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Abstract. A family of local atoms is a collection of vectors which are analysis
and synthesis systems with frame-like properties for closed subspaces of a separable
Hilbert space H. In this paper, we present some perturbation results for local atoms
in a subspace of a Hilbert space. Some algebraic properties of one of derivatives of
local atoms are given.

1. Background

Frames in a Hilbert space are a redundant system of vectors which provides a series
representation for each vector in the space. Duffin and Schaeffer [10] in 1952, introduced
frames for Hilbert spaces, in the context of nonharmonic Fourier series. Let H be an
infinite dimensional separable real (or complex) Hilbert space with inner product (.,.)
linear in first entry. A countable sequence {fi} C H is called a frame (or Hilbert frame)
for H if there exist numbers 0 < m, < M, < oo such that

Mol FII> <Y I(f, fu)]* < M| f]|? for all f € H. (1.1)
k

The numbers mg and M are called lower and upper frame bounds, respectively. They
are not unique. If it is possible to choose m, = M,, then the frame {f;} is called
Parseval frame (or tight frame). If the upper inequality in (1.1) satisfied, then we say
that {fx} is a Bessel sequence in H. Frames were revived by Daubechies, Grossmann
and Meyer in [9]. For the utility of frames in different directions in applied mathematics
an interested may refer to [2, 6].

Let {fi} be a frame for H. The operator S : H — H given by

Sf=> (f: fu)
k
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is called the frame operator associated with the frame {f;}. The frame operator S is a
positive, self-adjoint and invertible operator on H. This gives the reconstruction formula
for all f € H,
F=88T =Y (ST e =D _(F.ST ) fie
k k
The scalars {(S™1f, fr)} are called frame coefficients of the vector f € H. The
representation of f in the reconstruction formula not need to be unique.

In order to handle frame-like properties for closed subspaces in Hilbert spaces,
Feichtinger and Werther [11] proposed atomic system (or local atoms) in separable
Hilbert spaces. The sampling theory is responsible for this new system. More precisely,
one of the fundamental property of the atomic system is that it can produce a proper
subspace even though it is not a part of it !

Definition 1.1. [11] Let A be a Hilbert space and let H, be a closed subspace of H.
A sequence {fr} C H is called a family of local atoms (or atomic system) for Hy, if

(7) {fr} is Bessel sequence in H, that is there exists a real number B > 0 such that

D I f)? < BJIf|? for all f € H,
k

(73) there exists a sequence of linear functionals {c;} and a real number C' > 0 such
that

I{er(£)}7 < ClIfI? for all f € Ho and f =" cp(f)fx forall f € Ho.
k

Remark 1.2. The linear functionals {c} need only to be defined on the subspace H,.
We say that ¢, are associated functionals of the local atoms {fx}. The constant C' is
called the atomic bound. Furthermore, the partial sum Zgzl ck(f) fr of the series in
(1.2) can be converges to f from “outside” of H,.

Recently, L. Gavruta introduced and studied K-frames in Hilbert spaces in [13]. He
tried to study atomic systems with respect to a bounded linear operator K on Hilbert
spaces and proved some new results.

Definition 1.3. [13] Let H be a Hilbert space and let K be a bounded linear operator
on H. A sequence {fi} C H is called a K -frame for H, if there exist constants A, B > 0
such that

AR 12 < D[ )P < BIFI? for all f € H. (1.2)
k

By definition of K-frames it is easy to see that they are more general than standard
frames.

1.1. About the Contribution: This paper is organized as follows: In Section 2, we
give some Paley-Wiener type perturbation results for local atoms in a subspace of a
Hilbert space. We not claim that these perturbation ideas are new, however these are
important in the setting of a family of local atoms in subspaces. For applications of
perturbation theory in frames, atomic decompositions and the reconstruction property
for Banach spaces, we refer papers by Casazza and Christensen [3, 5], Christensen and
Heil [7], Favier and Zalik [12] and Kaushik et al. [14]. We present some algebraic
properties of one of derivatives of local atoms, namely K-frames in Section 3.
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2. Local Atoms for Subspaces

We start with one of the variants of the Paley-Wiener type perturbation for local
atoms where the perturbed sequence is a Bessel sequence.

Theorem 2.1. Assume that {f,}52 is a family of local atoms for a closed subspace
Ho C H with associated functionals {c,}52, and atomic bound C. Let {g,}>2, C H,
be a Bessel sequence and let A € (0,1) be such that

1320z en(F) (= gu)ll < AIFI for all f € Ho.
Let U : H — H be a bounded linear operator such that U(f,) = gn for alln € N. Then,
{gn 1521 is a family of local atoms for H,.

Proof. Define L : H, — H, as L(f) = Yo, cn(f)gn for all f € H,. Then, L is well
defined bounded linear operator. Indeed, for all k¥ > m, we have

k m
Z Cn(f)gn - Z cn(f)gn
n=1

n=1

k
Z cn(f)gn
n=m-+1
k
UC D> enlf)fn)
n=m-+1
k

n=m-+1

IN

Ul — 0 asn,m — oo.

Furthermore L is invertible. To see this, let f € H,. Then, we compute

I =L)fIl = [If =L
= ch(f)fn—zcn(f)gn
n=1 n=1
< Al

Therefore, ||I—L|| < 1. Thus, L is an invertible operator. Choose d,, = (L™!)*c,,, n € N.
Then, we have

S duNlg) = ST el

= Z en(L7H(F))gn

= L(L7'f)
= f forall f €H,.

Next we compute

Dolda(HIPF = D IEH el )P
n=1 n=1
ClIL=HAI?

VANVAN

CILMPIAIP for all £ € H,.
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Hence {g,,}52 is a family of local atoms for H, with associated sequence of functionals
{du}. O

In Theorem 2.1, the perturbed sequence is equivalent to the given local family of atoms
in some sense! Recall that two sequences {f,}52, and {g,}52; in a Banach space are
said to be equivalent if the mapping f, — g, can be extended to a well defined bounded
linear map of [f,] onto [g,], where [f,] denotes the closed linear span of the sequence
{fn}52,. Casazza and Christensen [3] proved a Paley-Wiener type perturbation result
in the context of the reconstruction property in separable Banach spaces, that does not
require the perturbed family to be equivalent to the original reconstruction sequence. A
similar result for the perturbation of local atoms is given in the following theorem.

Theorem 2.2. Assume that {f,}52 is a family of local atoms for a closed subspace

Ho C H with associated functionals {c,}S2; and atomic bound C. Assume that
R :H, — 2(N) given by R(f) = {cn(f)}52, is a bounded operator. Let {gn}5%, C H,
be a sequence in H such that there exist A, > 0 with A+ p||R|| <1 and

I3 an(fn = gn) | < AZ021 anfull + pll{ o Hle ),

for all finitely non-zero scalar sequences {a,}22 . Then, {g,}52 1 is a family of local
atoms for H,

Proof. First we show that {g,}°2  is a Bessel sequence. For any finite sequence {a, 122 4,
we have

IN

1> angal 1D anlfu =gl + 11D anfal
n=1 n=1 n=1

L+ anfall + plifan} e
n=1

IN

Thus, for any {a,}22; € ¢*(N) and for all k > m in N, we have

k m k
Z Onfn — Z Anfn Z Andn
n=1 n=1

n=m-+1
k k
= @+ D0 ankall+ull D anenllew.
n=m-+1 n=m+1

Since {fn}52; is a Bessel sequence and {a,}32, € (*(N) , the series > 7, angn
converges. Thus, {g, 52 is a Bessel sequence.

Next, define L : H, — H, as L(f) = > o, cn(f)gn for all f € H,. Using the fact that
R(f) = {ea(f)}52, € (2(N) and >°77 | apgy for all {a, }52, € ¢3(N), L becomes a well
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defined bounded linear operator. For any f € H, we have

=L = Ilf = LI
= |12 enlf)fa = Y enlfga
n=1 n=1
< MY enl)fall + sll{en(F) ez
n=1
= AFI+ Bl R ey
< AAI A AR

= A+ pllRIDIFI< £

Therefore, ||I — L|| < 1. Thus, L is an invertible operator. As in the proof of Theorem
2.1, we can show that {g,}°2, is a family of local atoms for H,,. d

Remark 2.3. Theorem 2.2 is a particular case of Theorem 3.13 in [15]. More precisely,
families of local atoms are particular cases of K-frames, when K is an orthogonal
projection.

The following proposition provides existence of a compact linear operator on the

closed subspace H, in terms of local atoms. The proof is based on a technique given in
[14].

Proposition 2.4. Let {f,}>2, be a family of local atoms for a closed subspace H, with
associated functionals {cn}n:1 If © is a bounded linear operator on H} such that

Y lOen) = eallllfull < oo,

n=1
then f Y02 [(©(cn) — ¢n)(f)]fn defines a compact operator on H,.
Proof. Define T : H, — H, by

oo

T(f) = Z[(G(Cn) - Cn)(f)]fny I € Ho.

n=1

Then, T is well defined bounded linear operator. Indeed, for k > m, we have

k m
Z ) ()Lfa = D [(0(en) = en) (] fn
k
= || >« = n)(D]fn
o
< |3 —cn)(f)]‘ £l
< ( 1©(cn —cnlllfn||> IFIl = 0 as k,m — oo.
n=m-+1
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Therefore, T is a well defined bounded linear operator on H,. For each k € N, define
Ty : Ho — Ho by

Te(f) = S8 1(O(en) = ) ()] fn-

Then, [T —Ty|| <> spr1 1©(ca) —callllfnll — 0 as & — oo. Since each Ty is a finite
dimensional, T is compact. [l

3. Linear Combination of Frames Revisited

Motivated by the work of Aldroubi in [1], a part of which gives sufficient conditions
for linear combination of frames in a separable Hilbert #, in this section we discuss
combination of K-frames. First we recall that Aldroubi considered the following
problem: Let {fx} be a frame for a separable Hilbert space H. Define a sequence
{g;} C H as follows:

oo
9= ajife. (j € N) (3.1)

k=1
where o 1, are scalars. A natural question arises about the conditions on the coefficients
in the linear combination (in (3.1)), so that the sequence {g;} constitutes a frame for
H? Aldroubi gave answer positively and proved sufficient conditions on {c; 1} such that
{g,} constitutes a frame for . Christensen in [6] reviewed linear combinations of frames
and proved sufficient conditions which are different from those given by Aldroubi. The
following result is given in [6] regarding conditions on the scalars {c n }snez such that
the new sequence {g;};cz constitutes a frame for . This is also true for K-frame for

H.

Theorem 3.1. [6, p. 107]. Suppose that {fn}tnez is a frame for H with bounds A, B
and let {as n}tnez C 02(Z) for each s € 7. If

. 2 _
a = inf E las nl” — E g Qs O nr| | >0,
neZ
SEZ n'ez |sEZ
n#n’
b :=sup E E Qg n0ls 7| < 00,
neZn’GZ SEZL

then the sequence {gs}sez = {Z asvnfn} is a frame for H with frame bounds
neZ s€Z
aA, bB.

The conditions given in Theorem 3.1 are sufficient but not necessary for K-frames in
H. This is justified in the following example.

Example 3.2. Consider the discrete signal space H = L?(Z, 1), where p is the counting
measure. Let {xn}nez be the sequence of canonical unit vectors in H.
Let K : H — H be an operator given by

K({...,Z‘_g,x_l,x(),.ibl, }) = {...,.]3_2,.23_170,3)17 }
It is easy to see that K* = K.
Choose fn, = xn for all n € Z. Then, {fs}scz is a K-frame with frame bounds
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A=B=1.
Define {as pn tnez as follows:

' X013 (n), if s =0.
Then, by definition of g, given in (3.1), we have
_ ) fs s#0
T {f0+f17 s =0.

To show that {gs}sez is a K-frame for H. First we compute for the upper K-frame
bound:

STHLa? = WAL+ fo+ f)P

SEL seZ\{0}

Do KSR+ 200 fo) P+ 21, f)l?

se€Z\{0}

= D WL LI+ f) P+ 20, f)P

SEZ

< 33 W(F L2

SEZ
< 3| f|1* for all f € H.
For the lower K-frame inequality, we compute

S g = S WAL+ fo+ P

SEL se€Z\{0}

> AP

s€zZ\{0}
= ||K*f|? for all f € H.

Hence {gs}sez is a K-frame for H.
Next we compute

D lasol® = >

SEL n! €7
0#n/

if
o :{X{s}(”), if s #0

IN

Y

= |aool® — o000

E as,Oas,n’

SEZ

= 1-1=0.
For n # 0 € Z, we have

D lawal? = >

SEZL n! €z
L n#n/

Therefore

=inf | D Jeal® = D
o= hf | 2 lennl

SEZL n’ €7
n#n’

=1

§ Qs nOsn!

SEZ

§ Qs nOs n!

SEZ

I
e
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Hence conditions given in Theorem 3.1 are not necessary.

Remark 3.3. Casazza proved in [4] that every frame in a complex Hilbert space is a
linear combination of three orthonormal bases. More precisely, it is multiple of a sum of
three orthonormal bases. If H is a complex Hilbert space and {f,,}52; is a sequence in
H such that there exist a linear bounded operator U : £2(N) — H such that U(8,) = f,
for all n, where {3, }°°, is the canonical orthonormal basis of £2(N). Then, for every
€ € (0,1) there exist three orthonormal bases {el}>°, , {€2}°, and {e3}>°, for H
such that
fo= 102V eh 2t ed) e,

where V is an isometric isomorphism from H to ¢?(N) which maps e, to §,. Since
every K-frame {f,}>2 is a Bessel sequence in H, therefore there exist a linear bounded
operator U which maps d, to f,, for all n € N, one of the choice for U is the pre-
frame operator associated with {f,}52 ;. Hence {f,}52, can be expressed as a sum of
three orthonormal bases in H. Thus, every K-frame can be expressed as a sum of three
orthonormal bases in H.

To conclude the paper we show that the image of a K-frame for 4 under a bounded
linear operator U forms a UK-frame for H. First we recall that the image of a frame
under a bounded linear operator need not be a frame for the underlying space, see [8].
The following proposition shows that the situation is different for K-frames.

Proposition 3.4. Let {f,}nez be a K-frame for H and U be a bounded linear operator
on H. Then, {U(fn)}nez is a UK-frame for H.

Proof. Let {fn}nez be a K-frame for H with frame bounds A and B.
Then
AIE*FIIP < YD 1F, fu)] < BIfII? for all f € . (32)
neZ
By using upper inequality in (3.2), we have

S OULUUIP > KU )l

nez nez
< B|U*f|?
< B||U*|2IfI? for all f € H. (3.3)

By using the fact that A is one of the choice for lower K-frame bound for {f,}nez, we
compute

SKEUENE = D KUL fa)l?

neZ nez
> A|KU |
= A|(UK)*f|? for all f € H. (3.4)
The outcomes in inequalities (3.3) and (3.4) gives

ANUE)*fI? < ez KA Uf))? < BIIU*P|If]1? for all f €.
Hence {U(fn)}nez is a UK-frame for H with frame bounds A, B||U*|?. O



[N

10.

11.

12.

13.
14.

15.

On perturbation of local atoms for subspaces 137

References

. A. Aldroubi, Portraits of frames, Proc. Amer. Math. Soc., 123 (6) (1995), 1661-1668.

. P. G. Casazza and G. Kutyniok, Finite frames: Theory and Applications, Birkhduser (2012).

. P.G. Casazza, O. Christensen, The reconstruction property in Banach spaces and a
perturbation theorem, Canad. Math. Bull., 51 (2008), 348-358.

. P.G. Casazza, Every frame a sum of three (but not two) orthonormal bases - and other
frame representations, J. Fourier Anal. Appl., 4 (6) (1998), 727-732.

. P. G. Casazza and O. Christensen, Perturbation of operators and applications to frame
theory, J. Fourier Anal. Appl., 3 (5) (1997), 543-557.

. O. Christensen, Introduction to frames and Riesz bases, Birkh&user (2003).

. O. Christensen and C. Heil, Perturbations of Banach frames and atomic decompositions,
Math. Nach., 185 (1997), 33-47.

. R. Chugh, M. Singh and L. K. Vashisht, Shadow of operators on frames, TWMS J. Appl.
Eng. Math., 5 (1) (2015), 132-144.

. L. Daubechies, A. Grossmann and Y. Meyer, Painless non-orthogonal expansions, J. Math.

Phys., 27 (1986), 1271-1283.

R. J. Duffin and A. C. Schaeffer, A class of nonharmonic Fourier series, Trans. Amer. Math.

Soc., 72 (1952), 341-366.

H.G. Feichtinger, T. Werther, Atomic systems for subspaces, in: L. Zayed (Ed.), Proceedings

SampTA 2001, Orlando, FL (2001), 163-165.

S. J. Favier and R. A. Zalik , On the stability of frames and Riesz bases, Appl. Comput.

Harmon. Anal., 2 (1995), 160-173.

L. Gavruta, Frames for operators, Appl. Compu. Harmon. Appl., 32 (2012), 139-144.

S. K. Kaushik, L. K. Vashisht and G. Khattar, Reconstruction property and frames in

Banach spaces, Palest. J. Math., 3 (1) (2014), 11-26.

X. Xijao, Y. Zhu and L. Gavruta, Some properties of K-frames in Hilbert spaces, Results

Math. 63 (2013), 1243 — 1255.

(Deepshikha and L.K. Vashisht) DEPARTMENT OF MATHEMATICS, UNIVERSITY OF DELHI,

DELHI-110007, INDIA

E-mail address, Deepshikha: dpmmehra@gmail.com
E-mail address, L.K. Vashisht: lalitkvashisht@gmail.com



