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Abstract. This paper is a short survey on wavelet and MRA theory for functions
of p-adic argument.

1. Introduction

A variety of different orthogonal wavelet bases has been found for Lo(R) for the
last three decades. Such bases are not only interesting by themselves, a number of
theoretical and applied problems were solved with using them. A general scheme for
construction of wavelets of real argument was developed by Meyer and Mallat [19], [20]
(see also, [7], [21]). This scheme is based on the concept of multiresolution analysis
(MRA in the sequel). The theory allowed to construct wavelet bases and frames with
desired properties, in particular, the Daubechies wavelets [7]

It appeared that similar constructions also exist for functions defined on some other
algebraic structures, such as the Cantor and Vilenkin groups, local fields of positive
characteristic (see, e.g., [17], [22], [10], [4], [5], [6]). Orthogonal wavelet bases essentially
different from the Haar basis were found on these structures.

There were several attempts to develop MRA theory with natural translations in a
more general setting, e.g., for locally compact groups or zero-dimensional groups (see [3],
[18]). Analyzing these papers, one can see that actually nothing except for the Haar
basis and its trivial modifications was constructed. p-Adic wavelet theory gives an
explanation for these failures. From the wavelet theory point of view, the additive group
of p-adic numbers looks very similar to the Cantor/Vilenkin groups. In both structures,
Schwartz-Bruhat functions (i.e., band-limited and compactly supported ones) are the
most convenient for MRA constructions. A variety of different orthogonal wavelet bases
generated by Schwartz-Bruhat functions has been found for the Cantor/Vilenkin groups
in [17], [22], [10]. However the situation is quite different in p-adics. Namely, any
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orthogonal wavelet basis consisting of band-limited functions is a modification of Haar
basis. Note that all p-adic wavelet bases and even frames appeared in the literature
consist of Schwartz-Bruhat functions.

The development of the p-adic wavelet theory is of both theoretical and applied
interest. According to the well-known Ostrovsky theorem, any nontrivial valuation on
the field Q is equivalent either to the real valuation |-| or to one of the p-adic valuations
| - |p- Thus there are two equal in rights universes: the “real universe” and the “p-adic
one”, what involves us to study of p-adic analysis in different aspects. On the other hand,
it appeared that each element of p-adic Haar basis is an eigenfunction of some p-adic
pseudo-differential operators [16]. This property may be used to solve p-adic pseudo-
differential equations. A. Khrennikov and V. Shelkovich [12] developed a method (an
analog of the classical Fourier method) for finding solutions to the following Cauchy
problem

{‘”’“é”:’MDsu(x,t) = f(.1),
u(x,0) = ul(x).

where D¢ is the fractional operator (introduced and studied by M.H. Taibleson [25]), ¢
is a real variable and z is a p-adic variable. Such p-adic pseudo-differential equations are
needed for some physical problems. In particular, the simplest p-adic pseudo-differential
heat type equation

ou(z,t)

ot

arises in modeling interbasin kinetics of macromolecules (here ¢ is time, while the p-adic
parameter x describes the hierarchy of basins).

+ Diu(z,t) =0

2. Notations and basic facts

In this section we give basic facts of p-adic analysis which can be found, e.g., in the
monographs [23], [26] in more details.

As usual, by Z, Q R and C we denote the ring of rational integers and the fields of
rational, real and complex numbers, respectively.

The field Q, of p-adic numbers is the completion of the field Q with respect to the
p-adic norm | - |, defined as follows:

p 7, i x=p’ £0;
2|, = . _
0, if =0,

where v € Z and m, n are integers not divisible by p. The extension of this norm to Q,
is also denoted by | - |,.
The norm | - |, is non-Archimedean, i.e. satisfies the strong triangle inequality

|z + y|p < max(|x|p, |y|p)> z,y € Qp.

Any p-adic number x # 0 can uniquely be written in the form

T = ijpj (2.1)
J=y
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where v € Z and z; € {0,1,...,p — 1} with x, # 0. The fractional part {z}, of the
number z equals by definition 23;17 z;p’. We also set {0}, = 0. The ring of p-adic
integers is
Ly ={x€Qy: {z},=0}={z€Qy: |z|, <1}.
Denote by By(a) = {x € Q, : |x — a|, < p™} the disc of radius p" with the center
at a point a € Q,, N € Z. In particular, we have By(0) = Z,. Note that any two balls

in Q, either are disjoint or one of them contains the other.
Set

k
I,={zeQ,: {x}p:m}:{ﬁe(@p: k=0,....,p" —1, nzO,l...}.

We observe that the translations of Z, by the elements of I, are mutually disjoint and
the union of them equals Q,. Thus, I, is an analog of the set of integers on the real line,
and it is natural to consider I,, as the basic set of translations for wavelets. Of course
I, is not a unique set with such properties, any coset representatives of Q,/Z, can be
taken instead. The advantage of I, is in its convexity. On the other hand, in contrast to
the integers on the real line, I, is not a group. This drawback cannot be fixed because
Qp does not contain discrete subgroups.
The additive character x,, of the field Q, is defined by

Xp(z) = 62”{“?, z € Qyp.

The field Q, is locally compact. Denote by dz the normalized Haar measure on it.
By definition this measure is positive, invariant under translations, i.e., d(z + a) = dz
for all a € Q,, and satisfies the condition fz dx = 1. Moreover,

P

d(azx) = |a|,dz, a€ Q,\ {0}

The Hilbert space of all complex-valued functions on Q, summing with square with
respect to the measure dz, is denoted by Lo2(Q,).

Denote by D the linear space of locally-constant compactly supported functions
defined on Q,, (so-called test functions). This space is a p-adic analog of the Schwartz
space in the real analysis.

The Fourier transform of a function f € D is defined as

fle) = / o(€x)f(z) dz, €€,

Q»

This yields a linear isomorphism taking D onto D. It can uniquely be extended to a
linear isomorphism of L2(Q,). Moreover, the Plancherel equality holds

/ f(@)g(@) de = / FOF@ e, f.g€ LAQ).
Qp Q

P

A function f € Ly(Q,) is said to be band-limited if its Fourier transform fis

compactly supported. Given m € Z, the function ]? is supported on p~™Z, if and
only if f is p™-periodic, i.e.

fle+p™") = f(z), z€Qp.
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Thus the spaces of band-limited and periodic functions coincide. Moreover, D equals the
space consisting of all both band-limited (periodic) and compactly supported functions
in L2 (Qp)

Below for f € Ly(Q,), j € Z and a € Q,, we set

fia(2) :pj/Qf <; — a> , x € Qy. (2.2)

3. Multiresolution analysis

Definition 3.1. A collection of closed spaces V; C L2(Q,), j € Z, is called a
multiresolution analysis (MRA) in Ly(Q)) if the following axioms hold

(a) V; C Vjqq for all j € Z;

(b) Ujez Vj is dense in L (Qp);

(€) Njez Vi = {0k

(@) f() € V) = [(r ') € Vi forall j € 7

(e) there exists a function ¢ € V; such that

Vo :=span{p(z —a): a€ I,}.

The function ¢ from axiom (e) is called a scaling function, the spaces V; are called
sampling spaces. One also says that an MRA is generated by its scaling function ¢ (or
¢ generates the MRA). It follows immediately from axioms (d) and (e) that

Vi :=span{p(p~zr—a): a€l,}, jELZL. (3.1)

An important class of MRAs consists of those generated by so-called orthogonal
scaling functions. A scaling function ¢ is said to be orthogonal if {p(z —a),a € I,}
is an orthonormal basis for Vj. Consider such an MRA. Evidently, the functions
pP2p(p~iz —a), a € I,, form an orthonormal basis for V;, j € Z. According to
the standard scheme (see, e.g., [21, §1.3]) for the construction of MRA-based wavelets,
for each j we define a space W; (wavelet space) as the orthogonal complement of V} in
Vit1,ie, Vi =V; @ W;, j € Z, where W; LV}, j € Z. 1t is not difficult to see that

f()eEW; <= f(p ") € W41, forall j€Z (3.2)
and W; L Wy, j # k. Taking into account axioms (b) and (c), we obtain
@ W; = Ls(Q,) (orthogonal direct sum). (3.3)
JET

If we now find functions ) € Wy, v € A, such that the functions ) (z — a),
a € I,,v € A, form an orthonormal basis for Wy, then, due to (3.2) and (3.3), the
system {p/29®)(p~Ix —a),a € I,,j € Z,v € A} is an orthonormal basis for Ls(Q,).
Such functions 1) are called wavelet functions and the basis is a wavelet basis.

Theorem 3.2. [24] Let ¢ be the characteristic function of the set Z,,

Vi = span{pja: a€l,}, jeE.
Then {V;}jez is an MRA and ¢ is its orthogonal scaling function.
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The MRA described in Theorem 3.2 is called the Haar MRA. The functions
0@) = plahp (). v =tip - L (3.4

p
are wavelet functions (see [24]), and the corresponding wavelet system
{p7/20(”)(p7jx —a),a€l,jeZ,v=1,...,p—1}
is an orthonormal basis for Lo(Q,) (Haar basis). For the first time this basis was found
by S. Kozyrev in [15] without using the MRA approach.

Next question is: how to construct another MRA?

Let ¢ be a scaling function for an MRA. It follows from axiom (a) that V5 C V3. In
the real setting, the relation Vi C Vi holds if and only if ¢ is refinable, i.e. ¢ satisfies a
refinement equations: p(z) = ., hno(22 —n).

Let us look what happens in p-adics. If ¢ € L2(Q,) is a scaling function, then ¢
is refinable, i.e. satisfies a p-adic refinement equations p(x) = Zaelp ﬂago(pflx —a),
moreover, if supp ¢ C By (0), N > 0, then the refinement equation takes the form

pN+1_q i
x
=" (T )
0="% mo(} -
However the converse is not true. Let ¢ € D be refinable. For axiom (a), every p(x —b),
b € I, should be decomposed with respect to the system

{p'op™'w —a),a € I,}.
Generally speaking, we cannot state that axiom (a) is fulfilled because I, is not a group.
For example, a = % €I, b= % € Iy, but a + b ¢ I, The trouble is missing only for
1-periodic functions, i.e. for ¢ such that supp @ C Z,. The characteristic function of Z,
generating the Haar MRA just is such a function. An attempt to find new 1-periodic
scaling function was successfully solved in the following statement.
pN+1_

Theorem 3.3. [13] Let mo(&) = % kz;o Brxp(kE), mo(0) =1, §(§) = lo_o[ mo(%).

j=1
If mo(pN%) =0 forall k = 1,...,pN*tt — 1 not divisible by p, then suppp C Zy.
If, furthermore, mo(pN%)‘ =1 for all k = 1,...,pNt — 1 divisible by p, then
{¢(x —a) : a € I,} is an orthonormal system and ¢ generates an MRA.

Thus, a variety of different orthogonal scaling functions was found. Unfortunately it
appeared that these functions do not lead to new wavelet bases.

Theorem 3.4. [1] There exists a unique MRA generated by an orthogonal scaling
function ¢ € D such that supp ¢ C Z,. It is the Haar MRA.

Next question is whether a function ¢ with supp @ ¢ Z,, can be an orthogonal scaling
function. It was much more complicated to solve this problem. A negative answer was
given in [1].

Theorem 3.5. [1] Let p € D be an orthogonal scaling function and p(0) # 0. Then
supp @ C Zp.

Corollary 3.6. [1] There exists a unique MRA generated by an orthogonal test scaling
function. It is the Haar MRA.
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4. Wavelet equivalence

So, it is not possible to construct orthogonal wavelets based on an MRA generated by
a scaling function ¢ € D with supp & ¢ Z,, and all scaling functions ¢ with supp ¢ C Z,
generate the Haar MRA. Hence it’s worth to consider a wider class of orthogonal wavelet
bases, not necessary MRA-based, and try to find a basis which is essentially different
from the Haar basis. First of all we have to explain what means ”essentially different
from the Haar basis”.

Definition 4.1. Let 7 be a positive integer and ¥ = (M), ... )T »®) ¢ Ly(Qp),
v=1,...,r. The system of functions

{1/1(”) cméeZacl,v=1,...,r}

m,a

is called wavelet system generated by the vector-function ¥ (or by its components ().
If this system is an orthonormal basis for Ls(Q,), one says that ¥ generates an
orthonormal wavelet basis (ONWB in the sequel).

Two vector-functions ¥ and U’ are said to be unitary equivalent if there exists a
unitary matrix U such that ¥ = U¥’. Evidently, if ¥ generates an ONWB and ¥’ is
unitary equivalent to ¥, then ¥’ generates an ONWB.

The number of components of a vector-function ¥ is called its rank and denoted by
r =rk(P).

Let ¢ be the characteristic function of the set Z,. As was said above, ¢ is an
orthogonal scaling function for the Haar MRA. We call the corresponding wavelet spaces
W; by the Haar wavelet spaces.

Definition 4.2. A vector-function generating an ONWB is called standard Haar if it
is of rank p — 1 and all its components are in the Haar wavelet space W. The ONWB
is called standard Haar basis in this case.

The vector-function © = (01, ... 0P=D)T  where #) is defined by (3.4), is
standard Haar, we call it by the basic Haar vector-function. The following statement
gives a complete description of all compactly supported standard Haar vector-functions.

Theorem 4.3. [14] A vector-function ¥ = (M) ... @~ NT where V) € Ly(Q,) is
compactly supporte for everyv =1,...,p— 1, is standard Haar if and only if

p—1p°—1 k
_ wop(v _
W () =" ok 00 )(x——s), p=12...p—1, (4.1)
v=1 k=0 p
where s =0,1,2,..., and
) —Z+m
—s\ -1 —2mi—B— ; _
-p Zm:O € P OpumZpups if p=v,
B v _
o = s L tm 2mi LV
vik —2s P -1’1 —2mi—2—k  1—e P ;
p Zm:o n=0 € P vV o OvmAupus if p#v,
27—
e ps —1

(4.2)

|oum| =1, 2, are entries of a unitary (p — 1) x (p — 1) matriz Z.

Given a standard Haar vector-function, one can easily ”damage” it to obtain another
vector-function (which is non-standard) generating the same ONWB. Using such a
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technique together with replacing some vector-functions by unitary equivalent ones,
new orthogonal wavelet bases can be obtained. This is illustrated as follows.

Let p = 2, ¢ = (). Then v can be treated as a standard Haar vector-function
consisting of one function 1. Set

W (@) = V2(2/2), Y@ (@) = V2((x —1)/2).

Evidently, the sets {@/Jfﬁ}a meZ,acly,v=12}and {{n, . :m€EZ, ac I,} coincide.
So the wavelet system generated by 1), 1)(?) is a standard Haar basis, but (w(l), w(Q))T
is not a standard Haar vector-function. Similarly, the functions ¢, (1) (2:2) where

Y@V (2) = V2P (2/2), (@) = V2P (2 —1)/2),

generate the same standard Haar basis. Set

~ 1 ~ 1 ~
1/)(1) _ 7(1/)(1) + ¢(271))7 1/,(2) _ 7(77[1(1) _ 1/,(2,1))’ w(?’) — 1/,(2,2).
V2 V2

These functions generate an ONWB which is not a standard Haar basis, but the vector-
function U = (¢, )T is unitary equivalent to a vector-function generating a
standard Haar basis. Next set

P (z) = V2P (z/2), 1D (2) = V29V ((z - 1)/2).
It is not difficult to see that the vector-function ¥/ = (1/)(1 D p(12) 4(2) w(3)) generates

an ONWB, but ¥’ does not generate a standard Haar basis, and ¥ is not unitary
equivalent to a vector-function generating a standard Haar basis.

Definition 4.4. Two vector-functions ¥, ¥’ are said to be wavelet equivalent if there
exist vector-functions Wy, ..., ¥y such that ¥y = ¥, Uy = ¥’, and for every j > 0
either W; is unitary equivalent to ¥;_; or ¥; and W¥,_; generate the same wavelet
system (as a set).

Evidently, the property of vector-functions to be wavelet equivalent is preserved under
changing the order of components in one of them. So, we can use the term ”wavelet
equivalent” for two sets of functions, or to say that a vector-function is wavelet equivalent
to a set of functions (which can be considered as the components of another vector-
function).

We note also that the wavelet equivalence relation is reflexive, symmetric and
transitive. Moreover, if U generates an ONWB and ¥’ is wavelet equivalent to W,
then ¥’ generates an ONWB.

It is easy to see that any standard Haar basis consists of periodic functions. So, if
a vector-function is wavelet equivalent to a standard Haar vector-function, then all its
components are periodic. It appears that the converse statement is also true.

Theorem 4.5. [8] Any periodic vector-function U generating an ONWB is wavelet
equivalent to a standard Haar vector-function which can be taken eigen. If, moreover, ¥
is compactly supported, then it is wavelet equivalent to the basic Haar vector-function ©.

The following statement is a byproduct of Theorem 4.5.

Theorem 4.6. [8] The rank r of a periodic vector-function generating an ONWB is
divisible by p — 1, in particular, r > p — 1.
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It was illustrated above how to find ONWBs which are not standard Haar bases.
Every vector-function constructed in this way is wavelet equivalent to a standard Haar
one. However, really the situation is more specific. Namely, at each step, where the
vector-functions ¥; and W;_; generate the same wavelet basis, in fact ¥, is obtained
from ¥;_; by changing one of its components for two functions. To describe all bases
that can be constructed in such a way for an arbitrary p, we say that ¥’ is reducible to
U if there exist vector-functions ¥y, ..., ¥y such that ¥y = ¥, Uy = ¥’ and for every
j > 0, either ¥; is unitary equivalent to W;_; or ¥;_; is obtained from ¥; by changing
one of its components, say w§y)(x), for p functions 1/)](»”) (%), k=0,...,p—1.

It would be attractive to replace the words ”wavelet equivalent” by ”reducible” in
Theorem 4.5. However this is impossible due to the following statement.

Theorem 4.7. [8] There exists a vector-function generating an ONWB that cannot be
reduced to a standard Haar vector-function.

5. Riesz wavelet bases

As was shown above, a function ¢ € D cannot be an orthogonal scaling function for
an MRA different from the Haar MRA. A natural next question is whether a functions
¢ € D with supp¢ ¢ Z, can be a non-orthogonal scaling function for an MRA. Recall
that, in contrast to the real setting, for axiom (a) of Definition 4.2 it is not sufficient
that ¢ be refinable because I, is not a group. The following statement gives a complete
description of functions ¢ € D generating MRAs.

Theorem 5.1. [1] A function ¢ € D, suppy C By(0), suppp C By (0), N,M > 0,
»(0) # 0, generates an MRA if and only if

(1) ¢ is refinable;

(2) there exist at least p™+N — p integers n such that 0 < n < pM*+N and
7 () =0

Next question is whether MR A-based non-orthogonal wavelets generated by a scaling
function ¢ such that supp @ ¢ Z, can be constructed. A positive answer was given in [9]
for p =2 and in [2] for arbitrary p.

Since wavelet systems are numerated by double index, a natural order does not exist.
Thus, construction of unconditional wavelet bases is of interest.

Definition 5.2. A system {f,}>2; of elements of a a Hilbert space H is called a
Riesz system with constants A, B > 0 if the series 220:1 Cn fn converges in H for any
c={c,}32, € £* and
2

< B|c|z. (5.1)
H

oo

chfn

n=1

Allellz <

If a Riesz system forms a basis, it is called a Riesz basis. It is well known that the
unconditional bases and only they are Riesz bases in Hilbert spaces.
The following construction leads to MRA-based wavelet Riesz bases for La(Q)).
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For an integer K > 0, we set

apj_b pKJ"l—b' .
AK:{ pj+1 ’ pK+1 . jzl,...’K, a7b:1""7p_1 ’
J b
BK:{O»p» :jzl,...,K,b:L-“’p‘l}'
p]

For instance, we have for p = 2:

1 13 1 137 13
AO_{2}730_{0}7141_{474}7B1_{072}aA2_{47878}7-32_{07274}’

1 2 124578
AO_{373}7B0_{0}aA1_{979u9797979}731_{07

1

3
po{l2Ar T AT E ), 1278

9°9°9°9’ 277277277277 27727 |’ 373799

It is easily seen that

fAx = (p—1)iBk, {Bx=1+K(p—1) (5.2)
for all K. Moreover, Ax, Bx C I, and
Ax N Bk =0, (5.3)
p—1 1
Ax UBk = | J =(j + Bx). (5.4)
—= P
=0
Let us define trigonometric polynomials my = mg x and ng = ng k, respectively of
degrees (p—1)(1+ (p—1)K) and 1+ (p — 1)K, by
1 1
mok(©)=—- ] 0@ —x(r), nox@=- ] @ -x(). (55)
prGAK prGBK

One can easily verify that mg x(0) =1 for all K > 0.
Given integers M > 0 and N > 0, we define the Fourier transform of functions

v = on,n and Y = Y¥prn by

Pun() = Hmo,K(p]\,g_j>, £ € Qp, (5.6)
j=0

n _ s

Pun(© = nox(5)Bune). €€y (5.7)

where K = M + N.

Theorem 5.3. [2] For integers M, N > 0, the function opr,n generates an MRA if and

N
only if M < pp__ll — N, Moreover, in this case, the functions

p*j/%l)gg’)N(pjxfa), j€Zaclv=1,...,p—1,

orm a Riesz basis for L2(Q,) if and only if M = ks NS
[ p Y

p—1
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