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Abstract. In this paper, we review the basic constructions of MRA-based
orthogonal wavelets and tight frames related to the generalized Walsh functions.
Several differences between the constructed wavelets and the classical wavelets
are indicated. Further, for any integer p > 2, all compactly supported step
refinable functions on the Vilenkin group G, are characterized. In addition,
we include references to the following topics: biorthogonal wavelets on G,
approximation properties of compactly supported orthogonal wavelets and frames
on the Vilenkin/Cantor groups, unconditional convergence of wavelet expansions,
nonstationary, periodic, and discrete wavelets in Walsh analysis, p-multiresolution
analysis on the positive half-line, and related subjects.

1. Introduction

Given an integer p > 2, the Vilenkin group G, consists of sequences « = (z;), where
z; €{0,1,...,p— 1} for j € Z and with at most finite number of negative j such that
xj # 0. The zero sequence is denoted by 6. If x # 6, then there exists a unique k = k(z)
such that z # 0 and z; = 0 for all j < k. The group operation @ on G is defined as
the coordinatewise addition modulo p,

(2j) = (2;) © (y;) <= 2z = x; +y; (modp) forall jeZ
the topology on G, is introduced via the complete system of neighbourhoods of zero
U ={(z;) €eGp: zj=0forall j <}, [€Z
The equality z = x © y means that z ®y = z. For p =2 we have x ®y = x © y and the
group G+ coincides with the locally compact Cantor group C.

Notice that for p = 2 the subgroup Uj is isomorphic to the compact Cantor group Cy;
i.e., the topological Cartesian product of a countable set of cyclic groups with discrete
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topology. It is well known that Cy is a perfect nowhere dense totally disconnected
metrizable space, and therefore Uy is homeomorphic to the Cantor ternary set. An
account of elements of harmonic analysis on the Vilenkin/Cantor groups and some their
applications to problems in signal processing may be found in [1]-[3]. For applications
these groups in the theory of Fourier series we refer the reader to [4, Ch. 14 and 15].

Wavelet theory for functions defined on the Vilenkin/Cantor groups has been
extensively studied in the last three decades. The continuous wavelet transform on
L?(C) was examined in [5, 6], where the case of Vilenkin groups was also considered. The
family of compactly supported orthogonal MRA-based wavelets on C was constructed
by Lang [7, 8]. Moreover, Lang [9] has found wavelets that generate unconditional
bases for the spaces LY(C), 1 < ¢ < oo. Some wavelets on the Cantor group were
treated independently by Sendov [10]. For all integers p,n > 2, necessary and sufficient
conditions for the solutions of the corresponding refinement equations with p™ coefficients
to generate an MRA in L?(G,) were put forward in [13-16]. Further results were
concerned with the following topics:

e algorithms for constructing orthogonal and biorthogonal compactly supported
wavelets on G, (see [17]-[21]);

algorithm for constructing an MRA with a Riesz basis for L*(G,) [22];
smoothness estimates of Lang’s wavelets [23];

unconditional convergence of wavelet expansions in the dyadic Hardy space [24];
approximation properties of dyadic wavelet expansions [25, 26];

periodic wavelets in Walsh analysis [27, 28];

discrete wavelets related to the Vilenkin—Chrestenson transform [29, 30];
algorithms for constructing wavelet frames on G, (see [31-35]);

nonstationary wavelets related to the Walsh functions [36];

wavelets associated with non-uniform multiresolution analysis [37];

wavelet packets related to the Walsh polynomials (see [38]-[40]);

Uncertainty Principle in Walsh analysis [41];

wavelet methods for differential equations on the Cantor group [42];
applications for digital signal processing (see [43]-[47]).

J. J. Benedetto and R. L. Benedetto [48, 49] developed a wavelet theory for a locally
compact abelian group G with compact open subgroup H. The best known example
of such a group is G = Q,, the field of p-adic numbers (as a group under addition),
which has compact open subgroup G = Z,, the ring of p-adic integers. Wavelet bases for
L?(G) are constructed by means of an iterative method giving rise to so-called wavelet
sets in the dual group G. As shown in [48], for the Haar wavelets this construction
is broader than those of Lang [7] and Kozyrev [50, Theorem 2]. There were several
attempts to develop wavelet theory in a more general setting, e.g., for zero-dimensional
groups (see [22, 51, 52]). Recently, Evdokimov and Skopina [53] described the situation
for the field Q, and proved that any orthogonal wavelet basis for L?(Q,) that consists of
band-limited (periodic) functions, is a modification of the Haar basis. In [54], Novikov
and Skopina discuss the question of why Haar bases in various structures are the same.
In [55], Haar multiresolution analysis and Haar bases on the ring of rational adeles
are constructed. A characterization of MRA-based wavelets on local fields of positive
characteristic including the Vilenkin/Cantor groups is suggested in [56].
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In this paper, we describe the basic constructions of MRA-based orthogonal wavelets
and tight frames on the Vilenkin/Cantor groups. The set of all compactly supported
step refinable functions on the group G, are characterized (see Theorem 3.9). Some
significant differences of the properties of wavelets in the Walsh analysis from those of the
classical wavelets are connected with approximation theory problems (see e.g. Remarks
2.3, 2.6 and the end of §4). Notice also that some numerical experiments (see [36], [43]-
[47]) demonstrate an effectiveness of the corresponding wavelet transforms for image
coding and signal processing. For example, in [28], the periodic wavelets associated
with the Walsh-Dirichlet typy kernel are defined. In [47], applications of these wavelets
to coding of the Riemann, Weierstrass, Schwarz, Van der Waerden, Hankel, and Takagi
fractal functions are given (cf. [36]).

In the sequel, the Vilenkin group G, will be denoted by G. One can show that G is
self-dual. The duality pairing on G takes x,w € G to

211
x(x,w) =exp [ — ij Wi—j
P e

The Lebesgue spaces LI(G), 1 < g < 00, are defined with the help of the Haar measure
p on Borel subsets of G normalized by p(U) = 1 with U = Uy. The Fourier transform
of a function f € L*(G) N L*(G),

flw) = /G f@x@m@)du(z), weG,

admits a standard extension to the space L?(G). Throughout this paper, we denote by
N, Zy, and R the sets of positive integers, nonnegative integers, and nonnegative real
numbers, respectively. The characteristic function of a set E is denoted by 1g.

Let us consider the mapping A : G — Ry,

o)=Y zp,  w=(z)€q.
jEL
It is clear that the image of the discrete subgroup H := {(z;) € G : z; = 0 for j > 0}

under A is the set of nonnegative integers: A\(H) = Z. For each a € Z, let hy denote
the element of H such that A(hje)) = a; in particular, hyy = 6.

The generalized Walsh functions for the group G can be defined by
Wal(z) = x(z, hi), a€Zy,zeCG.

These functions are continuous on G and satisfy the orthogonality relations
[ Wa@Wa@duta) = 60, a8 €2y,
U

where d,, s is the Kronecker delta. Moreover, the orthonormal system {W,} is complete
in L2(U) (e.g. [3, §2.8]).

We define an automorphism A : G — G by letting (Ax); = z,41 for all z = (z;) € G.
In [13], a scaling function ¥ € L?(G) is defined such that:
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(1) ¥ satisfies a refinement equation of the type

p"—1
p(@)=p Y aap(AT S hyy)), =€ G (1.1)

a=0

(2) ¥ is the sum of Walsh series;

(3) {#(-©h) : h € H} is an orthonormal system in L?(G);
(4) supp¥ C Uyp—1;

(5) ¢ generates an MRA in L?(G).

To calculate the coefficients in (1.1) one chooses p™ — p complex parameters satisfying
a certain ‘orthogonality condition’, complements them by p — 1 zeros, and applies the
discrete Vilenkin—Chrestenson transform; cf. with Algorithm A below. As distinct from
the classical case (see [57, §2.6]), the mask of equation (1.1) assumes a finite number
of values, which simplifies many proofs and algorithms. Moreover, as distinct from
wavelet constructions in L?(R?), from the above property (2) it follows that the scaling
functions ¥ can be given analytically.

There is a standard interpretation of G on R4 which can be obtained using the
above-defined mapping X (see [2, §9], [3, §1.2]). In doing so, instead of @ one uses the
operation +, the subgroup H is replaced by the set Z, , the subgroup U corresponds to
the interval [0,1), the functions W, (z) are replaced by the functions w;(z), instead of
the Haar measure p one uses the Lebesgue measure on R, and instead of the Fourier
transform one applies the Walsh—Fourier transform.

Let us recall the definitions of the operation 4, the functions w;(z) and the Walsh—
Fourier transform on L?(R,). As usual, the integer and fractional parts of a number z
are denoted, respectively, by [z] and {z}. For any s € Z, let (s), be the remainder of s
divided by p. Next, for z € R, we set

zj=([p'a])p, a—j=([p'a]l)p, jEN (1.2)
These numbers are the digits of the p-ary expansion
w=) ep Y jap
J<0 j>0

(for a p-adic rational 2 we obtain an expansion with finitely many nonzero terms). It is

clear that
o0 oo
[] = fofjpj_la {z} = Z%‘P -,
j=1 j=1

and, for each = # 0, there exists k = k(z) such that x # 0 and _; =0 for all j > k.
Consider the p-adic addition defined on R, as follows: if z = x 4 y, then
2= (@i ydep 7T Y (i i),
J<0 j>0
where z;,y; are given by (1.2). As usual, we will denote by — the inverse operation of
+.
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Letting €, = exp(27i/p), we define a function w; on [0,1) by

(@) = {1, € [0,1/p),

e, wellp ™, (+p 1), le{l,...,p—1},

and extend it to Ry by periodicity: w;(z+1) = wy(x) for all z € R,. Then the functions
w; are defined by

k
wo(z) =1, wy(x) = H(wl(pj_lx))l*j, leN, zeRy,
j=1
where the [_; are the digits of the p-ary expansion of [:
k .
1= 17", 1 e{01...,p—1}, 1Lx#0, k=k().
j=1
For any x,y € R, we set

w(%y) = gg(w,y), t(l’,y) = Z(xj Y—j + T—j yj)a
j=1

oo

where z;,y; are given by (1.2). The Walsh—Fourier transform of a function f € L*(R;)
is defined by

fw= [ f@ilrw)dr, weR;.
Ry
If f € L?(R,) and
Luf) = [ f@iE ) dz, a0
0
then fis the limit of J, f in L?(R) as a — +oo. Notice that for p = 2 we have
vhy=aty=> lo; -y + > |y —yl27, (1.3)
J<0 >0
while the functions w; coincide with the classical Walsh functions.
Some wavelet constructions on (Ry,+) were studied in [8, 14, 18], [34]-[39], [43].
Chapter 8 of the book [44] contains a detailed description of the results of [15, 16]
and [18]. In particular, the conditions under which a compactly supported refinable

function on R, is stable and has a linearly independent system of integer shifts in
L?(R;) are discussed in [44, §8.2] (cf. [14], [16, Theorem 2]).

2. Lang’s wavelets on R
For p = 2, orthogonal wavelets with compact supports on R can be defined in terms
of the scaling functions ¢ satisfying equations of the form

2" —1

o(x) = Z cke(2z + k), zeRy, (2.1)
k=0
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where + is defined by (1.3). From [14, Theorem 1] it follows that if a function
¢ € L?(Ry) has compact support, satisfies equation (2.1), and $(0) = 1, then

cuppp € 0,27 and Bw) = [[mo(2~7), (2.2
j=1
where
12
mo(w) = 3 I;O awp(w), weRy. (2.3)
It is also known that if a system {o(- + k) : k € Z,} is orthonormal in L?(R), then
Imo(w)|? + |mo(w+1/2)2 =1 forall weR,. (2.4)

An interval I C Ry is a dyadic interval of range n if I = Il(") =127, (14+1)2™") for
some [ € Z, . Since wy, is a constant on Il(n) whenever 0 < k,1 < 2™ — 1, it is clear that
the mask my is a dyadic step function. The coefficients of equation (2.1) are calculated
from the values b; = mo(127™), 0 <1 < 2™ — 1, by the discrete Walsh transform:

2n—1

1
> bwy(k27"), 0<k<2" -1
=0

2n71

C =

Notice that the product in (2.2) is convergent at each point w € R, because mg(w) =1
for all w € [0,27™). Moreover, in view of (2.4) we have

bo=1, [b]*+|bgona>=1, 0<I<2" ' -1, (2.5)

Note also that @ is a constant on each dyadic interval of range n — 1, which is clear
from (2.2).

If a solution ¢ of equation (2.1) generates an MRA, then an orthogonal wavelet 1
in L?(R,) can be defined by ¢. More precisely [14, §4], if we define a function 1 by
setting

2" —1

U(z) = Y (D repie2n + k), (2.6)
k=0
then the functions
Vir(x) == 292p(Px + k), jE€Z, keZ,,

form an orthonormal basis for L?(R ).

Example 2.1. For n = 2, Lang’s function ¢ corresponds to the values by = 1, b1 = a,
by = 0, b3 = b, where 0 < |a| < 1, |b] = /1 —|al?>. Tt was shown in [7, 8] that this
function generates an MRA, satisfies the equation

3
o(x) = Z erp(2e + k) (2.7)
k=0
with coefficients
l14+a+b 1+a—0 1—a-—0 1—a+5b
WS T AT T eT Ty ey
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and possesses the following fractal property:
(2) = (I4+a—0)/24+bp(2z), 0<e <1,
P T 0 —at0)/2—bp(2e—2), 1<z<2.

Moreover, from (2.2) and (2.7) it follows that ¢ is represented by a lacunary Walsh
series

e(x) = (1/2)1p,1) (/21 +a > bVwyr_1(x/2), =R, (2.8)
§=0
The corresponding orthogonal wavelet v is defined by
P(z) = cr9(2x) — cop(2z + 1) + e3p(22 + 2) — cap(22 + 3). (2.9)

Plottings of these ¥ and v are given in [7] for certain values of @ and b. As noted in [8],
the vector functions

2= (e ) P-4 )

satisfy the equalities

B(2/2) = RB@)+ PP 12,  $(/2)=QB(@) +Q:B(x+2),

where Poz(l/\/i)(ig Z;), &:(1/@)(23 gj),
Y G I R G B

Thus, the wavelet ¢ defined by (2.9) can be interpreted [8, 58] as a multiwavelet on R..
Next, in accordance with [9, 24], when |b] < 1/2, the system {¢;;} is an unconditional
basis for the dyadic Hardy space H!(R, ) and for the spaces LI(Ry), 1 < ¢ < oo. We
also note that for @ = 1 and a = —1 the Haar function ¢(x) = 1j9 1)(x) and the shifted
Haar function ¢(x) = 1jg1y(x + 1) are, respectively, solutions of equation (2.7). For
a =0, we have ¢(x) = (1/2)1}0,1)(2/2), (x4 1) = #(z), and {1;x} is a Parseval frame
for L2(Ry) (cf. [31, Theorem 3.4]).

Remark 2.2. The Walsh-Fourier transform of the Haar function ¢ = 1pg ;) coincides
with the function itself: ¥ = ¢. Hence, in the Walsh analysis the Haar wavelets coincide
with the Kotel'nikov—Shannon wavelets (a similar effect is also observed in the p-adic
analysis, see [48]).

Remark 2.3. It is noted in [13, Example 4.3] that the dyadic smoothness of the Lang
function (2.8) is unbounded. Moreover, the dyadic smoothness exponent of this function
® can be calculated by ay, = log,(1/]b]) (see [14, 23]). At the same time, for any b we
have supp¥ C [0,2]. This is one of the striking differences from Daubechies’ wavelets
(see e.g. [57, §7.5], [59, §7.2], [60, 61]).

As above, suppose that ¢ € L?(R,) has compact support, satisfies equation (2.1)
and @(0) = 1. Assume that mg is its mask. Denote by a,, the smallest nonzero value
of the modulus of mg; that is

am = min { |mo(w)| : we Ry, mo(w) #0}.
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Since mg has period 1 and is a constant on each dyadic interval of range n, the value of a,,
coincides with the smallest nonzero number in the set { |mo(27"k)|, k =0,...,2" 1 }.
It is shown in [14] that the following alternative holds:

i) ¢ is constant on each dyadic interval of range n;

ii) am <1 and o, < logy(1/am).

All compactly supported step functions ¢ satisfying equation (2.1) are characterized
in [14, §6].

Example 2.4. For the case n = 3, the following step functions are solutions of
equation (2.1):

1) ¢(x) = (1/4)19,1)(x/4) (b1 =0),

2) (x) = (1/4)1p,1)(x/4) (1 + brwi(z/4)) (b2 = b3 =0),

3) ©(x) = (1/4)1j0.1)(w/4) (1 + bywn (2/4) + bibgws(w/4))  (bs = bg = br = 0),

1) () = (/4101 (0/4) (1 + bywi (0/4) + bibows(w/4))  (bs = by = bs = 0),

5 (@) = 1/9Lon(z/491 + brwi(x/4) + bibowa(x/4) + bibsws(w/4) +
b1b3bewe (z/4)

(by = bs = by = 0).

Now we define a one-parameter family of step refinable functions on R .

Example 2.5. For arbitrary n > 3, we set

1, welo,1/2—1/2""Yul1/2-1/2"1/2),
a, wel/2—1/2""11/2-1/2"),

0, well/2,1/2—-1/2")U[l—-1/2™1),

B, wel—1/2""11-1/2"),

where 0 < |a| < 1, |8] = /1 — |a|?. Then it follows from (2.2) that

P(w) =1jp1-1/2n-2) (W)L 1 9n-2 1 1j9m—1)(w)+ 11 jon-11)(W)+B- L _1/20-2 21 /2n-1) (W),
and therefore
1 on—1_3
p(z) = 2n7_11[0,1)($/2n_1)(1 + Z wi(x/2"71) + awgn-r_y(x/2")
1=1
+w2n—1_1($/2n_1) + 611]271_2(1‘/2”_1)).
By [14, Example 6], this function generates an MRA in L?(R;). Hence, the
corresponding wavelet ¢ can be defined by (2.6).

Remark 2.6. A number of significant differences of the approximation properties of
Lang’s wavelets from those of the classical wavelets were pointed out in [25], where
the relation between the smoothness of wavelets and their order of approximation is
analysed in various function spaces. In particular, according to [25, Theorem 3], for
Lang’s wavelets the defect of approximation is determined by the greatest integer k, for
which the mask mg of equation (2.1) vanishes on the interval [1/2,1/2+2%~") (compare
with [57, Theorem 3.3.2]).

The Jackson and Bernstein approximation theorems for Lang’s wavelets are proved
in [26].



Constructions of MRA-based wavelets and frames in walsh analysis 21

3. Orthogonal wavelets on Vilenkin’s group

As above, we denote by G the Vilenkin group G,. Recall that (Az); = x;44 for all
x = (x;) € G. The sets

Un,s := A" (hig) @A™ (U), 0<s<p"—1,
are cosets of the subgroup A="(U) in the group U. It is easy to check that for every
0 <k <p" —1 the function W, is constant on each set U, .
A function ¢ € L?(G) is called a refinable function if it satisfies an equation of the
type
p(z) =p Y aap(Az S hia)).

a=0
Denote by L2(G) the set of all compactly supported functions in L?(G). If ¢ € L%(G)
is a refinable function, then there exists a positive integer n such that ¢ satisfies
equation (1.1) (see [32, Theorem 1]). Using the Fourier transform, from (1.1) we have

D(w) = mo(A™ w)P(A W), (3.1)

where -
mo(w) = Z oW (w) (3.2)

a=0

is called the mask of equation (1.1) (or the mask of its solution ¢).

The coefficients of equation (1.1) are related to the values bs of mg on U,, s by means
of the direct and the inverse Vilenkin—Chrestenson transforms:
o1

1
Go = n > b Wa(A k), 0<a<p' -1, (3.3)
s=0
pr—1
be =Y aaWa(A "), 0<s<p'—1. (3.4)
a=0

They can be realized by fast algorithms (see, for instance, [2, p.463], [62]). Thus, any
choice of the values of my on U, s also defines the coefficients of equation (1.1) (note
that if $(0) # 0 then by = mg(d) = 1). Further, in addition to (2.2), the following
theorem holds (see [14, 15]):

Theorem 3.1. Let ¢ € L2(G) be a solution of equation (1.1) such that $(6) = 1. Then

p"—1
Z ao, =1 and suppp C Ui_p,.

a=0

This solution is unique, is given by the formula
o0
plw) = [[miaw),
j=1

and satisfies the following properties:
1) @(h) = 0 for all h € H\ {6};
2) Y hen P@®h) =1 for almost every x € G.
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We recall that a multiresolution analysis (MRA) in L?(G) is a sequence of subspaces
V; C L*(G), j € Z, with the following properties:

(i) V;C Vi foraljeZ;
(ii) UV; is dense in L*(G) and N V; = {0};
(iii) f €V, ifand only if f(A™7:) € Vp;
(iv) there is a function ¢ € L?(G) such that {¢(-© h) : h € H} is an orthonormal
basis for V4.

The function ¢ in condition (iv) is called a scaling function of the MRA.
Given a function f € L?(G), we set
fin(@)=p?f(Axoh), jeZ heH.

We say that a function ¢ generates an MRA if, first, the family {¢(-&h) : he€ H}
is an orthonormal system in L?(G) and, second, the subspaces

V; = clospz(span{p;n| h € H}, j€Z,

form an MRA in L?(G). If a refinable function ¢ generates an MRA, then, for every j,
the system {®; ) : h € H} is an orthonormal basis of V; and one can define orthogonal
wavelets 1™, ... 4P~ in such a way that the functions

Y (2) = p Py (Alme h), 1<v<p-1,j€L heH,
form an orthonormal basis for L?(G) (see Algorithm A below).

Example 3.2. Let ap =---=a,—1 = 1/p and a, = 0 for all @« > p. Then p =1y, _,
is a solution of equation (1.1); in particular, the Haar function 1y satisfies this equation
with n = 1. The corresponding orthogonal wavelets can be written as

p—1

M (z) =) erp(Ar S b)), 1<v<p-1,

a=0
where ¢, = exp(2mi/p) (cf. [16, §3], [48, §5.1], [50, 54, 63]).

As claimed in [13, §3], if a function ¥ € L%(G) is a solution of equation (1.1) such
that ©(0) =1 and {p(- ©h) | h € H} is an orthonormal system, then

bo=1, |b]>+[brypn—i|>+ 4 bpporyr— P =1, 0<1<p" ' =1 (3.5)

As above, let mg be the mask of equation (1.1). Using the H-periodicity of mg (that is,
mo(w @ h) = mo(w) for all h € H), we can rewrite (3.5) as

p—1
mo(0) =1, > |mowadd)*=1, weg, (3.6)
=0

where ¢; € U and A(6;) =1/p for 1 € {0,1,...,p—1}.
For M C U, we set

p—1
T,M = (J{A 7y + A7) we M}
=0
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Suppose that M either coincides with one of U,,_1 5, 1 < s < p"~! — 1, or is a union of

some of these sets. Such a set M is said to be a blocked set for my if
T,MCcMU{weU: mo(w)=0}.
It is clear that each mask can have only a finite number of blocked sets.

A compact subset of G is said to be congruent to U modulo H if u(E) = 1 and, for
each w € F, there is an element h € H such that w & h € U. The following theorem,
which was proved in [15] (see also [14, Theorem 3] for the case p = 2), includes an analog
of the well-known Cohen criterion:

Theorem 3.3. Let ¢ € L2(G) be a solution of equation (1.1) such that $(0) = 1.
Suppose that its mask mg satisfies (3.6). Then the following are equivalent:

(a) ¢ generates an MRA in L*(G).

(b) mg has no blocked sets.

(¢c) There exists a compact subset E of G congruent to U modulo H, containing a
neighbourhood of zero, such that

inf inf A7) > 0.
inf nf Imo(477w)]

Remark 3.4. By definition, the mask mg is an H-periodic step function, which is
completely determined by the values b, (see (3.4) and (3.5)). Since E is a compact set
and mg(f) = 1, there exists jo € N such that mo(A™7w) = 1 for all j > jo, w € E.
Therefore, condition (c) holds if mg does not vanish on the sets A=Y(E),..., A77°(E).

We have the following algorithm for construction of orthogonal wavelets in L?(G) :

Algorithm A.

e Step 1. Choose numbers bs, 0 < s < p™ — 1, so that (3.5) is true.
e Step 2. Compute ay, 0 < a < p™ — 1, by (3.3) and verify that

p"—1

mo(w) = Z oW (w)

satisfies conditions (b) or (c) in Theorem 3.3.
e Step 3. Define ¢ € L?(G) such that

Plw) = H mo(A7w), weGqG.
j=1

e Step 4. Find
p"—1 -
my,(w) = Z adVWo(w), 1<v<p-1,
a=0

such that (m,(w @ 51@))5;1:0 is a unitary matrix.
e Step 5. Define vy, ... ®~1 as

p”—l

¢(”)(x) =p Z a((;)go(Azzr Shpy), 1<v<p-1 (3.7)

a=0
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Note that condition (c) in Step 2 is fulfilled with £ = U if mo(w) # 0 for all
w € A7Y(U), or, equivalently, if in (3.5) we have b; # 0 for all j € {1,2,...,p" 1 —1}.
For small values of p and n condition (b) can be checked numerically (see examples
in [14, 15, 19]). In connection with Step 3 see Proposition 4.3 below and the expansion
of ¢ in a Walsh series in [13].

Further, let us set
W) =m, (A "hy), v=0,1,...,p—1, s=0,1,...,p" 1L
According to (3.5), we have

b0 =1, P P e P =1 =12t L

In Step 4, we should find the coefficients

bbb =12, p— 1,
such that

(0) (0) (0)

b b e b

RCOREY el

! Lrpn ot He=Dpm=t | 1=0,1,...,p" ' =1,
T
R e P i

will be unitary matrices. To do so, we can use the following statement based on the
Householder transform (see [57, §2.6]):

Proposition 3.5. Letc, € C, k=1,....r,co #1, > 1o lck[* =1, and let

1 —coo 5 Ck0Cj0
0 7= Ckj = Okj — 17,
1 —"%¢go — Coo

Cro = Ck, Coj = 5 j,k:].,...,’r‘. (38)

Then (cjk)} o is a unitary matriz.

Some other methods of unitary extension of numerical matrices are given in [19], [32,
Theorem 9], [64, Theorem 3.4].

Remark 3.6. A generalization of Algorithm A for constructing biorthogonal compactly
supported wavelets on Vilenkin’s group G is given in [19]; see also [30] for biorthogonal
discrete bases. A general construction of periodic wavelets on the group G is presented
in [28] (some particular cases were considered earlier in [27, 47]). A modification of
Algorithm A for tight wavelet frames will be presented in § 4.

Remark 3.7. The values by are universal in the sense that they occur not only in
the construction of wavelet bases for L?(G) by Algorithm A, but also for the spaces
(*(Zy) and (?(Z). At the same time, in constructing discrete wavelets we have more
freedom in choosing values of parameters, since the condition of absence of blocking sets
is insignificant for sequence spaces (see [29, 65, 66] for details; compare with Algorithm
B below).

Example 3.8. (c¢f [19, Example 1]). Let p = 3, n = 2. Suppose that m takes the
value 1 on Us ¢, vanishes on Uy 3 U U; ¢, and is defined on the remaining part of U as
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FIGURE 3. Re U®) (left) and Im ¥(? (right) from Example 3.8.

follows:
mo(w) =a, we€Usn, mo(w) =a, w €Uy o,
mo(w) =b, w € Us, 4, mo(w) =6, we€Uss,
mo(w) =¢, we U7, mo(w) =7, weUss,
where

lal? + [ + lc]” = [af* + [8]* + 4[> = 1.
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In this case, we have by (3.3)
ap = %(1+a+b+c+a+ﬂ+’y)7
a; = $(1+a+a+(b—|—ﬁ)5§+(c+7)€3),
i = 51+ a+at b+ Bes + (e +7)d)
1= 5(1+ (a+b+ ) + (0 6 +7)es),
1= gL+ ct B+ (a+ )+ (b-+ a)ey),
a5 = G 1+t + (+ B)F + (e + a)eo),
ag = %(1+(a+b+c)53+(a+5+7)5§)7
a7 = Z(14+ b4+ (a+ Bea+ (c+)e3),

9

ag = %(1+c+5+(a+7)63+(b+a)5§),
where e3 = exp(27i/3). The blocked sets are: 1) Uy fora =c¢=0,2) Uy fora= =0,
3) U1,1 UUy 2 for a = a = 0. Now, we let
k ,
A={1,2}U {Zj_oljzﬂ clje{1,2hke Z+} ={1,2,4,5,7,8,13,... }.
For s € {1,2,4,5,7,8}, we set y(i1,i2) = bs if s =iy + 3io, 01,12 € {0,1,2}; i.e.,
7(1,0) =a, 7(2,0) =, 7(1,1) =b, ¥(2,1) =5, 7(1,2) =¢, 7(2,2) = .

Further, for [ € A we write
k
1= 1;39, 1;€{0,1,2}, k=k()€Z,
§=0

and define
Y =7(0,0) if k=£k()=0;
v =~v(1,0)0v(lo, 1) if kE=k()=1;

Y=Yl (=1, k) - .. v(lo, 1) if k=k(l) > 1.

k
1= "1;3, 1;€{0,1,2}, k=k()€Z,
=0
Then as in [13] (see also [16, §4]) we have

p(z) = (1/3)1g(A7 0)(1+ Y uWi(A™e), zeG. (3.9)
leA

Taking into account the above given blocked sets, we conclude from Theorem 3.3 that
¢ generates an MRA in the following cases: 1) a # 0, # 0, 2) a = 0, # 0,¢ # 0, 3)
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a=0,a#0,8#0. We point out two cases where the series in (3.9) becomes a finite
sum:

i)if [a| =1, a2+ |¢|*=1,b= 3=~ =0, then
o) = (1/3)1y (A 2)(1 4+ aW (A7 e) + aWo (A7 2) + acWr (A7 2)); (3.10)
i) if |a| = 1, [a|* +[8]> =1, b=c =~ = 0, then
o) = (1/3)1y (A 2) (1 + aW (A7 e) + aWo (A7 2) + afWs(A™ ). (3.11)
Now we choose
a = 0.900000, a = 0.900000, b = 0.435889,

B8 = 0.2064742, ¢ = 0.000000, v = 0.383886.

Using (3.9), we find the real and imaginary parts of ¥. The function ® : Ry — C is
related to ¢ by the equality ¢(z) = ®[A(z)] for almost every x € G. The graph of this
function is shown in Fig. 1. Further, by Proposition 3.5, we obtain

Y =0.000000, b =0.435890, b =0.206474, b5 =1.000000, B = —0.900000,
bV =0.573684, b{"” =0.000000, b =0.000000, b = —0.792625,

b =0.000000, b* =0.000000, b =0.383886, b =0.000000, b5 = 0.000000,
b? = —0.792625, b2 =1.000000, b¥ =1.000000, b = —0.473684.
Then

8
P (2) =3 ad" e(Ar e hy), v=1,2,
a=0

where a(*) are calculated by (3.3). In Figs 2 and 3, the functions ¥() and ¥ are
defined by analogy with ® and related to (1) and 12, respectively.

For any positive integer n let E, (G) denote the collection of all functions on G that
are constant on U, s = A7"(hjs) ® A7"(U) for each a € Z. By Proposition 2 of [15]
(see also [3, §6.2]), the following properties hold:

(a) if f € LY(G) N En(G), then supp f C U_y;

(b)if fe LY(G) and supp f C U_,, then f € E,(G).

The following theorem gives conditions on the mask of equation (1.1) ensuring that
the refinable function ¢ will not be an element of the set E(G) = U, E,(G):

Theorem 3.9. Let ¢ € L2(G) be a solution of equation (1.1) such that $(0) = 1.
Then ¢ does not belong to E(G) if and only if there exists a finite sequence {dx}Y_,,
N<ptt4n—1,d, €{0,1,...,p— 1}, such that

() dy = =dpy =0, dy #0:

(ii) there exists an interger j, n —1 < j < N — 1, such that dj_s = dn—s for
s=0,....n—2;

(i) mo(w@)mo(wM) ... mo(wN=™)) # 0, where mg is the mask of equation (1.1)
and w'¥) € U are determined by the sequence {dk}fy:l such that

Aw®)=>"dyyxp™, k=0,1,...,N —n.
v=1



28 Yu. A. Farkov

The proof of this theorem is essentially the same as in the case p = 2 (see [14, §6]).
The main result of [21] is the following
Theorem 3.10. Letl € {1,2,...,p—2}, where p > 2 is a prime number. Suppose that
sets El(o) and El(l) form a partition of {0,1,...,p—1} such that El(o) ={j1, 72, -, Ji}

and 0 € El(l). Fiz 59 € El(l), jo # 0, and choose numbers by, s = $1 + Sap,
s1,82 € {0,1,...,p— 1}, such that

1) by =1,
2) |bs| = 1 for all s € EM\ {0},
3) |bj1+jop| = |bj2+j1;0| == |bjz+jz—1p| =1,

4) bs = 0 in the remaining cases.
Further, assume that the coefficients of the mask

p>—1

mo(w) = Z aoWa(w)
a=0

are defined by (3.3) with n = 2. Then the function ¢, which is defined by

pw) = [[ mo(47w),

is a solution of the equation
p>—1
<p(x) =P Z aa‘p(Ax © h[a])
a=0
and satisfies the following :
(i) suppyp C U_y,
(ii) ¢ € Ey(G),
(iii) ¢ generate an MRA in L*(G).

Remark 3.11. Suppose that my and ¢ are defined as in Theorem 3.10. Let us choose
a mask

p°—1
Mp(w) = Y GaWa(w)
a=0
for which the values by on U, s satisfy

bo=1, |bl*>+ |bespl> + -+ brrpopl’ =1, 0<k<p-1,

and mo(w) # 0 for all w such that [mg(w)| = 1. Then, as in Step 3 of Algorithm A, we
define a function @ by

Pw) = [[ Mo(A™w).
j=1

According to Theorem 3.3, this function ¢ generate an MRA in L?(G) (indeed, if
condition (c) of Theorem 3.3 is fulfilled for m with a set E, then the same is true for
mg). In the case p = 3 Theorem 3.10 leads to the cases
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1) bop = 1, |b1] = |bs| = 1, and bs = 0 for the rest of s (E§O) = {2}, E§1) = {0,1},
Jo = 1);

2) bg =1, |ba| = |b7] = 1, and by = 0 for the rest of s (E§O) = {1}, E%l) = {0, 2},
Jo = 2)

As in Example 3.8, we set by = a, by = o, by = b, by = 8, by = ¢, bg = ~v. Then we
conclude from (3.10) and (3.11) that, in the first case,
o(x) = (1/3)1y(A )1+ a Wy (A e) + af W5(A 1)),
and, in the second case,
o(x) = (1/3)1y(A ) (1 + a Wo (A ) + acWr (A 1)),
Notice that (3.11) includes one more case: if by = 1, |b1| = |b2| = 1, then
o(x) = (1/3)1y (A7 2) (1 + a Wy (A e) + aWa(A ).

In order to obtain the Haar function 1y, we can take a = o = 1 here. Note also, that
the construction of MRA-based wavelets proposed in [20, §5] can be generalized by the
same method.

4. MRA-based wavelet frames on Vilenkin’s group

A detailed and comprehensive description of MRA-based wavelet frame theory and its
applications are provided in [67] (see also [57, Chapter 2]). In this section, we describe
a method to construct MRA-based tight wavelet frames on the group G = G,,.

Given ¥ := {pM) ... ¢} ¢ L*(G) with r > p, we define the wavelet system (or
affine system) as
X(0):={') : 1<v<r, jeZ kel (4.1)
where
V(@) = PP (A O hyy), zeG.

The system X (V) is called a Parseval frame or (a tight wavelet frame with bound one)
for L(G) if

S D UF DI = 1A
JEL k€L y v=1

holds for all f € L?(G), where (-,-) is the inner product in L?(G) and || - || = +/(-, ).
This is equavelent to

F="> (f.9)9

geEX(¥)

for all f € L?(G). Using the unitary extension principle (see e.g. [67]), the Parseval
frames for L?(G) can be constructed by the following algorithm:

Algorithm B.
e Step 1. Choose numbers by, 0 < s < p™ — 1, so that

bo=1, [bif*+[brgpr1P 4+ oy [P <1, 0<I<p" T =10 (4.2)
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e Step 2. Compute a,, 0 < a < p™ — 1, by (3.3) and define

mo(w) = Y aaWa(w). (4.3)
e Step 3. Define ¢ € L?(G) such that
p(w) = ﬁ mo(A7w), weGqG.
j=1
e Step 4. Find the Walsh p(jlynomials
p"—1

my(w) =Y aVWalw), 1<v<r,
a=0

such that, for each w € G, the rows of the following matrix form an orthonormal

system:
mo(w) my(w) e (w)
M(w) = mo.(ﬁf).@él) m1.(<td.@(51) mr.((jJ.@él)
mo(w @ 6p_1) MW@ 1) ... MWD 1)

e Step 5. Define ¢V, ... (") as follows:
pt—1
Y@ =p 3 0P p(Ar o hy), 1<v<r (4.4
a=0

Remark 4.1. In comparison with Algorithm A we have more freedom in choosing
values of parameters, since condition (b) and (c) from Theorem 3.3 are insignificant in
Algorithm B (compare with Remark 3.7).

As above, let us set
bg”) =my (A "hy), 0<s<p"—1
Then, by (4.2), we have

R N R P P

As usual, let M* denote the adjoint matrix of a matrix M. According to Step 4, for
each [, we must find

@ ) (r) () (r)
b leFP"‘“ Y bl+(P—1)p"‘1’ s O bl+p"—1’ T bl-i—(p—l)p"‘l’
such that the matrices
(0) (0) (0)
bl bl+p"’*1 T l+(p,1)pn—1
b(l) b(l) b(l)
M =17 Hprt o Plke-npntt | 0 < < pt Tl - 1,
.(.r.) (r.)” (r)
b, bl-&-pN*l ... blﬂp_l)pr1

satisfy the condition M;Mj = I, where [ is the identity matrix. As in the orthogonal
case, this problem is solved by using the Householder transform (see Proposition 3.5
and [32, §3]). Notice that if instead of (4.2) we have condition (3.5) (in other words,
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FIGURE 5. Re U() (left) and ITm W) (right) from Example 4.2.

if all the inequalities in (4.2) become equalities), then Algorithm B can be applied to
r =p—1 (see also [31, Theorem 3.4] for the case p = 2).

Example 4.2. Let p = 3, n = 2, and let the notations be as in Example 5. Suppose
that

a=0.909297, a=0, b=0.411982, B =0, c=—0058727, ~=1.

Since o = 3 = 0, the mask mg have the blocked set Uy 3. By Theorem 3.3, the refinable
function ¥ does not generate an MRA. Moreover, in this case we have

Y =0.000000, Y =0.411982, b =0.000000, b5 = 1.000000, B = —0.871274,
Y =1.000000, b5 =0.000000, b =0.266744, b = 0.000000,

P =0.000000, b =-0.058727, b$¥ =1.000000, b =0.000000, b =0.266744,
%) =0.000000, b =1.000000, b =0.961977, b = 0.000000.

Using Algorithm B, we find /(! and (). The real and imaginary parts of ®, ¥ and
U2 are shown in Figs 4, 5 and 6, respectively.
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FIGURE 6. Re U® (left) and Im ¥ (right) from Example 4.2.

It is easy to check that (4.2) holds if and only if
p—1
mo(6) =1, Z Imo(w® &)* <1, weQG, (4.5)
1=0
where my is defined by (4.3). Further, from [32, Theorem 11] we have the following

Proposition 4.3. Let g be the function given by
o0
g(w) = l_Imo(A*j(,u)7 we G,
j=1

where mg is a Walsh polynomial satisfying (4.5). Then g € L*(G) and a function ¢
defined by = g is a compactly supported refinable function with mask mo.

Therefore, in the Fourier domain, (4.4) can be written as
PO (W) = my (A" W) P(A W), 1<v<r
where

Bw) =[] mi(A7w), weg,
j=1

and, as a consequence of [32, Theorem 2] (¢f. [33, Theorem 3.1]), we obtain the following

Theorem 4.4. Suppose that U = {pMV) ... "} is defined by Algorithm B. Then
X (W) is the Parseval frame for L*(G).

Finally, we note that any tight wavelet frame decompositions in the Sobolev-type
space W2 (G) has an arbitrary approximation order (see [32, § 5]), which is in contrast
to the real setting.
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