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Abstract. Sufficient condition for @ap41(€) and mo(€) and their first ¢ — 1
derivatives to vanish respectively at & = 0 and £ = = has been obtained.
A relationship between higher moments of wg, and wan+1 for wavelet packets
associated with Haar wavelet has been given. Some results for Fourier transform of
Hartley-like wavelet packets has been incurred and finally, sufficient conditions for
higher vanishing moments of Hartley-like wavelet packets has been procured.

1. Introduction

In 1984, the combined effort of Grossmann and Morlet [5] directed to a complete
mathematical study of the continuous wavelet transforms and their various applications.
The wavelet theory has provided a new method for decomposing a function or a signal.
In 1989, Mallat [10] and Meyer [13] presented the theory of multiresolution analysis.
In 1996, Herndndez and Weiss [6] studied higher vanishing moments of wavelets. Later
in 2015, Khanna, Kumar and Kaushik [7, 8] studied vanishing moments of Hilbert
transform of wavelets and give certain results to approximate the functions in L?(R).
To fix the poor frequency localization of high frequency wavelet bases, its significant
generalization was introduced by Coifman et al. [2] and thereby provide more adequate
decomposition containing stationary and transient components. The wavelet packet
method is a generalization of wavelet decomposition that offers a richer signal analysis.
The wavelet packets can be used for numerous expansions of a given signal. Recently
in 2016, Khanna, Kumar and Kaushik [9] introduced a notion of Hilbert transform of
wavelet packets and Hartley-like wavelet packets. For various details related to wavelet
packets, one may refer to [2, 6].

This paper deals with the study of wavelet packets. First, we give a sufficient condition
under which @a,,+1(£) and low pass filter mq(€) and their first ¢ — 1 derivatives vanishes
at £ = 0 and ¢ = 7 respectively. This is followed by a relationship between the ¢'"
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moment of wa, and wa,11 of wavelet packets {w,} associated with the Haar wavelet.
Few results on Hartley-like wavelet packets and their higher vanishing moments have
been obtained.

2. Preliminaries

A wavelet for L?(R) is a square integrable function v such that the collection
{j 1 =23(27x—k) : j,k € Z} forms an orthonormal basis for L?(R). Haar introduced
an orthonormal basis which is now referred to as “Haar wavelet basis” with a box function
¢ = x[0,1] and ¥(z) = ¢(2x) — p(2z —1) in 1909. The advantages of Haar wavelet being
used are fewer intricacy of calculation which requires less hardware usage, quick, memory
efficient and it is exactly reversible without fidelity loss but this has a major drawback
of discontinuity, which restricts its practical applications. Good wavelets are usually
constructed through Multiresolution analysis, a mathematical framework provided by
Meyer and Mallat. Daubechies was the first to give explicit examples of scaling function
and associated wavelets that have arbitrary high order of differentiability, have compact
support and are orthonormal [3].

Wavelets are usually designed with higher vanishing moments which make them
orthogonal to the low degree polynomials and therefore, they have the ability to compress
non-oscillatory functions. The smoother 1 is, the greater the number of vanishing
moments. For any wavelet family, vanishing moments are necessary condition for the
smoothness of the wavelet functions. Vanishing moments have far reaching implications
for the efficient representation or approximation of functions. Specifically, the wavelet
series of a smooth function will converge rapidly to the function as long as the wavelet
has a lot of vanishing moments, resulting in a good approximation. For example, Haar
wavelet has one vanishing moment, Daubechies D4 wavelet has two, etc.

Multiresolution analysis, MRA [6, 11], is an increasing sequence of closed subspaces
(Vi)jez of L*(R) satisfying

(i) V; C Vi, forall j € Z,
(ii) f e V;ifand only if f(2(-)) € Vj41, for all j € Z,
(i) NV, = {0},
JEZ
) U Vi=L*R).
JEL
(v) There exists a function ¢ € Vj such that {¢(- — k) : k € Z} is an orthonormal
basis for Vj.

(iv

The function ¢ whose existence is asserted in (v) is called a scaling function of the given
MRA.
Scaling function ¢ solves the dilation equation

dx) =2 Y 1 62w + k)

k€Z

with |¢(0)| = 1 and the associated function v is defined by

G(x) =2 sk ¢(2x + k).

kEZ
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It is well established ([6]), that a pair of quadrature mirror filter coefficients (QMF),
(1) kez, (8k)kez € £2(Z), is associated to the MRA and the following relations

£ ¢

9(&) =m(3) 6(3).
36 =m($) a)

are satisfied for a.e. £ € R, where the symbols my and m; are given by

mo (6) = Z Tk eik§7
keZ

my(€) = Z s €M = e mg (€ + ) (2.1)

keZ
which are known as low-pass and high-pass filters, respectively. Also, we have

Imo (&) + |mo (€ +m)* =1,
Imi (&) + mi(§+ ) = 1. (2.2)

Let W; be the corresponding wavelet subspaces: W = span{v;  : k € Z}. Using the
low-pass and high-pass filters associated with the MRA, the space W} can be split into
two orthogonal subspaces, each of them can further be split into two parts. Repeating
this process j times, W} is decomposed into 2J subspaces each generated by integer
translates of a single function. If we apply this to each W; , then the resulting basis
of L*(R), which will consist of integer translates of a countable number of functions
(instead of all dilations and translations of the wavelet ), will give a better frequency
localization. This basis is called the “wavelet packet basis.”

A family of functions w,, n =0,1,2,... defined as

won(z) =2 Y 1k wn (22 + k),
kEZ

want1(T) = 2 Z sk wn (27 + k),
kEZ
where ¥ = w; and ¢ = wy are often called mother and father wavelets, are called basic
wavelet packets.
Fourier transform of wavelet packets w,, are given by

Bonl€) = mol3) Bl (23)
Bansa (€) = (5) Du(). (24

Also, the set {w,(z — k) : k € Z, n=0,1,2,...} is an orthonormal basis of L?(R). The
family of wavelet packets {w, } define the family of subspaces of L?(R) corresponding to
some orthonormal scaling function ¢ = wy given by

Uj' =span{w,(2’z — k) : k€ Z}, j€Z, n=0,1,2,.... (2.5)

We notice that U]Q = Vj, Uj1 = W; such that the orthogonal decomposition V;; =
V; @ W; can be written as

U, =UaU;, jeL.
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The generalized version of the above expression is
= U2” UjQ"H, form=1,2,3,..;j € Z,

where U} is defined by (2.9).
For each j =1,2,3, ..., the decomposition trick as given in [6] gives

W, =U}=U?,0U,
1 4 5 6 7
W; =Ul=Ul,0Ul,aoU ,aUl,

2k+1

W, =Ul=U2 a0 e 0UY

J+1_

W, =U}=UF eUY ™ o..0U?
where U is as defined in (2.9). Moreover, for each j = 1,2,..., k = 1,2,3,...,j and
m=0,1,...,2F — 1, the set {Q%wp@j’kx —1) : 1 € Z} is an orthonormal basis of Uf_k,

where p = 2F + m. However, all the elements of these bases have the general form given
by wjnk(x) = 2% w, (22 —k),n=0,1,2,...;5,k € Z,x € R.

3. Main results

Vanishing moments of Hilbert transform of wavelets were studied in [7]. Recall that
a function f(z) is said to have g vanishing moments if

/xrf(a:)dxzo, for0<r<gqg-1,
R

where Mom,.(f) = [p#" f(x) dz denotes the r'" moment of f.

Motivated by Theorem 7.4 in [12], we give a sufficient condition for &s,41(§) and
low-pass filter mg(§) and their first ¢ — 1 derivatives to vanish at £ = 0 and § = =
respectively.

Theorem 3.1. Let w,,n = 0,1,2,... be wavelet packets associated with an MRA and
let ¢ € Ny such that |wo(t)] = (( + 27371 and |wan 1 (t)] = O((1 +t2)~371) and
forany 0 <k < gq, pr(t) = Z mF wop, (t —m) is a polynomial of degree k. Then for
all n € Ny, Want+1(€) and itsiﬁrst q — 1 derivatives are zero at & = 0 and the low-pass
filter mo (&) given in (2.3) and its first ¢ — 1 derivatives vanish at & = .

Proof. Since way 41 is orthogonal to wa,, it is also orthogonal to all translates of the
polynomials pg, 0 < k < ¢g. This family forms a basis for the space of polynomials of
degree atmost ¢ — 1. Thus, wa, 11 is orthogonal to any polynomial of degree ¢ — 1 and
in particular to t* for 0 < k < ¢. This gives

Mom,(wany1) =0forr=0,1,2,...,q — 1.

Now, since |wa,t1(t)] = O((1 4 2)~2~1), we have

/R wana (6] (14 [€])de < +oc.
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Thus, in view of Theorem 2.5 in [12], @2,+1(§) is g-times continuously differentiable.
Similarly, one can prove that @y (§) is also ¢g-times continuously differentiable.

Also, D51 (&) = (—it)*wani1(€),k = 0,1,2, ..., ¢ — 1. This gives

~(F) Y.

o‘)2n+1(0) = (_it)kw2n+1(0) = /R(_Zt)k WQn+1(t) dt = 0.

Thus, Wan+1(§) and its first (¢ — 1) derivatives are zero at £ = 0.
Note that

Bani1(8) = (3) Ba )

=% mo(§ +7) @n(3).

Since for all n € Ny, Want1(§) and its first (¢ — 1) derivatives are zero at £ = 0 and
@, (0) #0 (n # 1), by differentiating the above expression g-times, we obtain

l

w - 1 1 i -m ey —m) | ~(q—
wégz)—&-l(g) = chl E Z lCm 5625 7 {mo(g +7T)}(l ) wr(Lq l)(g)_

=0 m=0
This yields mo(€) and its first (¢ — 1) derivatives are zero at £ = . O

The next result gives a relationship between the ¢** moments of ws, and wopt1 Of
wavelet packets {w, } associated with the Haar wavelet.

Theorem 3.2. Let {w,} be a sequence of wavelet packets associated with the Haar
wavelet.  Then, the following formula gives a relationship between Momg(we,) and
Momg,(want1) as

q

, 1 di+1 21 + &
Momq(wan 1) =i Y Cl oy ldflﬂ{lo‘(J(F( in >>}

=0
d+1 27 —
+ 0 g {log <F< ir 5))}

where n,q > 0 and T'(€) denotes the gamma function.

£=0

1 X Momg_i(way,).
£=0

Proof. The wavelet packets associated with the scaling function for the Haar wavelet
are defined recursively by

won () = wn (22) + wp (22 4+ 1)
won+1(2) = —wn(22) + w, (22 + 1).
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Their Fourier transforms are given by (2.3) and (2.4) with mg(§) = &;1 and my(§) =

ef—1

5— Then, we have

Differentiating both sides ¢-times and using I*" derivative of function tan(¢) given in [1]
, we have

q
‘*A"é?z)ﬂ(f) = ZZ i 1 tan® (i) (@Qn(g))(qfl)

9221
=0

1 l m
i3 g | { (1, )
=0

+o(14 120 o @),

where ¢ and I' are Hurwitz zeta function and gamma functions, respectively and I'({) =

(-1,

Note that ((I 4+ 1,¢) = (_llﬁ 9D (&), where 9 is a polygamma function.
This gives

q
~(q) iy 1 n(2r+¢§
By (§) = zZqu 920 7it1 [19( )< i
1=0

dl+1

Also, since 9 (€) = W{log(l“(ﬁ))}, we have

4q I+1
~(q) iy 1 d 2 + &
W23L+1(§) = qucl 2RI T ngl-s—l {log <F< g
1=0

Thus, we get

q I+1
~(q) . 1 d 2 4+ &
(0=t oy ldflﬂ{l()g(F in

=0
4 —
ro gl (r(55))}
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If we denote the ¢** moment of wavelet packets w,, by M omg(wy,), then we have
Momyg(wn) = F{t? w,(t)}(0) = i? &2 (0).
This gives

o 1 d+t 2 + &
Momg(want1) = i) “Cr g7 o7 deﬂ{lo‘(’(F( i )>}

=0
ditt 2m —
+ 0T g {log <F< ir €>>}

Recall from [9] that a family of functions H{w,}, n = 0,1,2,.. defined as
H{wan}(x) =2 > rp H{wn}(2x + k) and H{wznt1}(z) =2 > sp H{wn}(2z + k),
kEZ keZ

where H{} = H{w} and H{¢} = H{wo} is said to be Hartley-like wavelet packets
and the Hartley-like wavelet is defined as H{y}(x) = %(w(x) F Hiy(x)), where ¢ is a
wavelet and H is Hilbert transform of .

Next, we give few results on Fourier transform of Hartley-like wavelet packets.

£=0

1 x Momg_;(wan).
£=0
O

Theorem 3.3. Let w, € L?(R) be wavelet packets associated with the scaling function
wo. Then,

2" —1

SO [Ffwan ML (E + k)P = [mo(27E)
keZ n=0
SO [ffwan s} + 2hm) P = [ (27)2
k€eZ n=0

for almost every £ in R and r € Ny.

Proof. In view of Theorem 7.4 in [9], we have

2" —1

> \ﬁ/{o;}(?r(& 2%km))? =1

k€EZ n=0

for almost every £ € R and r € Ny.

This gives
271 — ~
DD [Hfwen}@7HHE + 2km))P + [H{wzn 1} (E + 2km))* = 1.
kEZ n=0

—

Since ﬁ{WQn+1}(€) = ml(%) ﬁ{wn}(%)a

2" —1 2" —1

SN e M2 g + 2k 4 30 S I (276 + 2k [F{wa b2 (€ + 2km) 2 = L.

k€Z n=0 k€Z n=0
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This gives
o1 e G—
Do H{wan 3@ EF 2km) P 4 Ima (O D D [H{wa}(27(€ + 2km)) P = 1.
k€Z n=0 k€Z n=0

This further gives
271

SN [Fwan @+ 2+ () = 1.

keZ n=0
Since |mq(27€)|? + |m1(27¢€ + 7)|? = 1, we have
271

DO H{wan }2TTHE + 2km)) [P = [ma(27€ + 7).
kEZ n=0
This gives
-1
575 [ {wen }27H(E + 2km)) 2 = [T mo(27¢ + 2m)]?
kEZ n=0
= [mo(27€)[*.
Similarly, we obtain
-1
SO ST [H{wmnn HE L+ 26m) P = [ (7€)
keZ n=0

O

Theorem 3.4. Let w, € L?(R) be wavelet packets associated with the scaling function
wo. Then,

co 2711

S S F{wan 2PTE + 2k = mo(277E) P,

p=1 n=2" ke€Z
oo 2711

SN S F{wnn 1 RPTTNE 4 202 = [ma (2746 2

p=1 n=2" keZ
for almost every £ € R and r =0,1,2, ..., j.

Proof. Follows using Theorem 7.3 in [9] and the arguments given in the proof of Theorem
3.3. (|

Theorem 3.5. Let wy be a Lemarié-Meyer wavelet and let X = {2% wn (2 — k), k €
Z,(n,j) € F} be a corresponding wavelet packet system, where F = |J Fr and

LeN
2r
Iy = {(n,]) ENXZ:j==2rreNmn= 3 €.2" 1 e = 0,641 =1, | =
m=1
L.,r=1},Fi={(n+279,j) e NxZ: (n,j) € Fo}, Fr, = {(L,0)}, L > 2. Then, a.e.
(i) Y H{wdQOP = H{wHOP and Y [H{w.} 2P >
(n,j)eFo (n,j)EF

—

[H{w O,
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=~ )
(@) > [H{w}27EP > 1.

(n,j)eFr

Proof. (i) We have

=~ , 1 , » .
> \H{wn}(2‘36)l2=5 > Eisgn(277E)@a (277
(n,j)€Fo (n,j)€Fo
= Y [@.279)
(n,3)EFo

In view of Theorem 2.2 in [14], we have

S [F{wen 29 > [F{wob O
(n,j)€Fo
Similarly Y [H{wn} 276 > [H{wn } O

(n,j)€F,
(ii) Now, consider

— +oo

S P = Y Hled@IOP+ S [Fw @O+ Y Flwn e
(n,j)er (n,7)EFo (n,j)EF n=2

— +oo

> (Ao} O + [Fwr} (O + > [H{wa ()1

+oo

+o0o —
= Z | H {wan } O + Z [ H{want1}(E)[?
n=0 n=0
“+oo
N o€
- [fe (5)
+oo
N7 £
= nz:% ’H{wn}<2q>

Now, since {Tyw,(-),n € N,k € Z} is an orthonormal basis of L?(R), result follows as
in the end of the proof of Theorem 2.2 in [14]. O

2

2
, for any ¢ € N.

In the next result, we obtain a sufficient condition for higher vanishing moments for
Hartley-like wavelet packets.

Theorem 3.6. Let w, € L?(R) be wavelet packets such that for some q¢ € N,

(i) zwn(x) € (L' N L)(R),

(i) v1*1on(y) € LM (R).
IfN{Wj,mk}j,keZ;neN is an orthogonal system on R, then Hartley-like wavelet packets
{H{wn}}nen has g + 1 vanishing moments.

Proof. In view of Theorem 9.3 in [15], one can prove that wavelet packets w,, has g + 1
vanishing moments.
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Since w,, € L*(R) and 29w, (z) € L?(R), we have
/ |2 Jwn (@) dz < |wnll3 + (27 wnll3 < +oo,
R

for all p = 0,1,2,...,q. Thus, 2P w,(x) € L?(R), for all p = 0,1,2,...,¢q and so, the
moment formula for the Hilbert transform is well-defined, for all p =0,1,2,...,q.
Also, since 2P w,(z) € L?(R), for all p =0,1,2,...,q,

/ 2P Hwp(z) de =0, forall p=0,1,2,...,q.
R
This gives Hw, has at least (N + 1) vanishing moments and therefore

;~1 w. a - = X w. x :F ;“/J X d(E —()
|:|

The following result gives the relationship between the regularity of orthonormal
wavelet packets w, and the vanishing moments of Hartley-like wavelet packets

ﬁ{wn},n eN.

Theorem 38.7. Let wjni(r) = 27 w27z — k),j,k € Z,n €N constitutes an
orthonormal set in L*(R) such that
(i) |wn(z)] < K1+ |z|)~9717¢, where € > 0,
(ii) wy € CI1(R) such that (wy,)P) is bounded for p < q,
(i%i) 29wy (x) € L*(R).
Then [, P H{wy Y (x)dz =0 forp=10,1,2,.....q.

Proof. Follows using Corollary 5.5.2 in [4] and the arguments given in the proof of
Theorem 3.6. U
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