω̂2n(ξ))

(q−l).

Also, since ϑ(l)(ξ) = dl+1

dξl+1 {log(Γ(ξ))}, we have

ω̂
(q)
2n+1(ξ) = i

q∑
l=0

qCl
1

22lπl+1

[
dl+1

dξl+1

{
log

(
Γ

(
2π + ξ

4π

))}
+ (−1)l+1 dl+1

dξl+1

{
log

(
Γ

(
2π − ξ

4π

))}]
× (ω̂2n(ξ))

(q−l).

Thus, we get

ω̂
(q)
2n+1(0) = i

q∑
l=0

qCl
1

22lπl+1

[
dl+1

dξl+1

{
log

(
Γ

(
2π + ξ

4π

))}∣∣∣∣∣
ξ=0

+ (−1)l+1 dl+1

dξl+1

{
log

(
Γ

(
2π − ξ

4π

))}∣∣∣∣∣
ξ=0

]
× (ω̂2n(0))

(q−l).



Wavelet packets and their vanishing moments 101

If we denote the qth moment of wavelet packets ωn by Momq(ωn), then we have

Momq(ωn) = F{tq ωn(t)}(0) = iq ω̂(q)
n (0).

This gives

Momq(ω2n+1) = i

q∑
l=0

qCl
1

22lπl+1

[
dl+1

dξl+1

{
log

(
Γ

(
2π + ξ

4π

))}∣∣∣∣∣
ξ=0

+ (−1)l+1 dl+1

dξl+1

{
log

(
Γ

(
2π − ξ

4π

))}∣∣∣∣∣
ξ=0

]
× Momq−l(ω2n).

□

Recall from [9] that a family of functions H̃{ωn}, n = 0, 1, 2, ... defined as
H̃{ω2n}(x) = 2

∑
k∈Z

rk H̃{ωn}(2x + k) and H̃{ω2n+1}(x) = 2
∑
k∈Z

sk H̃{ωn}(2x + k),

where H̃{ψ} = H̃{ω1} and H̃{ϕ} = H̃{ω0} is said to be Hartley-like wavelet packets
and the Hartley-like wavelet is defined as H̃{ψ}(x) = 1√

2
(ψ(x)∓Hψ(x)), where ψ is a

wavelet and Hψ is Hilbert transform of ψ.
Next, we give few results on Fourier transform of Hartley-like wavelet packets.

Theorem 3.3. Let ωn ∈ L2(R) be wavelet packets associated with the scaling function
ω0. Then, ∑

k∈Z

2r−1∑
n=0

| ˜̂H{ω2n}(2r+1(ξ + 2kπ))|2 = |m0(2
rξ)|2,

∑
k∈Z

2r−1∑
n=0

| ̂H̃{ω2n+1}(2r+1(ξ + 2kπ))|2 = |m1(2
rξ)|2

for almost every ξ in R and r ∈ N0.

Proof. In view of Theorem 7.4 in [9], we have

∑
k∈Z

2r−1∑
n=0

| ̂̃H{ωn}(2r(ξ + 2kπ))|2 = 1

for almost every ξ ∈ R and r ∈ N0.
This gives∑

k∈Z

2r−1∑
n=0

| ˜̂H{ω2n}(2r+1(ξ + 2kπ))|2 + | ̂H̃{ω2n+1}(2r+1(ξ + 2kπ))|2 = 1.

Since ̂H̃{ω2n+1}(ξ) = m1(
ξ
2 ) H̃{ωn}( ξ2 ),

∑
k∈Z

2r−1∑
n=0

| ˜̂H{ω2n}(2r+1(ξ + 2kπ))|2 +
∑
k∈Z

2r−1∑
n=0

|m1(2
r(ξ + 2kπ))|2 | ̂̃H{ωn}(2r(ξ + 2kπ))|2 = 1.
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This gives∑
k∈Z

2r−1∑
n=0

| ˜̂H{ω2n}(2r+1(ξ + 2kπ))|2 + |m1(2
rξ)|2

∑
k∈Z

2r−1∑
n=0

| ̂̃H{ωn}(2r(ξ + 2kπ))|2 = 1.

This further gives∑
k∈Z

2r−1∑
n=0

| ˜̂H{ω2n}(2r+1(ξ + 2kπ))|2 + |m1(2
rξ)|2 = 1.

Since |m1(2
rξ)|2 + |m1(2

rξ + π)|2 = 1, we have∑
k∈Z

2r−1∑
n=0

| ˜̂H{ω2n}(2r+1(ξ + 2kπ))|2 = |m1(2
rξ + π)|2.

This gives ∑
k∈Z

2r−1∑
n=0

| ˜̂H{ω2n}(2r+1(ξ + 2kπ))|2 = |ei(2
rξ+π) m0(2

rξ + 2π)|2

= |m0(2
rξ)|2.

Similarly, we obtain∑
k∈Z

2r−1∑
n=0

| ̂H̃{ω2n+1}(2r+1(ξ + 2kπ))|2 = |m1(2
rξ)|2.

□
Theorem 3.4. Let ωn ∈ L2(R) be wavelet packets associated with the scaling function
ω0. Then,

∞∑
p=1

2r+1−1∑
n=2r

∑
k∈Z

| ˜̂H{ω2n}(2p+r+1(ξ + 2kπ))|2 = |m0(2
p+rξ)|2,

∞∑
p=1

2r+1−1∑
n=2r

∑
k∈Z

| ̂H̃{ω2n+1}(2p+r+1(ξ + 2kπ))|2 = |m1(2
p+rξ)|2

for almost every ξ ∈ R and r = 0, 1, 2, ..., j.

Proof. Follows using Theorem 7.3 in [9] and the arguments given in the proof of Theorem
3.3. □
Theorem 3.5. Let ω1 be a Lemarié-Meyer wavelet and let X = {2

j
2 ωn(2

jx − k), k ∈
Z, (n, j) ∈ F} be a corresponding wavelet packet system, where F =

∪
L∈N

FL and

F0 =
{
(n, j) ∈ N × Z : j = −2r, r ∈ N∗, n =

2r∑
m=1

ϵm2m−1, ϵ1 = 0, ϵ2l+1 = 1, l =

1, ..., r − 1
}
, F1 = {(n+ 2−j , j) ∈ N× Z : (n, j) ∈ F0}, FL = {(L, 0)}, L ≥ 2. Then, a.e.

(i)
∑

(n,j)∈F0

| ̂̃H{ωn}(2−jξ)|2 ≥ | ̂̃H{ω0}(ξ)|2 and
∑

(n,j)∈F1

| ̂̃H{ωn}(2−jξ)|2 ≥

| ̂̃H{ω1}(ξ)|2,
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(ii)
∑

(n,j)∈F

| ̂̃H{ωn}(2−jξ)|2 ≥ 1.

Proof. (i) We have∑
(n,j)∈F0

| ̂̃H{ωn}(2−jξ)|2 =
1

2

∑
(n,j)∈F0

|1± i sgn(2−jξ)|2|ω̂n(2
−jξ)|2

=
∑

(n,j)∈F0

|ω̂n(2
−jξ)|2.

In view of Theorem 2.2 in [14], we have∑
(n,j)∈F0

| ̂̃H{ωn}(2−jξ)|2 ≥ | ̂̃H{ω0}(ξ)|2.

Similarly
∑

(n,j)∈F1

| ̂̃H{ωn}(2−jξ)|2 ≥ | ̂̃H{ω1}(ξ)|2.

(ii) Now, consider∑
(n,j)∈F

| ̂̃H{ωn}(2−jξ)|2 =
∑

(n,j)∈F0

| ̂̃H{ωn}(2−jξ)|2 +
∑

(n,j)∈F1

| ̂̃H{ωn}(2−jξ)|2 +
+∞∑
n=2

| ̂̃H{ωn}(ξ)|2

≥ | ̂̃H{ω0}(ξ)|2 + | ̂̃H{ω1}(ξ)|2 +
+∞∑
n=2

| ̂̃H{ωn}(ξ)|2

=

+∞∑
n=0

| ˜̂H{ω2n}(ξ)|2 +
+∞∑
n=0

| ̂H̃{ω2n+1}(ξ)|2

=

+∞∑
n=0

∣∣∣∣ ̂̃H{ωn}
(
ξ

2

)∣∣∣∣2
=

+∞∑
n=0

∣∣∣∣ ̂̃H{ωn}
(
ξ

2q

)∣∣∣∣2, for any q ∈ N.

Now, since {Tkωn(·), n ∈ N, k ∈ Z} is an orthonormal basis of L2(R), result follows as
in the end of the proof of Theorem 2.2 in [14]. □

In the next result, we obtain a sufficient condition for higher vanishing moments for
Hartley-like wavelet packets.

Theorem 3.6. Let ωn ∈ L2(R) be wavelet packets such that for some q ∈ N,
(i) xqωn(x) ∈ (L1 ∩ L2)(R),

(ii) γq+1ω̂n(γ) ∈ L1(R).
If {ωj,n,k}j,k∈Z;n∈N is an orthogonal system on R, then Hartley-like wavelet packets
{H̃{ωn}}n∈N has q + 1 vanishing moments.

Proof. In view of Theorem 9.3 in [15], one can prove that wavelet packets ωn has q + 1
vanishing moments.
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Since ωn ∈ L2(R) and xqωn(x) ∈ L2(R), we have∫
R
|x|2p |ωn(x)|2 dx ≤ ||ωn||22 + ||xq ωn||22 < +∞,

for all p = 0, 1, 2, ..., q. Thus, xp ωn(x) ∈ L2(R), for all p = 0, 1, 2, ..., q and so, the
moment formula for the Hilbert transform is well-defined, for all p = 0, 1, 2, ..., q.
Also, since xp ωn(x) ∈ L2(R), for all p = 0, 1, 2, ..., q,∫

R
xp Hωn(x) dx = 0, for all p = 0, 1, 2, ..., q.

This gives Hωn has at least (N + 1) vanishing moments and therefore∫
R
xp H̃{ωn}(x) dx =

1

2

∫
R
xp (ωn(x)∓Hωn(x)) dx = 0.

□

The following result gives the relationship between the regularity of orthonormal
wavelet packets ωn and the vanishing moments of Hartley-like wavelet packets
H̃{ωn}, n ∈ N.

Theorem 3.7. Let ωj,n,k(x) = 2
−j
2 ω(2−jx − k), j, k ∈ Z, n ∈ N constitutes an

orthonormal set in L2(R) such that
(i) |ωn(x)| ≤ K(1 + |x|)−q−1−ϵ, where ϵ > 0,

(ii) ωn ∈ Cq(R) such that (ωn)
(p) is bounded for p ≤ q,

(iii) xqωn(x) ∈ L2(R).
Then

∫
R x

pH̃{ωn}(x)dx = 0 for p = 0, 1, 2, ...., q.

Proof. Follows using Corollary 5.5.2 in [4] and the arguments given in the proof of
Theorem 3.6. □
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