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Abstract. The notion of J-frames in Banach spaces has been defined and studied.
A necessary and sufficient condition for the existence of a J-frame in a Banach space
has been given. Also, a sufficient condition, in terms of J-frame, the existence
of bounded approximation property in a Banach space has been given. Further,
we study the interplay between the existence of retro Banach frames in conjugate
Banach spaces and the existence of a support cone. Finally, we have given conditions
for the existence of a retro Banach frame in the conjugate space of a Banach space
with Fréchet differentiable norm.

1. Introduction

Dennis Gabor [12] in 1946 introduced a fundamental approach to signal decomposition
in terms of elementary signals. Later, in 1952, While addressing some deep problems
in non-harmonic Fourier series, Duffin and Schaeffer [9] abstracted Gabors method to
define frames for Hilbert spaces. These ideas did not generate much interest outside of
non-harmonic Fourier series and signal processing for more than three decades until
Daubechies, Grossmann and Meyer [8] reintroduced frames. After this land mark
paper the theory of frames begin to be studied widely and found new applications
to wavelet and Gabor transforms in which frames played an important role. Frames are
generalizations of orthonormal bases in Hilbert spaces. The main property of frames
which makes them useful is their redundancy.

Representation of signals using frames is advantageous over basis expansions in a variety
of practical applications in pure and applied mathematics. The theory of frame has
grown rapidly in the past one decade in view of wide range of its applications in signal
processing, wireless communications(CDMA system) image processing, differential
equations, filter banks, geophysics, quantum computing, wireless sensor network,
multiple-antenna code design and many more. The reason for such wide applications
is that frames provide both great liberties in design of vector space. For a nice and
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comprehensive introduction to frames for Hilbert spaces one may refer to [4, 7, 23]. The
notion of frames has been extended to Banach spaces by Feichtinger and Groéchenig
[11]. They introduced the notion of atomic decomposition for Banach spaces. A more
general notion called Banach frames for Banach spaces was introduced by Gréchenig [13].
Casazza, Han and Larson [6] carried out a study of atomic decompositions and Banach
frames. Jain et. al [17] introduced and studied the concept of retro Banach frame for
the conjugate Banach spaces. For more details regarding frames for Banach spaces and
conjugate Banach spaces one may refer to [5, 6, 7, 16, 17, 18, 19]. Recently Shah et. al
[14] studied the existence of non-linear frames in Banach Spaces and proved that if a
Banach space X has approximative Schauder frame, then X'* has Strong Retro Banach
frame. Poumai and Jahan [20] studied K-atomic decompositions in Banach spaces and
obtained various results related to the existence of K-atomic decompositions. The notion
of cone in Banach spaces or normed linear spaces had been studied by many authors in
various contexts [2, 1].

In this paper, we have defined J-frames in Banach spaces and studied some
characterizations of J-frames in Banach spaces. Further, we have related the concept
of retro Banach frame with the geometric notion of a cone in Banach spaces.

The paper is organised as follows. In the first section we have given some basic definitions
and notations that will be used throughout this paper. In the 2nd section we have define
J-frames in Banach spaces and followed by an example of J-frame, a necessary and
sufficient condition for the existence of J-frame is given. Also, a sufficient condition in
term of J-frame for the existence of a bounded approximation property in a Banach
space X has been given. In 3rd section we have related the notation of retro Banach
frame with the geometric notion of a support cone in Banach spaces. In fact, we study
the interplay between the existence of retro Banach frames in conjugate Banach spaces
and the existence of a support cone. Also, we construct a Banach space and prove a
result related to the existence of a Banach frame in it and some geometric property of
the space. Further, we have given conditions for the existence of a retro Banach frame
in the conjugate space X'* of a Banach space X’ with Fréchet differentiable norm.

2. Preliminaries

Throughout this paper X will denotes an infinite dimensional Banach space over the
scalar field K(R,C) , X* denotes the conjugate space of X and L(X,X) denote the
Banach space of all continuous linear mappings of X into X'. For a sequence {z,} € X
and {fn,} € X*, [z,] denotes the closure of linear span of {z,} in the norm topology
of X and [f,] the closure of {f,}. A sequence space S is called a BK-space if it is a
Banach space and the co-ordinate functionals are continuous on S. That is the relations
z, = {a;M}, 2 = {a;} € S, nhinwxn = z imply n&nwagn) =0q; (j=1,2,3,...). The
notion of Banach frames was introduced and studied by Grocheing [13]. He gave the
following definition:

Definition 2.1. [13] Let X be a Banach space over K (R, C)and Xy be an associated
Banach space of Scalar-valued sequences, indexed by N. Let {f,} C X*and S : Xy — X
be given. Then ® = ({f,},5) is called a Banach frame for X with respect to Xy if the
following statements hold:

(i) {fu(z)} € Xy, for each x € X.
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(ii) There exist positive constants A and B with 0 < A < B < oo such that
Allzllx < [{fn(@)}Hlxs < Bllzllx, = € X (2.1)

(iii) S is a bounded linear operator such that

S({fn(m)}) =, TE X.

The positive constants A and B, respectively are called lower and upper frame bounds of
the Banach frame ® = ({f,},S). The operator S : Xy — X is called the reconstruction
operator (or the pre-frame operator). The inequality (2.1) is called the frame inequality.
The Banach frame ® = ({f,}, S) is called tight if A = B and is called normalized tight
ifA=B=1.

Later on the concept of retro Banach frames in conjugate Banach spaces was
introduced and studied by Jain, Kaushik and Vashisht [17].

Definition 2.2. [17] Let X be a Banach space and Xy be a BK-space. Let {z,} C X
and J : X7 — X* be given. The pair ({z,},J) is called a retro Banach frame for X*
with respect to A if the following statements hold:

(@) {f(zn)} € &, for all f € X*.

(b) There exists positive constant A and B with 0 < A < B < oo such that

Allfllz- < I{f(@n)Hlxy < Bl flla~, for all e X™. (2.2)
(¢) J{f(zn)}) = f, for all f e x™.

A and B are lower and upper bounds of retro Banach frames ({x,}, J). The inequality
(2.2) is called retro Banach frame inequality. Retro Banach frames ({z,}, J) is said to
be exact if on removal of one z; renders the collection {z, },; no longer a retro Banach
frame for X™*.

Definition 2.3. [22] A Banach space X is said to have approximation property if for
every compact set K C X and every ¢ > 0, there is an operator T' : X — X of finite
rank so that ||Tz — z|| < e, for every z € K.

Definition 2.4. Let X be a Banach space and let 1 < A\ < co. We say that X has the
A-approximative property if for every compact set K C X and every € > 0, there is an
operator T': X — X of finite rank so that [|Tz — z|| <, for every z € K and ||T| < .
A Banach space is said to have bounded approximative property if it has the A-
approximative for some A.

Definition 2.5. A Banach space X is said to have the metric approximation property
if for every compact set K C X and every € > 0, there is an operator T' € L(X, X) with
IT]| <1 such that |[Tz — z|| <e, for all z € X.

Lemma 2.6. [16] If {f,} C X* is total over X, then there exists an associated Banach
space Xg = {{fn(x)} : x € X} and a reconstruction operator T : Xy — X such that
({fn},T) is a normalized tight Banach frame for X with respect to Xg.

Lemma 2.7. [10] Let (X,|| - ||) be a Banach space and let © € Sx. Then || - || is
Fréchet differentiable at x if and only if lim || f, — gn|| = 0 whenever fn, gn € Sx~
n—oo

satisfy 1i_>m fnlz) = li_>m gn(x) =1 if and only if {fn} C Sx~ is convergent whenever
lim (f,(x)) = 1.
n—oo
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Theorem 2.8. [10] Let X be a Banach space. The set of all functionals in X* that
attains their norm is dense in X*.

3. J-frames in Banach Spaces
We begin this section with the following definition of J-frame
Definition 3.1. Let X be a Banach space and let {u,} C L(X,X) be a sequence of
finite rank endomorphism. Then {u,} is called a J-frame for X if x = lim wu,(x),
n—oo

z € X and sup |unl <A< 0.
1<n<oo

Next, we give an example of J-frame in a Banach space X.
Example 3.2. Let X = ['. Let {e,} be the sequence of unit vectors in X. Define

{zp} C X and {f,} C X* by

e e

317 x2:§17 In = €n-1, TL:3,4,...
fi(x) =&, fa(x) =&, falz) =&, z= {fn} S

Now, for each n, define {hy, ;}i=1,2

by

xr =

.....

Then
nhﬁn;o un(x) = ; filx)z; = .

Hence {uy} is a J-frame for X.

Following is the necessary and sufficient condition for the existence of a J-frame in
a Banach space X.

Theorem 3.3. Let X be a Banach space. Then {u,} C L(X,X) is a J-frame

for X if and only if there exist {v,} C L(X,X) such that x = > ;= vi(z) and
sup || 3052, vi()]| < A < oo

1<n<oco

Proof. Suppose X has J-frame {u,} C L(X,X). Assume that v; = uy, vap = Vo1 =

%(unﬂ —uy), n €N.

Then, we get
T S ue) = Tim (@) + g (@) (@) + 5 (@) ()
=1
g us(e) —un(a)) + 5 (us(a) —ua(@) + )
= linéoun(x)

= X.
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Also, we have

[ = sup |lun(2)l| <A
1<n<oo

sup|| Y vi(z)
i=1
Conversely, taking u, = Y., v;, for all n € N, we have
nh_}rrolo Up(x) = nh_}rréozlvi(x) =z
and ||un|| < A. O

In the following result, we give sufficient condition in terms of a [J-frame for the
existence of bounded approximation property in a Banach space X.

Theorem 3.4. Let (X, ||.|) be a Banach space and let {u,} C L(X,X) be a J-frame
for X satisfying

UU = UrU] = umm{l’k},l 75 k; I,k eN. (3.3)
Then X has the metric approximation property.

Proof. Define |||.||| on X by

Mzl = sup |fun(x)]],z € &.
1<n<

Then it is easy to verify that |||.||| is a norm on X. Since {u,} is a J-frame for X,

lall = Il lim un(@)]

[l

sup ||unlll|z]], = € X

1<n<oo

IAIA

Thus, the norm |||.||| is equivalent to the norm ||.|.
Now define

Vp = %iui, n € N.
i=1

Then, {v,} is a sequence in L(X, X) such that

. RN
() = Jim 23 @)
= )

= z, xek.
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Therefore, we have

Hoalll = sup  [foa(@)]]
TeX,||z||<1

= su su
X, [lur(x) [ <1 [Juz (2)[|<1,... \1<m<oo

= sup max { sup
z€X,||u1(z)]|<1,]|uz(z)||<1,... 1<m<n

+ 3 wn@)| | 3w })

i=m-+1

-1
< mam{ sup (M—Fn—),l}
1<m<n n n

= 1+4ep, forn > Ny(eg),

3

where No(eo) is some suitably chosen positive integer. Since lim wv,(z) = z, it follows

n—oo
that lim |[|lv,||| =1 and so lim 2—(z) =z, z € X.
n—00 n—oo Mol
Hence (X, ]|.]]]) has a metric approximate property. O

4. Support cones and frames in Banach spaces

Shah et al. [15] studied cone associated with frames in Banach Spaces. In this section,
we have related the concept of retro Banach frame with the geometric notion of a cone
in Banach Spaces.

Recall that a closed convex set C in a Banach space X is called a support cone if for
every s € C there exist an f € X'* such that

f(s) = inf f(z) <sup f(z). (4.4)
z€ z€C

A point s € C satisfying (4.4) is called a proper support point.

In the following result, we show that the conjugate space of a Banach space X has a
retro Banach frame if and only if X does not contain a support cone.

Theorem 4.1. For a Banach space X, the following statements are equivalent:

(a) X* has a retro Banach frame.
(b) X does not contain a support cone.

Proof. (a) = (b) Let ({zn, T})({zn} C X, T : X*y — X*) be a retro Banach frame for
X*. Then, there exists constant A, B with 0 < A < B < oo such that

Al flla < IH{Ff@a)}lxes < Bllflla=, f € X"
Let S be any closed convex subset of X'. Then S is separable. Let {s,,} be any sequence in
S such that [s,] = S and 3, (%+1)s,, is convergent. Let s = 3 (%L)s,. Then, s € S.
Suppose that ¢ € X* attains its minimum on S at s . Then o(sn) = (b(s/) for all n € N.
Therefore, ¢(s) = ¢(s ) for all n € N. Hence S is not a support cone of X. Since S is an
arbitrary closed convex subset of X, it follows that A does not contain a support cone.
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(b) = (a) Suppose X does not contain a support cone. Let if possible X* does not
have a retro Banach frame. Then, X is non separable because if X is separable, then
there exists a sequence {x,} € X such that [z,] = X. Put ¢, = n(z,,), n € N. Then,
{¢n} C X** is total on X*. Therefore, by Lemma 2.6, there exist a bounded linear
operator T : {{¢n(f)}: f € X*} — &X™ such that ({¢,},T) is a Banach frame for X'*.
Hence ({z,},T) is a retro Banach frame for X*. This is a contradiction. Thus, X is
non separable. Therefore, by Corollary 7 in [21], X contains a biorthogonal system in
X x X*. Hence by Theorem 4 in [3], X’ has a support cone. O

Corollary 4.2. If a Banach space X has a support cone, then (X* @& R) has no retro
Banach frame.

Proof. First we will show that (X @ R) has a support cone. Let S be a support cone
in X. Let K C (X ®R) be defined by K = {t(z,1);2 € S,t > 0}. Then, K is a
closed convex set in (X @ R). Let t*(z*,1) € K be an arbitrary element. If t* = 0, then
¢ =(0,1) € (X* & R) which supports K at (0,0). Let t* > 0. Choose ¢ € X'* such that
¢ support S at z*. Then (¢, —¢(z*)) € (X BR) supports K at t*(z*,1). Hence (¥ ®R)
has a support cone. Therefore, by Theorem 4.1 (X* @ R) has no retro Banach frame. O

Definition 4.3. A closed convex subset S of a Banach space X is said to have property
(a), if § = (;en fi ' (—00, 1], where each f; € X* such that | fi|| = 1.

Next, we construct a Banach space and prove that the existence of a Banach frame
in it is related to some geometric property of the Banach space.

Theorem 4.4. Let S be a closed convex subset of a Banach space X containing the
origin. Then, S has property (a) if and only if the predual of the space S° = {f € X* :
f(x) <1, for all x € S} has a Banach frame.

Proof. Let S has the property (). Write S = [,y fi '(c0,1], where each f; € X*
such that ||fi|| = 1. Let U = cono"” ({fn},{0}). Since f,(z) < 1, for all = € S, it
follows that f(x) < 1, for all z € S and for all f € U. Hence U C S°. Now, we will
show U = SY. Suppose if U # S, then there exist f € S\ U and & € X such that
f(@') > 1> supyz . Therefore, f,(z') <1, for all n and so z' € S. Now f(z') > 1 with
z € S, contradicts that f € S°. So U = S° and hence S° contains a sequence {h,,}
such that [h~n] = S9. Therefore, by Lemma 2.6, there exist a bounded linear operator
T:{{hn(y)}:y € S°} — S such that ({h,},T) is a Banach frame for the predual of
SO,

Conversely, let ({fn},T) be a Banach frame for the predual of the space S° and let
H be the predual of S°. Then, there exists constants A and B with 0 < A < oo such that

Clearly, S € (72, fu '(—00,1]. Also, if 2" ¢ S, then there exist f € X* such that
f(z') > 1> supsf. Therefore f € SO. Further, by using frame inequality (3.2), there is
an f,, such that f,(z') > 1. Hence S = 2, fn *(—00, 1]. O

Allslla < [{fn(s)HI#a < Blls|ls, for all s € H. (4.5)

Regarding existence of retro Banach frame, one may recall that if a Banach space X
is separable, then X'* has a retro Banach frame.
In the following result, we improve this result and show that if X is a Banach space with
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Fréchet differentiable norm such that X* with weak* topology is hereditarily separable,
then X* has a retro Banach frame.

Theorem 4.5. Let X be a Banach space with a Fréchet differentiable norm. If X* is
hereditarily separable with respect to weak® topology, then X* has retro Banach frame.

Proof. Let X be a Banach space with Fréchet differentiable norm. Let ||| - ||| denote
the norm dual to the Fréchet differentiable norm on X. Let By« be the unit ball with
respect to the norm ||| - |||. Let {fn}>2; C Bx» be a Banach frame for By. Let Sy«

denote the unit sphere of X*. If f € Sy~ attains its norm at = € Sy. Then, there exist
a net {fn,} of {fn} such that f,_ (x) — f(x). Thus f,, — 1 and so by Lemma 2.7,
we have || f,, — fll = 0 as n — oo. Therefore f is in the norm closure of {f,}. Since
X* is hereditarily separable, by Lemma 2.6 there exists a sequence {z,,} C X such that
[z,] = X. Put ¢, = w(x,) n € N. Then {¢,} C X** is total in X*. Therefore, by
Lemma 2.6, there exist a bounded linear operator T : {{¢n(f)} : f € X*} — X™* such
that ({¢n},T) is a Banach frame for X*. Hence ({x,},T) is a retro Banach frame for
X*. U
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