Poincare Journal of Analysis & Applications —

Vol. 2, No. 2 (2015), Special Issue (IWWFA-II, Delhi), 105-11/ OINCARY'=
. . UBLISHARS

©Poincare Publishers

DOI: 10.46753/pjaa.2015.v02i02.008

WEIGHTED ABSOLUTE CONVERGENCE OF THE SERIES
OF FOURIER-HAAR COEFFICIENTS

Boris Golubov T and Sergey Volosivets

Date of Receiving : 25. 03. 2015
Date of Acceptance : 01. 12. 2015

Abstract. We formulate some sharp statements on absolute convergence of the
series of Fourier-Haar coefficients. The two-dimensional analogs of some one-
dimensional results are also formulated.

1. Introduction

The Haar orthonormal system {x,}52; had been constructed in 1909 (see [1]). By
this system A. Haar gave positive answer on the question of D. Hilbert: is there an
orthogonal system such that Fourier seies with respect to this system of any continuous
function converges uniformly to that function.

Let us remind the definition of Haar system. We set x1(z) = 1 on [0,1]. After that we
introduce the open dyadic intervals IF = ((i—1)/2%,i/2%), i =1,2,...,2%F [ k=0,1,...,
and represent the natural number n > 2 in the form n = 2% +4, i = 1,2,...,2F |
k=0,1,.... Then we set x,(z) = 2¥/2 for x € I5*] | v, () = —2%/2 for x € I and

Xn(z) =0 2 €[0,1]\ IF, where IF is closure of the interval I¥. If the Haar function
Xn(z) has a jump in some point = € (0, 1), then x,(z) = (xn(z —0) + xn(z+0))/2. In
the endpoints of the interval [0, 1] we set x,,(0) = x»(+0) and x,(1) = x,(1 — 0). The
Haar functions x,(x) are step functions.

The principal information on Fourier-Haar series may be found in the book [2].

For the function f € L,[0,1], 1 < p < oo, we introduce integral modulus of continuity

1-h p
w5, )y = sup ( | i - f(t)l”dt> (0<s<) (11)
o<h<s \ Jo
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and Fourier-Haar coefficients f(n) = fol f(@&)xn(t) dt, n € N. Z.Ciesielski and J.Musielak
[3] proved the following

Theorem 1.1. If 3 > 0, v > 0, p = max(8,1), f € L,[0,1) and
S YPGB (1/n, f), < oo, then the series S n7|f(n)|? converges.
n=1 n=1

Let us observe that in the paper [3] the authors introduced another definition of
integral modulus of continuity in the space L,[0,1], 1 < p < co. They extended the
function to all real axis by the equality f(z) = 0 for « ¢ [0,1] and the integral in the
right-hand side of (1) was evaluated over the interval [0, 1]. But if we analyze the proof
of the Theorem 2 from the paper [3], we see that the statement of the Theorem 1.1 is
valid.

Let us define the Wiener’s class V,[0,1], 1 < p < oo, of functions of bounded p-
variation on the interval [0, 1] (see [4]). We set f € V[0, 1], if

n 1/1)
Vp(f) =sup (Z | f(x:) — f($i1|p> < 00,
T \i=1

where 7 = {0 = x9 < 1 < -+ < &, = 1} is an arbitrary partition of the interval [0, 1].
Let us note that the inclusion Lip(1/p) C V,[0,1] holds for p € [1, o).
P.L. Ulyanov [5] proved the following theorem.

Theorem 1.2. For functions f € V1[0, 1] the series

Y@ or Y ar TV f(n)] (1.2)

converge, if B > 2/3 or v < 1 respectively. But this statement is not true for § = 2/3
or v =1 respectively.

The first author [6] generalized Theorem 1.2 for functions f € V,[0,1], 1 < p < oo.

Theorem 1.3. For the function f € V,[0,1], 1 < p < oo, the series (2) converge
if B> 2p/(p+2) ory < 1/p— 1/2 respectively. But this statement is not true if
B=2p/(p+2) and v =1/p — 1/2 respectively.

In the paper [7] the first author proved a two-dimensional analog of Theorem 1.3,
while the second author [8] gave a generalization of the Theorem 1.3 by using the
modulus of continuity wy_y,,(f,d) of fractional order.

P.L.Ulyanov [5] proved the following result

Theorem 1.4. If the function f € L,[0,1], 1 < p < oo, satisfies the condition

oo
an/p_lw(l/mf)p < 00,
n=1

then the series

S 1F)xn ()]
0,1].

}

converges uniformly on the interval
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In this paper we formulate some sharp generalizations of Theorems 1.1 and 1.3 and
give a two-dimensional analog of Theorem 1.4. We use the weight sequences belonging
to the class A(y), v > 1, which was introduced by L.Gogoladze and R.Meskhia [9].
Moreover, we shall formulate a sharp two-dimensional analog of Theorem 1.1.

2. Main results

We shall say that the positive sequence v = {7y;}32, belongs to the class A(a),
1 < a < oo, if there is a constant C' > 0 such that

1/«

2n+1 271
Z Ve < oorii=a)/ep - where I, = Z Ve, m € N.
k=2m+1 k=2n—141

For n = 0 we assume that the above inequlity for I'g = 7 is valid. This definition was
introduced by L. Gogoladze and R. Meskhia [9]. Let us introduce also the class A(oc0).
We say that a positive sequence v = {7;}72; belongs to the class A(c0), if there is a
constant C' > 0 such that

on
max y < C27" E Ve, mn €N
2n < k<20t
k=2n—141

We observe that the inclusions A(co) C A(ar) C A(ag) for a; > as > 1 hold.
Let us recall that for a function f € L,[0,1], 1 < p < oo, the norm is defined by

1/p
the equality ||f||, = ( fol |f(z)P dx) . Below we shall use the best approximation
E.(f)p = {inf} |f — tnllp of the function f € L,[0,1] by Haar polynomials t,(x) =
ak

> apxk(x) of order n.
k=1

Theorem 2.1. Let f € L,[0,1], 1 < p < o0, 0 < < pandy € Alp/(p — B)) for
0<B<pand~ye€ A(x) for B =p. If

i B
S [F2E),) <, (2.1)
k=1

then the series

> wlf k)’ (2.2)
k=1
converges.

From Theorem 1 and the inequality E, (f), < 2141 /Py(n=1 ), 1 < p < o0, n € N,
of P.L. Ulyanov (see [5] or [10], Theorem 10.2.3) it follows

Theorem 2.2. The statement of the Theorem 1 is also valid, if instead of the condition

(3) we assume
oo

B
Z'yk [k_l/Qw(k_l,f)p < 0.
k=1
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For the function f € V,[0,1], 1 < p < oo, we set

1/p
Wi 1/p(5 f sup <Z|f 1'2 x11|p> 5

A(T)<é
where 7 = {z;}, is a partition of the interval [0,1] A(7) = max (x; — x;—1). This
<N

quantity was introduced by A.P.Terekhin [11]. It is known theiiniequality w(6, flp <
617wy _1,,(5, f) (see [11], Theorem 2.5). Therefore from the Theorem 1 it follows

Corollary 2.3. If1 <p < oo, f € V,[0,1], and 0 < B <p, v € A(p/(p — B)),

B
Z’y}? [ 1/2+1/p)w1—1/p(k717 f) < 0, (23)
then the series S vi|f(k)|P converges.
k=1

For the function f € V,[0,1], 1 < p < oo, we define the norm | flly, =
max(V,(f), I flleo), where || fllooc = sup{|f(z)| : € [0,1]}, and the best approximation
E.(f)v, = inf ||f —t,|lv, by Haar polynomials t,(z) = zn: arXxx(x) of order n. It is
easy to prov{ea ﬁle inequality =

En(f)p < Con YPE,(f)v,, neN.
Therefore from Theorem 2.2 it follows

Corollary 2.4. The statement of the Corollary 2.3 is also walid, if instead of the
condition (2.3) we assume

ZV [ (1/241/P) Ex(f)v, B<OO-

The following two theorems show that under some conditions the statement of
Theorem 2.1 is sharp.

Theorem 2.5. Let 1 <p<oo,0<f<p,v€ Alp/(p—70)) (i.e. v € A(c0) for f=p)
and let be given some decreasing and tending to zero sequence € = {&;}52, satisfying
Bary condition

> itle;=0(ex), keN, (2.4)

and Y v;i~P/2e? = oo.  Then there exists a function fo € Ly[0,1] such that
i=1

En(fo)p <en, n €N, and the series > 7k|f(k)|ﬂ diverges.
k=1

Theorem 2.6. Let 0 < f < 1 < p < oo. Moreover, let be given a sequence
v € A(p/(p — B)) such that

2"L
(1 - O‘)Fn+127ﬁ/2 >Ty = Z Y, mEN,
k=2n—141



Weighted absolute convergence of the series of fourier-haar coefficients 109

for some a € (0,1) and some decreasing and tending to zero sequence € = {e}7, such
that

D k%)’ = oo,
k=1

Then there exists a function fo € LP[0,1], such that E,(fo)p < €n, n € N, and the series
> wlf (k)| diverges.
k=1

The following theorem shows that under some conditions the statement of the
Corollary 2.4 is sharp.

Theorem 2.7. Let 1 < p < o0, 0 < B < p, v € Alp/(p — B)), and let be given a
decreasing and tending to zero sequence {ep}?2 | satisfying Bary condition (2.4) and

such that Y [k~ (/24P g8 = oo. Then there exists a function fo € V,[0,1], such
k=1

that E,(f)v, < en, n €N, and the series il f (k)P diverges.
k=1

3. Two-dimensional results

Let be given a function of two variables f € L,(A), 1 < p < oo, where A = [0,1]x]0, 1]
is the unit square. We introduce two partial and one mixed modulus of continuity in

L,-metric
1—h 1 1/p
wi(6,F)p = sup ( i ( / |f<:c+h,y>—f<x,y>|pdy> dy) ,
0<h<sé 0 0

1/p

1 1—-h
m(a,f)pé%(/o (/ |f<x,y+h>f<x,y>|pdy> dx> ,

1—u 1—v 1/p
W172(517 527 f)p = Ssup sup </ (/ |Au,'uf(xa y)|p dy) dm) )
0<u<d; 0<v<ds 0 0

where 0 < §<1,0<4; <1,9=1,2, and

Avpf(z,y) = fle+uy+v) = fle+uy) - flz,y+v)+ f2,y)
is mixed difference of the function f with steps u,v. Let us set

Fomm) = [ [ 5@ pn (@)t de iy

i.e. f (m,n) are Fourier coefficients of the function f with respect to two-dimensional
Haar system {xm (2)xn(¥)}7 n=1-

F.Moricz and A.Veres [12] introduced the foolowing two-dimensional analog A*(«, 2)
of one-dimensional class A(a), 1 < a < oo. A double positive sequence v = {7i;}75_,
belongs to the class A*(«, 2) if for every k,l € Z, the inequality

ok+1 ol+1 1/a ok ol

Yoo | scaimaie R R gy = C2m ey 3.)

i=2k 41 j=21+1 i=2k—141 j=2l-141
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2l

holds. In the case k = 0, 1 € N, or I = 0, k € N, we set ['j;, = > M, or
' j=2=141
2k
Lio= > 1 respectively. For k=1 =0 we set I'jy = y11. The class A*(o0,2) is
j=2k—141

defined in a similar manner.
The following theorem is a two-dimensional analog of Theorem 2.2.

Theorem 3.1. Let us set 1 < p < 00, 0 < 3 <p, f € L[0,1]%, v = {Ymn}ren=1 €
A*(p/(p = £),2),

YW = {ym b, € Ap/(p— B)), ¥ = {nn}iZy € Alp/(p — B)),

and suppose that the conditions

00 oo
Z 'lem_ﬁ/wa(m_lv f)p < 00, Z ’Vlnn_ﬁ/szﬂ (n—l, f)p < 00,
m=1

n=1
and
YD Amn(mn) PRy T f), < oo
m=1n=1
hold. Then
D0 Amalf(min)|? < oo
m=1n=1

From this theorem two-dimensional analogs of Corollaries 1 and 2 follow. Let us
introduce the definition of the functions of bounded p-variation in the Hardy sense on
the unit square A = [0,1]%. Let be given two systems of points

n={xo<r<---<a.=1}, and m={yw<n < ---<y =1}
If for a function f defined on the square [0, 1]? the following three quantities

1/p
s

Vp(f)l,o = Ssup sup Z ‘f(xjvy) - f(a:j—lvy)lp )

0<y<1 71 j=1

l 1/p
Vp(floa = sup sup (Z |f (2, y:) — f(%yi—l)|p> :

0<z<1 72 i—1
1/p

r l
Vo(F)ra=sup | DN 1f (@) = Flaj-1, ) — fl@,0im0) + F@i-1,0i)|P )
THT2 \ j=14=1
are finite for some p € [1, 00), then we shall write f € V,(A). Such function f is called
the function of bounded p-variation in Hardy sense on the square [0,1]2. Let us note

that the class V4 (A) was introduced by G.H.Hardy [13].
Corollary 3.2. Let f € V(A), 1 <p<ooand 8>0,v+1<p(1/2p+1/2). Then
> 3 (mn)|f(m,n)|? < cc.

m=1n=1
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This statement was proved by the first author in the paper [7], where also it was
shown that for 8 >0, v+ 1= £(1/2p + 1/2), it is not true.

As usually we write f € Lip(a, A), 0 < a < 1, for the function f defined on the unit
square A = [0, 1]2, if

sup  |f(A") — f(A")] < Co%,
p(A!AM) <5

where
p(A/,A") = ((gj/ 756//)2 +(y 7y//)2)1/2 for A'(z',y'), A”(z",y") € A.

It is easy to see that Lip(a, A) C Va/q(A), 0 < a < 1. Therefore from the Corollary 3
it follows

Corollary 33. If f € Lipla, A), 0 < a<1land y+1 < Bla+1)/2, 8 > 0, then
S 3 (mn) | fm.n))? < ox.

m=1n=1

The statement of this Corollary is known (see [14], where it is proved that in the case
v+ 1=p(a+1)/2, >0, it is not true.) For v = 0 Corollary 4 was proved earlier in
the paper [15], where also it is proved that in the case S(a+1)/2 =1, 8 > 0, it does
not true.

Let us introduce the classes PBV,[0,1]%, 1 < p < oo, of functions of partial bounded
p-variation on the square A (see [16]). By definition, f € PBV,[0,1]?, if V,,(f)1,0 < 00
and V,(f)o1 < oo. It is evident that V},[0,1]2> C PBV,[0,1]2,if 1 < p < oco.

For the function f € B(A), 1 < p < oo, we define three moduli of continuity of
fractional order as follows

1/p

wl—l/P(fa(S)l,O* sup sup Z|f T,y x] 17y)|p )
0<y<1 A(m1)<é j=1

1/p
w1y, 0)0n = sup  sup (Zw% - xyi_lw’) ,

0<z<1 A\(12)<d

According to the inequality by A.P.Terekhin for functions f € PBV,[0,1]? and
0 < h < ¢ the inequalities

1—h
/0 F@t hyy) — fla,y)Pde < 0?8, 7(y) < 0wty (5, flio, y € [0,1],

1-h
/O ey +h) = fla,y)Pde < 8wt (5, f(x,) < 0wty (6. o € [0,1],
hold. From these inequalities we obtain

w1(67 f)p S 61/pw1—1/p(67f)1,07 WQ((;’f)p S 51/pw1—1/p(67 f)O,lu 0 S [Ou 1]7

wi1(8, flp < 0VPVo(fros w2(8, flp < 6YPVo(floa, 6 €[0,1].
These inequalities and Theorem 3.1 imply
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Corollary 3.4. If f € PBV,[0,1]?, 1 <p < o0, 0< 3 <p,

Y= {’Ymn}z,nzl € A*(p/(p_ﬂ)v 2)7 ’7(1) = {le}izl € A(p/(p—ﬁ)), 7(2) = {lyln};z.ozl € A(p/(p_ﬁ))v
and the series

Z lem_ﬂ/z_ﬁ/pwlﬁfl/p(l/m7 f)l,O; Z Wlnn_6/2_ﬁ/pw1671/p(l/n7 f)0,17
m=1 n=1
Z Z’an(mn)iﬂ/ziﬂ/p(wl—l/p(l/mvf)l,Owl—l/p(l/nvf)O,l)ﬁ/2a
m=1n=1
converge. Then
Z Z%nn|f(m7n)|5 < 0.
m=1n=1

Corollary 3.5. If f € PBV,[0,1]?, 1 <p < o0, 0< 3 <p,

V= {Ymntogne1 € A*(0/(p—8),2), ¥V = {ymi}is=1 € Alp/(p—B)), v? = {mn}iZ1 € Alp/(p—8)),
and the series

0 > oo 00
Z A BI2=BIP, Z Npnn P28/ Z Z N (mim) ~B/2= B/

m=1 n=1 m=1n=1

converge. Then
Z Z’Ymn|f(m7n)|ﬁ < 0.

m=1n=1

Corollary 3.6. Let f € PBV,[0,1]?, 1<p<ocoand0< B <p, a+1<B(1/2p+1/2).
Then S S (mn)®|f(m,n)|? < cc.
m=1n=1

Corollary 7 was proved earlier by A.Aplakov [17].

If P = {f € LY0,1)2: f(i,j) = 0, fori > morj > n}, then we set Ep, ,(f)p =
inf{|[f —gllp : 9 € P}

In the paper [18] also the class A(«,2) was introduced as follows. Let us set
Ro={(i,j): 1 <ij<23\{(i,j):1<ij<2YforleN, Ry={(1,1)} and
FZ(Q) = > vi; 1€Zy={01,...}. A positive double sequence v = {7 ;}75_,

(1,5)ER
belongs to the class A(q,2), 1 < a < oo, if there is a constant C' > 0 such that

1/a

< > 7%) < C2l(1/a_1)Fl(i)1, I € N, and 722 < Cv11. In the paper [18] the
(i,4)ERy

inclusion {i7;° 75=1 € A(«,2) was proved for 7,6 > 0.

Theorem 3.7. 1 < p < oo, r = min(p,2), 1/r +1/r' =1,0 < 8 <2, f € LP[0,1]?,

v € A(2/(2—8),2) and the series S 2728/ B (f)pFl(Q) converges. Then the assertion
=0

20,21
YD Amalfm )P < oo (32)
m=1n=1

s valid.
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The following theorem shows that the statement of the Theorem 3.7 under some
conditions is sharp.

Theorem 3.8. Let 0 < 8 < 2, v € A(2/(2— 5),2) and {e,}22, be a decreasing and
tending to zero sequence satisfying Bary condition (2.4) and such that > 2_1655,1"[(2) =
1=0

o0o. Then for each p € [l,00) there exists a function fy € Lp[O_,l]Q, such that
Erix(fo)p < €k, k € N, for which the condition (3.2) is not valid.

Theorem 3.9. Let 1 <p < oo, 0< f,r <p, f € C[0,1]>°NV,_,[0,1]?, and the following
inclusions

veA (p/(p—8),2), 7,7* e Alp/(p-B)),
hold. If the series

Z,Y ym~P(/2+1/p) rB/p( L oo < 00, Zvlnnfﬁ(l/zﬂ/p)wgﬁ/p(nq’f)oo<OO

n=1
and
S A mn) P A ) < o,

m=1n=1

converge, then the inequality (3.2) is valid.

oo OO
Let us recall that the double series ) > a;; converges by squares if there exists the
i=1j=1

finite limit lim Z Z a; ;. The following theorem is a two-dimensional analog of the
n—+00 ;— 1j=1

Theorem D of P.L.Ulyanov, which was formulated in the Introduction.

Theorem 3.10. Let 1 <p < o0, f € L,[0,1]%, and the series

Z i) P E ()

ng ||M

o0
converges. Then the series Z | F(i, D) Ixi ()X ()| uniformly converges by squares

on [0, 1]%.

In the following theorem we give an inequality for double Haar polynomials, which is
an analog of the Nikolskii inequality for trigonometric polynomials (see [19], Theorem
3.3.5).

Theorem 3.11. g € Py, myn €N, 1 <p < g < oo. [|glly < C(mn)t/P=1/4|g]|,.
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