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Abstract. In this work the asymptotic behaviour of solution for one-dimensional
equations of an homogeneous and isotropic porous elastic solid is analyzed. We
use a classic result of P. Martinez [1] to obtain the general decay result. We give
some example to illustrate the energy decay rates and consider also the case of the
polynomial growth.

1. Introduction

Elastic solids with voids is one of the simple extensions of the theory of the
classical elasticity. It allows the treatment of porous solids in which the matrix material
is elastic and the interstices are void of material (see Goodman and Cowin [2] and
Nunziato and Cowin [3] for details).

It is worth noting that in the last decades, research on porous elastic systems has
been made considering various types of dissipative mechanisms. We describe here some
of the main results. To do this, let us consider the following evolution equations in
one-dimensional case

puy = Ty,
{ Jou = Hy + G. (L1.1)
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Here T is the stress, H is the equilibrated stress and G is the equilibrated body force.
The variables u and ¢ represent the displacement of a solid elastic material and the
volume fraction, respectively. The constitutive equations are

T = puy + bo,
H = 56, (1.2)
G = —bu, — £¢ - T(bt-
Then substituting (1.2) into (1.1), we have
PU — WUy — b, =0 in  (0,L) x (0,00),
St — 0¢za +bug + P+ 7 =0 in (0,L) x (0,00).
We added to system (1.3) the initial conditions given by
{ (u(x70)7¢($70)) = (UO(x)adjO(x))a in (OaL)a (1 4)
(Ut(I,O),(ZSt(I,O)) = (u1($)7¢1(x))7 in (07L) '

and Dirichlet-Dirichlet boundary conditions

u(0,t) = u(L,t) = ¢(0,t) = (L, 1) =0, ¢>0 (1.5)
or Dirichlet-Neumann boundary conditions
w(0,t) = u(L,t) = ¢.(0,t) = ¢ (L, t) =0, t>0. (1.6)

Here p, u, J = pk, §, b, k, 7 and £ are the constitutive coefficients whose physical
meaning is well known. The constitutive coefficients, in one-dimensional case, satisfies

£€>0,0>0, >0, p>0,J>0, k>0, 7>0, and pu& > b°. (1.7)

It is worth mentioning that system (1.3)-(1.4) with boundary conditions (1.6) has
been studied by R. Quintanilla in [4]. There, the author used the Hurtwitz theorem to
J

prove the lack of exponential decay when 5 # 5.

In [5] A. Magana and R. Quintanilla considered the system:

PULt — PUgy — b¢z — YUzxt = 0 in (07L) X (07 OO),
Jbit — 6Gpw +buy +Ed+ 70 =0 in (0,L) x (0,00),
U(O,t) = u(L7t) = ¢x(07t> = ¢’L‘(L7t) =0, t>0, (18)
(u(@O),Qﬁ(x,O)) = (uo(x)vd)O(x))v in (OvL)
(ut(x70)7¢t(x70)) = (ul(x),¢1(x))7 in (07L)

with positive constant v. They proved that system (1.8) is exponentially stable using
semigroup arguments due to Liu and Zheng [6]. Also, they proved that when 7 = 0 the
system is not exponentially stable. In [7] J. Mufioz Rivera and R. Quintanilla proved
that when 7 = 0 the energy is controlled by a rate decay of type % Moreover, using
a result due to Priiss [8] they improved the polynomial rate of decay by taking more
regular initial data. In [9] Pamplona et. al., studied the analyticity of the solutions for
one-dimensional porous elasticity problem with temperatures and microtemperatures
when viscoelasticity and porous viscosity effects are also present. They showed the
lack of analyticity when the porous dissipation is weak, and the analyticity when it is
strong. Other problems associated with porous elastic systems can be found in references
10, 11, 12, 13].

On the other hand, localized frictional damping has been studied by several authors
in one or more space dimension, (see e.g. [14, 15, 16, 17, 18, 19]). The main result
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of the above articles is that localized frictional damping produces exponential decay in
time of the solution. A more general result occurs in one-dimensional space where the
solution always decays exponentially to zero for any localized frictional damping active
over an open subset of the domain. This result is no longer valid for materials configured
over bounded domain 2 C R™ for n > 2 where the position of the frictional effect is
important. See for example [20], where necessary and sufficient conditions are given to
get stabilization of the wave equation with localized frictional damping. That is, to get
the exponential stability, the damping mechanism must be present in a sufficient large
neighborhood of the boundary, see also [15].

In [21] Santos et al considered the full damped system, with weakly dissipation in
both components, displacement of a solid elastic material and the volume fraction. The
authors that the corresponding semigroup is exponentially stable if and only if the wave
speeds of the system are equal. In the case of lack of exponential stability they also
showed that the solution is polynomially stable with optimal rate of decay.

In [22] was studied the action of viscoelastic damping and was proved that the
viscoelasticity is not strong enough to make the solutions decay in an exponential way,
independently of any relationship between the coefficients of wave propagation speed. In
this case the solution decays polynomially with optimal rate. Another important analysis
was given, that is, when the porous damping is coupled with microtemperatures, there
exists a explicit characterization on the decay rate that can be exponential or polynomial
type, depending on the relation between the coefficients of wave propagation speed.

In [23] Freitas et al considered the porous-elastic system with nonlinear dissipation
and source terms. Again was considered the damping in both components. By employing
nonlinear semigroups and the theory of monotone operators, was obtained several
results on the existence of local and global weak solutions, and uniqueness of weak
solutions. Applying the potential well theory, the authors showed that the total energy
of the system decays exponentially or algebraically, depending on the behavior of the
dissipation in the system near the origin. They also proved the existence of a global
attractor.

In this work we consider the damping just in the volume fraction. Taking into account
the technical condition ﬁ = % the purpose of this article is to prove the general decay for
one-dimensional equations of the homogeneous and isotropic porous elastic solid given
by

PUtt — Pllge — by = 0 in (0
Jd)tt 6¢ww +buw +€¢+7 ( t) 0 in (0’ ) X (0,00)7
(u(z,0), ¢(z,0)) = (uo(x) i
(ut(z,0), ¢t(l’ 0)) = (u1(=

(1.9)

This paper is organized as follows. In the section 2 we give the appropriate hypothesis
about the functions v and g and introduce the classic result of P. Martinez on energy
decay rate for the dissipative system. In the section 3, we give our main result and
present some examples taking in account the comparative case in which g has exponential
growth. Finally in the section 4 we consider the case where g has polynomial growth.
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2. Preliminary results

We consider the following hypotheses on v and g:

(H1) ~:[0,+00) — Ry is a nonincreasing differentiable function satisfying
/ ~y(t)dt = +o0.
0

(H2) g : R — R is a nondecreasing C° function such that there exist a strictly increasing
function go € C([0, ), with go(0) = 0, and positive constants c;,c and m such that

go(ls)) < lg(s)] < g5 " (Is]) for all |s| <m,
c1ls| < lg(s)] < eals| for all |s| > m.

Remark 2.1. Hypothesis (H1) implies that v is bounded and (H2) implies that
sg(s) > 0 for all s # 0.

We have the following result concerning existence and uniqueness of solutions of the
problem (1.9)

Proposition 2.2. Let (ug,u1), (¢o, 1) € Hg(0,L) x L?(0,L) be given. Assume that
(H1) and (H2) are satisfied; then problem (1.9) has a unique global (weak) solution

u,¢ € C((0,00); Hy (0, L)) N C((0,00); L*(0, L)).
Moreover, if
(uo,u1), (¢o, ¢1) € (H2(0,L) N HE(0, L)) x HE(0,1),
then the solution satisfies
u, ¢ € L*((0,00); H*(0, LYNH (0, L))NW 5 ((0, 00); Hy (0, L))NW((0, 00); L2(0, L)).

Remark 2.3. This result can be proved using standard arguments such as the nonlinear
semi-group method or the Galerkin method.

The following lemma will be of essential use in establishing our main result.

Lemma 2.4. Let E : Ry — R, be a nonincreasing function and o : Ry — R4 a strictly
increasing C function, with a(t) — +o00 ast — +0o0.
Assume that there exist p,q > 0 and ¢ > 0 such that
cE(t)
e

oo
/ o (E)TPdt < cE(t)P + — 1<8<x
S

Then, there exist positive constants K and w such that
E(t) <ke“*® Vit>1if p=q=0
and
E@) <

— (1+4q)
alt) »

Vt>1if p>0.

Proof. See, [1]. O
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3. Asymptotic behaviour

In this section we study the asymptotic behavior of the solution of system (1.9). For
this purpose we establish several lemmas.

Lemma 3.1. Let (u, @) be the solution of (1.9). Then the energy functional E(t) defined
by
1d [*

% (plutl2 + pluz)? + T|64)? + 8l + €l + 2buz¢> dx (3.1)
0

satisfies
L
E(T) = (1) [ rg0)d (32)
0
Proof. By multiplying equations in (1.9) by u; and ¢, respectively, and integrating over

(0, L), using integration by parts, hypotheses (H1) - (H2), we obtain (3.2). O

Now we are going to construct a Lyapunov functional £ equivalent to E, with which
we can show the desired result. For this, we define several functionals that allow us to
obtain the needed estimates.

Lemma 3.2. Under the assumptions (H1) and (H2), the functional Fy defined by

L
Fi(t) := —/0 (,ouut + Jqﬁcﬁt) dx

satisfies, along with the solution, the estimate
L L
Fi(t) < - / (;m? + J@7 + pul + 592 + £ + 2buw¢> dx + €C, / $2dx(3.3)
0 0

L
+ C/ g (1) d.
0

Proof. Making the derivatives of Fj(t), we have
L

L
Fi(O) = = [ (ou 76 g 602 4+ €0 4 2huso o~ [ (0)ogto0)ds
0 0
using Young’s and Poincaré’s inequalities, gives the desired result. O

Lemma 3.3. Assume that (H1) and (H2) hold. Then, the functional Fy defined by

L
Fy(t) ::/0 (J(btux + J(;Szut) dx

satisfies, along with the solution, the estimate

_ L L L
Fi(t) < (W)/O qbzumd;v—/o (bui—ki)b(bi)dx—i—ce/o u?dx

L
+ C/o g*(¢r)de. (3.4)
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Proof. Using equations (1.9) and integrating by parts yield
T — 08 L L L L Jb L
Fi(t) = (“'0)/ ¢Iumdx—b/ uidx—g/ ¢u$d33—/ V(1) g(br)upda — 7/ ¢2da
P 0 0 0 0 P Jo

then, by Young’s inequality, we obtain
T — 08 L L L L
Fi(t) < (,up) / GrUppdr — b/ u?dx + é/ H*dx +ce/ u?dx
P 0 0 €Jo 0
Jp (L L L
_7/ ¢§dx+§/ ¢2dm+c/ % (¢¢)?dzx.
P Jo €Jo 0
This gives (3.4). O

Lemma 3.4. Assume that x = (‘]“;p‘s) = 0, (H1) and (H2) hold. Then, the
functional F defined by
F(t) = + F,

satisfies, along with the solution, the estimate

L
F'(t) < —/ <put2 + J¢7 + cpul + 592 + c€d® + 2bux¢> dx
0

L L L
+ eCp/ qﬁidx—kce/ uidac—k/ g*(¢r)dz. (3.5)
0 0 0
Proof. By using Lemmas 3.2-3.3, we obtain (3.5). O

As in [14], we use the multiplier w, which solves
~Wgz = Pz, w(O) = w(L) (36)
Lemma 3.5. The solution os (3.6) satisfies

L L L L
/ w2dx S/ P*d, / widzs S/ ¢jda.
0 0 0 0

Proof. We multiply (3.6) by w, integrate by parts, and use the Cauchy-Schwarz

inequality to obtain
L L
/ wida: < / ¢2dx.
0 0

Next, we differentiate (3.6) with respect to ¢ then multiply by w;, to obtain, by similar

calculations.
L L
/ witdxg/ P2dz.
0 0

Poincaré’s inequality then yields

L L
/ wt2 dx < / qﬁf dx.
0 0

This completes the proof of Lemma 3.4. O
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Lemma 3.6. Assume that (H1) and (H2) hold. Then,for any 0 < o < 1, the functional
K defined by

L
K(t) ::/0 (J¢gbt + pwut)dsc

satisfies, along with the solution, the estimate

L L
K'(t) < /0 {(J+§>¢§+cau$+cp¢§+;u§+ca¢2}dx—/o <5¢§+5¢2)d:c
P d (3.7)
+ C/o g°(¢y)dz. .

Proof. By deriving K(t), substituting the equation (1.9), integrating by parts, using
Young’s and Poincaré’s inequalities, we obtain

L L L L L
K'(t) = J /O $3dr — 5 /0 $2dz — b / wodde — € / P — /0 2(D)bg(de)de

L L
+ p/ wtutdx—u/ wLulda:—b/ Wy pdx

L L
/(btdx—é/ p2dx + — /uidx—kca/ p?dr — & H*dx
0 0
L ¢ [E et
+ ca/ P*dx + = / (t)dx—l—pa/ u?dw—i—f/ w?dw—i—f‘/ w?dx
0 g Jo 2 Jo

C/ uxda:+ / 2dx+ca/ d2da.
g Jo 2 Jo

Then Lemma 3.4 gives the desired result. ([

IN

Now, with Ny, N3 > 0, we introduce the Lyapunov functional £(t) given by
L(t) := N1 E(t) + N2 K(t) + F(t).

By combining (3.2), (3.5) and (3.7), we arrive at

L'(t)

IA

L L L
—ley(t)/ drg(o)da — (Cp — Ng)/ ¢2dx — (c— CUNQ)/O ulda

— J— — / prdr — cu—c—)/ Qda:—(cf—caNg)
L

/ d?dx / 2bu, pdr + J / ¢; + (cNa+¢) [ g°(¢r)da. (3.8)
0 0 0

0
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We choose N; large enough and o small enough so that

k= (Cp — NQ) >0,

ko := (c — caNg) >0,

Thus, (3.8) becomes

L L L L
L't < —k1/ ¢§dm—k2/ ufdx—kg/ ¢§dm—k4/ u?dx
0 0 0 0

L L L
_ 27, 2 2
k5/0 o dx /0 2bu, pdx + C/O <¢f +g ((j)t))dz

L
< —as e [ (o400 )i (39)
0
or
L
0
On the other hand, we choose Nj large enough so that
L~ E(t). (3.11)

We are now ready to state and prove our main result.

Theorem 3.7. Assume that (H1) and (H2) hold, then, there exists a constant ¢ > 0
such tha, for t large, the solution of (1.9) satisfies

1 2
E(t) < c(G51<)> : (3.12)
fot v(s)ds
where
Go(s) = sgo(s).
Let k, defined by k(s) = QOT(,S), a strictly increasing function on [0,7), for some r > 0,

with k(0) = 0, then we have the improved estimate

E(t) < c(ggl(W»Q. (3.13)
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Proof. We define

P(t) ::1+/1t (%éi))ds t>t,

for some ¢’ > maz{1, L}. Then

1
P (t) == ﬁ >0 t>t, Y(t) = +oo as t — +oo
0\¢
and 9'(t) is strictly increasing.
Thus, 9 is a convex and strictly increasing C? function, with ¢/(t) — 400 as t —
+00.

If we set o := 91, then aq is strictly increasing, oy () = go (aol(t)) is nonincreasing,

and ag(t) = +o00 as t — +oo.
Let us define

for some t; > t' with fg v(s)ds > t' and ao(fot ~(s) ds) < m. Using the properties of

g and 7, it is easy to chech that « is strictly increasing and concave twice differentiable
function, with ag(t) = 400 as t — +oo. Using (3.10) and (3.11), we have for
T 2 S Z tl?

T T
/ dME@)?*dt < c/ o (t)EL dt

S S
< - /ST o (t)L'L dt+c/STa’(t)£</0L(¢>$ + g*(¢)) dm) dt
< ¢E(S) + c/ST a/(t)E</OL(¢§ +9%(¢1)) dac) dt. (3.14)

Now, using (H2), (3.2), and the properties of «, ag and 7, we estimate the last integral
as follows.

(1) Estimate for fST o/(t)E(fOL ? dx) dt

We consider the following partition of (0, L) :

0, — {xe (0, L): 6] >m}7

0= {reOLpal<mand ol <o (b [260)as)) ) @)

0 = {u € 0.L)510d < m and o >gol(a’o(/0t~y<s> )}

Then, we have

(1) [ 62 dw < cag( / o) ds)w) / " bug(0) da < (1)

(951
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() [ ot i< ([ tv(S);d8>v(t) (s (e | ) d)))
o/(t)/ggqﬁfdz = co/(/t 5~ds> t/ ¢? dx
< mw()/ o(l6eDldel da

< /QS )dz = —E'(

Consequently, we obtain

) /oL ¢; dv < —cE'(t) + v(t)ozE)(/Otv(S);ds) (90_1 (aé(/otv(s) ds>>>2

which gives

/ST o/(t)E</OL P? d:z:) dt
< cB(s)? +cB(S) | Tv(t)ae( / ) i) (s (a6 [ o d))) dt.

(3.16)
(2) Estimate for fs E(fg d>dt
We consider the following partition of (0, L):
o1 ={a € 0.L3l > m .
} (3.17)

t

Oy = {x € (0,L); |¢¢] <mand |¢y] < aé(/ ~(s) ds) ,
0
t

O3 = {x € (0, L); |¢¢] < m and |¢¢| > a{)(/ ~(s) ds)}
0

e

o) [ P as - v(t)aé< /tws);ds) / 3g2<¢t> dr

< /gb ) de < —cE/(
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which implies

/T o/(t)E(/OL ) dm) dt < cE(S)?

S
vets) [ st ( [ ) (" (ot [ 2 ds)))2dt.

A combination of (3.14), (3.16) and (3.18) yields

/ooo/@)E(t)? dt < cE(S)?
S

+ cE(S) /Soov(t)a6</otv(8)d8> (gol<a6< Otv(S) d8)>>2dt

= eBSE+eBS) [ apr)er (@h(r)dr
(Jg v(s)ds)

o0 2
= cE(S)2+cE(S)/ <go_1 (gé(l )> ds
ao(fy v(s)ds) s

= CcE(S)’+ _BS cE(S)* +

ao(fosv(s)ds) a(S)

Lemma 2.4 then gives
c

POS 307 = ol i 1))

To obtain (3.12), take sgp > ¢’ such that go(i) < 1. Since gg is increasing and
Go(s) = sgo(s), we have

>t (3.18)

s 1
0(3) " w(3)  Go(3)’

Therefore, with t = ﬁm, we easily see that
NE

s

ap—1(s) <14 (s—1) <

1 < 1
aolt) = Gg'(7)’
This yields (3.12) by virtue of (3.18).
To prove (3.13), we assume that » = m. In fact, if r < m and r < |s| < m, then,
using (H2), we have

vVi>t.

10(s)] < 901(5)|S| - gal<m>‘

This implies that

| and Jg(s)] = 0

go(ls]) < lg(s)] <gg'(ls]) forall |s| <,
Alsl < g(s)| < dyls| for allls| > r,

which justifies our assumption.
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Now, we take

t
1
oo :=1" 1 where ¥(t) =1 —l—/ —~ds, t>t.
1 A(3)
In this case, we replace (3.15) and (3.17) by
Ql = {LL‘ S (O,L), ‘Qﬁt‘ > m},

Q

{x € (0,L); || <m and |¢| < “_1<O‘6( tv(s) d8)>}’

|
{o€ 003100 < mand o] > xl(aa(/otws) i)}

Q3

and

61

{ee il >m}.

0= {r e 0Lt < mand o) < w7 (e [ 260705 ) .
0= {r e 02510 < mand "0 > 5~ (e [ 2051 45) )}

Therefore, we find that

) [ Sde = cag( /()tv(S);ds>v(t) [ 6

Q3

< () /Q 51| da

— () /Q go((6e])|n] da
L

< /O¢t9(¢t)d$:_E(t)

and

o) [ P as = o /Otv<s>;ds) [ oo
(0 [ wtai o)™ (o Dla(00) do

IN

L
= 2(0) | ongllod)ds < —cE'(0).
0
The other cases can be dealt with similarly and the same reason leads to (3.13). O

Ezxamples

We give some examples to illustrate the energy decay rates obtained by Theorem 3.7.

(1) Between polynomial and exponential growth: If go(s) = e~/™* near zero, then we
have the following energy decay rate:

E(t) < ce 2V In(fy v(s)ds)
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(2) Exponential growth: If go(s) = e~'/* near zero,then we have the following energy

decay rate:
¢

Et) < —————.
(In( [ v(s)ds))?
(3) Faster than exponential growth: Ifgy(s) = e~ V® near zero. Then, we have the
following energy decay rate: E(t) < ——=———.
(In(In(fy v(s)ds)))

4. Polynomial growth

As a special case of (H2), we assume that there exist constants ¢1,¢o > 0 and ¢ > 1
such that

crmin{|s|, [s|?} < lg(s)| < czmaz{|s], |s|'/*}. (4.1)

According to Theorem 3.7, we have the following estimate:
c

Ft) < —mMm—.
w (fy (s)ds)?/a

However, we can obtain a better decay rate as follows.
We use (3.9), (4.1) and Holder’s inequality to obtain

L
WL < OO+ (o) [ (¢%+g2<¢t>)dx

L
< OB+ ) [ |Gl + o0 do
0
L 2/q+1 L
< —an@E@ + o0 [ o) 4w [ ago
0 0
that is,
L 2/q+1
F) < —an@EO+ao( [ Gaoa) (12)
where F(t) = v(t)L(t) + cE(t) is clearly equivalent to E.
Case 1: If ¢ = 1. In this case, we obtain
F'(t) = —div(t)E(t) — cE'(t),
that is,
(F +cE)'(t) = —diy(t)E(t).
Then, using the fact that (F + c¢E) ~ E, we easily obtain
E(t) < ce® Jov(o)ds, (4.3)

Case 2: If ¢ > 1. Multiplying (4.2) by E@~1/2 yields
L
F’(t)E(qfl)/z < ,dlfy(t)E(qfl)/Q + c’y(t)E(qfl)m (/ ¢tg(¢t)d:c)2/(q+1).
0
Using Young’s inequality, we obtain

L
F'()EYD/2 < —dy(t)ECD/2 L ey(t) EVD/2 4 C (1) / brg(dy)da
0
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which leads to
<F(t)E(Q—1)/2 n C’EE(t))/ < —diy () E9D/2 4 ey () E@D/2,
Choosing € small enough, we obtain
<F(t)E<q1>/2 + C’EE(t))/ < —dyy(t)Bla=/2,

Consequently, using the fact that FE@1/2 4 ¢E ~ E, we easily obtain the estimate
c

() < — .
(fo (s)ds)?/(a=1)

E (4.4)

Here, we note that there was no need of the condition (f;~ ~(t)dt = +00) to obtain
estimates (4.3) and (4.4). However, the presence of such a condition serves as a guarantee
for the uniform stability.

Conclusion

From the point of view of the asymptotic behavior we prove energy decay rate
for the system of homogeneous and isotropic porous elastic solid with a nonlinear
indirect control ¢; on volume fraction ¢ given by ~(t)g(¢:) being v : [0,00) — R
a nonincreasing differentiable function with time dependence and ¢ : R — R a
nondecreasing C° function which may have a polynomial or exponential growth.
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