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Abstract. A wavelet is a localised function having a prescribed number of vanishing
moments. Hilbert transform of a wavelet is again a wavelet. In this paper, we
discuss the higher vanishing moments of Hilbert transform of wavelets under certain
conditions on wavelet and its Hilbert transform.

1. Introduction

Hilbert transform and its basic properties were developed mainly by G.H. Hardy
[2, 3] and simultaneously by E.C. Titchmarsh [9, 10]. Hilbert transforms were initially
defined for periodic functions. Hilbert transform is a basic tool in Fourier Analysis which
provides a definite means for obtaining the harmonic conjugate of a given function or
fourier series. It plays an important role in Fluid Mechanics, Aerodynamics, Signal
Processing and Electronics. The theory of Hilbert transform also finds a number of
applications in pure mathematics. It has been observed in [8] that if ¢(¢) is a real
wavelet, then Hilbert transform of (t¢) is also a real wavelet with same energy and
admissibility coefficient of its generating wavelet. The higher vanishing moments of
wavelets under various conditions on ¢ (x) have been investigated in [1, 4, 11].

The aim of this paper is to study the higher vanishing moments of Hilbert transform
of wavelets under certain conditions. We begin with the following definition of Hilbert
transform of order n given in [6].

For a non-negative integer n, the Hilbert transform of n'? order is given by

W f () = (—1)”/if(:1c)7 if n is.everll (1.1)
(—1)=D/29 f(2), if n is odd,
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where H f(z) € LP(R) forf(z) € LP(R), p > 1.

If n = 1, we obtain Hilbert transform of order 1.

One may observe that the Hilbert transform of n* order, n € N satisfies the following
properties:

(1) Tt commutes with complex conjugation i.e., H" f* = (Hf*)™, where * denotes
the complex conjugate operation.

(2) It commutes with both the translation operator T, and dialation operator D,,
a > 0 ie, H'Tof(x) = ToH" f(x) and H"D,f(z) = D H" f(x), where the
translation operator T, and the dialation operator D, are respectively given by
T.f(x) = f(x —a) and D, f(z) = f(ax). -

(3) It (;(3311nzu‘;es with the m!" order differential operator di—m’H" flz) =
H™ x).

dZ"L

(4) It preserves the orthogonality of wavelets in £2(R).

Remark 1.1. Relationship between Fourier transform and Hilbert transform is as
follows:
(for details one may refer to [6, 11])

(i) For f € LP(R), 1 < p < 2, @(m) = —i sgn(z) f(x), where sgn(z) denotes the
signum function.

2 —

(i) ¥ (@)(€) = (35)" ger HO(E), where k € N.

2. Vanishing Moments of n'* order Hilbert Transform

We begin this section with the following definition of vanishing moments given in
[11].

A function f(z) is said to have k vanishing momentsif [, 27 f(z)dz =0, 0 < j < k—1,
where the given integral is called the j** moment of f(z).
Vanishing moments are important in compression. The wavelet series of a smooth
function f given by

= (F i)tk

j.keZz

converges very rapidly to the function f if the wavelet is with a lot of vanishing moments.
Vanishing moments are important because a wavelet having k vanishing moments forces
all wavelet coefficients (f,; ) of any polynomial of degree k or less to vanish. In fact,
if a smooth function is interrupted by occasional singularity (or discontinuity), then the
wavelet coefficients on the smooth parts will be very small or zero if at that point the
function behaves like a polynomial of certain order. This property is sometimes useful
for data compression. Also in case of statistical estimation problem, vanishing moments
are advantageous as only a few coefficients are needed to be estimated.
In this section, we shall first investigate the following problem:

Problem: Let H™ be an n'" order Hilbert transform such that 1,1 € LY(R) and
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{H"; 1} ;rez be an orthogonal system on R. Is
/ H"p(x)dx = 0, for all n € N.
R

We shall investigate this problem via some examples given below.

Example 2.1. The Haar wavelet
1, if 0<z<}
Yx)=¢-1, if L<z<1
0, if otherwise.

Example 2.2. The Daubechies wavelet of order 3.

The scaling function, ¢ is defined by ¢(z) = Zz:o hio(2x — k), where p(z) has its
support in [0, 3].
Note that the wavelet, 9 is defined by ¥(z) = Zi:72(—1)kh1,k4p(2x — k), where ¢(z)

: : R e
has its support in [-1, 2] and > 25 hor = 1=, 2 ~ hapy1.

In Examples 2.1 and 2.2, one may note that both Haar wavelet and Daubechies
wavelet of order 3 have finite support.
In the following example, we shall investigate the problem in case of a wavelet having
infinite support and found that the answer is still affirmative.

Example 2.3. The Meyer Wavelet is infinitely differentiable with infinite support and
defined in frequency domain in terms of function v by

iw 3 .

\/(1277)6 2 sm[%(% -1)], if %’T < |w| < %’T

P(w) = ﬂgw)e%cos[%(% —1), if A <|w| < i
0, if otherwise,

0, if <0
v(z) = :
1, if z>1

and v(z) +v(l —x) = 1.

It is now natural to ask whether the Examples 2.1-2.3 are true in general.
The following result addresses this query and gives the sufficient conditions for the zeroth
order vanishing moment of H".

Theorem 2.4. Let {H" ;i };kez be an orthogonal system on R, where H™ denotes the
n*" order Hilbert transform, n € N and ,v € L (R). Then

/ H"p(x)dx =0, for alln e N
R

Proof. Suppose first that n is even.
By hypothesis [, H™ip(x)H™p;p(x)dx = 0, if (j,k) # (0,0).
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This gives

(—1)”/R¢(x)z%mdx ~0. (2.1)
Taking k = 2/=71ky, for all j € N and j > j;, where zg = 2771k is a dyadic point such

that (j17k1) 7’5 (0,0)
This gives

/Rw(x)w(%(x —2-01ky))dx = 0.
Write 27 (z — 2771k;) = t. Then

/Rz/f(xo +279t)(t)dt = 0.
Taking j — oo, we have

¥(zo) /Rmdt =0.
Now since 9 is continuous so 9(xo) # 0. Thus

/ Hp(x)dx = 0.

R

Now suppose that n is odd. Then
/ H"p(z)dx = 0.
R

Alternate proof of Theorem 2.4. Let if possible fR H"™ ) (x)dx # 0 if n is even.

Then by normalisation, we can assume that
/ Hp(z)dr =1
R
— (-1)% / Y(x)dx = 1.
R

Then the collection of functions {(—1)% 2% Yjo(z) : j € N} forms an approximate
identity on R.
This yields

lim [ 1(x)(—1)% 259, 0(x)dz = 1(0). (2.2)

j—oo Jr

Using the orthogonality of {H"¢; x};kez on R, we get

[ e ()2l =
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This gives
/ b(x)(—1) 228, o (x)da = 0. (2.3)

R

Then, by (2.2) and (2.3), ¥(0) = 0. Since dyadic rationals are dense in R, we shift
the argument to the dyadic rational xq = 2%9kg, where jo,ko € Z. Again using the

orthogonality of {H"; x}jkez, o H"t/}(x)H”[(—l)%2%1/1j72.7+m ko (2)]d2 = 0.

This gives

lim | (x)27/229/24; (272 — 2i%ioky)dz = 0.
j—ooo Jp
Therefore, 1)(xzg) = 0 at every dyadic point. This is a contradiction since 1 is continuous.

The case when n is odd can be worked out similarly.
Hence [, H"(x)dx =0, for all n € N. O

The following result extends Theorem 2.4 to general moments of the first order Hilbert
transform of wavelets, H1.

Theorem 2.5. Let 1,7 € LY(R) be such that for some p € N, both zPHy(x) and

—

VP HY) (y) € LYR). If {HYj 1 }jkez is an orthogonal system on R, then
/ 2¥H(z)dz =0 for 0<q<p. (2.4)
R

Proof. Since (H)®+D(y) = (2w7)p+1@(7), H1 has p + 1 continuous derivatives
and (Hv)@+1D(v) vanishes at infinity.

We prove the theorem by principle of mathematical induction on q. For ¢ = 0, the result
is obvious. Assume that

/ HY(x)de =0, 0 < qg<k—1 for some k < p. (2.5)
R

Since Hv has p+ 1 continuous derivatives, 7/-[\@/1 can be expanded using Taylor’s theorem.

Again since (f)(n)(O) = (=2mi)" [z 2" f(x)dz,n € N, we obtain

(Hy)(7) = o7 (o) (0) + Ry (), (2.6)
where R (v) = mfyk“@(kﬂ)(f) for some £ between 0 and .
Note that
—— (k+1)
((Hy)  (©)lly*
RO < max (k+1)!

)

((Hy) (@l
= Kpyly[Ft!, where Ky, = max 1) .

(2.7)
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Choose a dyadic point 2o = 2/°kg such that (jo, ko) # (0,0). Since H) has continuous
derivatives,

(Hap)®) (o) # 0. (2.8)

Using the orthogonality of {H; x}; kez, we have

/Hw(x)%’l/}j7k(x)d$ =0forj#0ork+#0
R

Also, using Parseval’s formula, we obtain
[ B san() )y =0
- / (H) ()22 2770 () (2Ty)dy = 0.
R

Choose k; € Z such that 277k; = 270k, = g, for all j € N, where z is a dyadic point.
This is true for j > —jg. Then using (2.6), we get

)

o ) ()27 27 @R[ Lo=ikyk (Hy)  (0) + Ry(2797)]dy =0 (2.9)

This gives
=i |1 —jk/\(k) ZT k _2mizoy N (N TN, 2miToy
27 | 5270 (HY) (0) R(’Hw)(v)v e dy + R<Hw)(7)Rk(2 iv)e dy| = 0.(2.10)
Note that
|Jo| = /R(H@/’)(V)Rk@j’Y)@mwmd’Y‘
< K2 [ D o)y
R
= K‘]22_j(k:+1)7
Hence
| Jo| < K 7,277 (kHD), (2.11)
Also
1 —jk/\(k) ZTR k _2mizory
Sio= 27N0H) (0) R(Hw)(v)ve £ dry
1 1 s W PR . TIiT
= G DO [ FDG) e,
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Since f)(y) = (2ri7)? f(7),

1 1 7-W Iy TiTQ
ho= G D 0) [ (O
1 1 o — (k)
— G OO0 o
This gives
5= K2 0) (0 () (), (2.12)

where K, = ﬁ% From (2.10) and (2.12), we obtain

K2 ) (0) (M) ™ (o) + Ja = 0. (2.13)

Also, using (2.11), we get

|2ij2‘ < 2ijJ22fj(k+1)
K277
— 0Oasj— oo.

Taking j — oo in (2.13), we obtain

(K, (Hap)  (0)(He)™ (w0)] = 0.
This gives fR 2*Hp(x)dx = 0. So the result is true for ¢ = k. O

The next result discusses the relationship between the regularity of orthonormal
wavelets Hip and their vanishing moments.

Theorem 2.6. Let Hip; i(x) = H[27F (279 x — k)], j, k € Z constitutes an orthonormal
set in L2(R) satisfying

|Hap(z)| < K(1+ |2]) P71, where € > 0 (2.14)
and Hip € CP(R) such that (Hi)"™) is bounded for r < p. Then
/ " HY(x)dx =0 for r =0,1,2,.....p. (2.15)
R

Proof. We prove the result by the principle of mathematical induction on n. Assume
that

/ " Hyp(x)de =0for 0 <n <r—1. (2.16)
R

Since {H1j 1 }jkez constitute an orthonormal set in £2(R),

0, if 4 i’ k 12
<ij*kH¢j’,k’> = { 1 J 75] or 7é

1, if j=jork=F.
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For =0 (5 #0 or k £ k), we have
/R Hap, (60w (Dt = 0,
or /R'Hp%jqp(z—jt — k)[H(t — K)dt = 0.

Write k' = 27k + 297K € Z, where J,K € Z and let j > J. Then

/ 2T MY (2Tt — kYHO(E — (Dk + 2 TR))dt = 0,
R

or / 27 (277t — kYHP(29 (27t — k) — 2T K)dt = 0.
R

This gives 27 [, 27 Hep(x)HY(27x — 2~ K)da = 0, where z = 277t — k.

Thus [, H(2)Hip[292 — 20—/ K|da = 0. This yields

/ lﬂw(x) - Z (”“"_ZTL_,JK)”(W)W)(Q—JK)] Hy[2x — 20— K]dx

n=0
+ /
R

T

Z W(Hiﬁ)(")(?”{)] HyY[29x — 29~7 K|dz =(8.17)

n=0
Let
I = /R [’Hw(m) — Z (x_Qn_'JK)”(Hw)(n)(Q—JK)] Hop[2x — 27— 7T K]d42.18)
n=0 :
I = / [Z W(Hw)(n)(g—JK)] s — 9T Kds. (2.19)
R | = n!

Since (Hv)™) is continuous for 7 < p and since the dyadic rationals 27k, j,k € Z are
dense in R, there exists J, K € Z such that (Hy)") (277 K) # 0. Also (Hy)(z) €
C"(R) for r < p. So Hip(z) can be expanded using Taylor’s expansion about the point
277K ie.,

Hip(x) = (HY)2/K)+ (- 27 K)(Hy) D (27 K)
(x—277K)"

L () (27 K) + Ra(a),

+...+
where R, (z) = %(’Hw)(rﬂ)(f) for some number ¢ between 277 K and .

By continuity of H, for any € > 0, there exist § > 0 such that
r o 27JK n
() - S 2 gy < dqu—2 K]
= n!

if |z — 277 K|

IN

S. (2.20)
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From (2.16) and (2.19), we get

I = %(HZZ})(T)(Q—JK)/@—2_JK)T’}-[1/J[2jx—QJ*JK}dw.
r. R

- %2—“’*1)(%)(”(2—%) / t"Hap(t)dt, where z — 277K = 27{2.21)
T R

From (2.18), we obtain

s

T — —J n _ _
/R GHOEDY %(Hw(”)(r%)mwzm ~ 27 K]dx

n=0

1l =

IN

e/ |t — 277 K|"|H(20w — 2977 K)|dx
lz—2-7K|<¢

+/ (Iqu(x) + ) HY) M 2 K| — 2JK"> Hy (2w — 277 K)|da.
lz—2=7K|>6 n—0
Write © — 277K = 2. Then

1l < 6/<5|ZIT|H¢(2JZ)ICZZ+/ [H (= + 277 K)|[H(2 2)|dz

|z|>0

T (n) fo—J Zn jZ Z.
w0 e K )

n=0

Let K, be the bounds of (H)), r < p. Then

il < e/ M@ ) dz + K [ (14 |2 4+ 277 K7 (2 2) 2
|2]<8

|z|>6
+K,; |2|" | Ha (27 2)|dz
|z|>6
< of @k [ e
[2]|<6 |2|>6
+K, |2|" | Hep (27 2)|dz
|z|>6
< 6/ |2|" | Hap (27 2) |dz + K'/ (1+ |2]")[H (27 2)|dz,
216 |2]>5
where K' = maX{K7 Kr}; r< P
< KG/ \Z|r(1+|2jz|)_”_1_€dz+K’/ (1+[2[")(1 + |272]) P~ “da.
|z]<éd

|2|>6
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For |27z| = t in the first integral and for |z| = ¢ in the second integral respectively, we
get

276§ T 00
dt )
| < 2K6/ () (1+t)_p_1_6—.—|—K’/ (1+17)(1 + 27¢) P~ 1<t
0 23 23 s

= 2KGTWH)/ tr(1+t)_p_1_€dt+K’/ (1+¢7)(1+ 27¢) P~ —<q
0 s
. . 1 5p+1+e [eS]
< K”e2—3“+1)+K’2—J(p+1+6)(j;rp+)1+e/6 (L+8)7(L+6) P <dt,

where (1 + 27¢)71 < (1+£)JS]+;)> < (2")<1+§)(1+t>‘1

This gives
140 (1 + S)PHIte (14 9)" P«
optite (r—p—e)
= K"e270r+D 4 go=ibts—p=1(1 4 g)rtL, (2.22)

1] < K"e27ir+1) _ K'973

In view of (2.17), |II] = |I]. So, by using (2.21) and (2.22), we get

1 )
trﬂw(t)dt‘ <rl ’(’Hw)(r)(Q*JK)‘ {K”e + K" §mp1(] 4 5)r+1} .
R

Here € can be made arbitrarily small and for the corresponding J, one can choose j
sufficiently large to make the second term on the right hand side of the inequality
arbitrarily small so that

/ t"Hap(t)dt = 0.
R
Hence the result holds for n = r. O

Remark 2.7. If {Hv; 1} kez is an orthonormal system on R such that Hy € C*.
Then in view of 4.6.6 in [4], H1) cannot have exponential decay.

Recall from [7] that a function f is said to have fast decay with decay rate m € N, if
there exists a constant C,, such that |f(z)| < 1+\x|’"’ for all z € R.
The next result discusses the relationship between the vanishing moments and the fast
decay of wavelet H1p.

Theorem 2.8. Let ), € LY(R) and suppose that Hip € C™(R) have fast decay with
decay rate m € N and (Hy)™) € L2(R), r = 1,2,...,n. If{1;1};rez be an orthonormal
system on R, then

/ " HY(x)dx =0, for allr =0,1,2,.....,n, (2.23)
R

where r +1 < m.



Vanishing moments of Hilbert transform of wavelets 125

Proof. For r = 0, the result is obvious. For 1 < r < n, we shall prove the result by
induction on r. Let us prove the result when r = 1.

Since v € LY(R), pi(x) = ffoo Hy(y) dy approaches to 0. Also since Hi(y) has fast
decay,

Ch

< —
|p1(17)| =14 |$|m—1

Further, we have

/Rpl(x)dmz—/Rwa(x)dx. (2.24)

Let 2/ = 279"k, for some j',k’ € Z. Then using the orthogonality of {Vjk}jrez, we
have

/ HY(x)Hp(29x — k) de = 0.
R
Write k = 20=3'k’, j > j’. Then
[ 0000 @) @ =) do =0, (2.25)
R

or / (H)D (' +2792) pr(2) dz =0,
R

or (Hip) D (2 / p1(2)dz — 0 as j — oo, where z = 27 (z — /).
R
Since (Hv)™M) is continuous, (He)™M (') # 0. Therefore, we obtain

/ rHY(x)dx = 0. (2.26)
R
Now assume that

/ " HY(x)dx =0, forr=1,2,....,n — 1.
R

Using integration, we obtain functions p,., r = 1,2,...,n satisfying pp) = p,_1 and
P1,D2, .-, P all tend to 0 at £oo. Also, there exists constants C;. (1 <r < n) such that

C

|< ———— r=1,2,...,n.
1+|"I;|m77‘, ) ) )

|pr(x)
Thus

/R " H (x)da = 0 iff / pu(z)dz = 0.

R

Since (Hy)(™ is continuous, there exists 2/ = 279"k’ such that (H1))™ (z') # 0.
Using (2.25), we obtain

/ 2" Hp(x)dx = 0. O
R
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Conclusion

The smoothness (regularity) of wavelets is connected with the vanishing moments
of scaling and wavelet functions. It may be noted that in view of the admissibility
condition, the Haar wavelet has only zeroth vanishing moment. In this article, we study
Hilbert transform of wavelets ¢ € £2(R) and observe that orthogonality, smoothness,
regularity and fast decay are important for the vanishing moments of Hvy. We investigate
this behaviour on wavelets with finite as well as infinite support and find that support
plays no significant role in zeroth order vanishing moments of H".
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