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ABSTRACT. We characterize an operator which preserve K-operator frame and
generate K-operator frames from old K-operator frames. Also, K-dual of a K-
operator frame is defined and gave some of its characterizations.

1. Introduction

Frames are the redundant system which gives basis like expansion of element of
underlying spaces. In 1952 Duffin and Schaeffer [6] introduced frame which gives
bases like expansion of a vector in Hilbert spaces. Recall that a countable sequence
{fr}ken C H is called frame if there exists positive constants A and B such that

AFIP < D KA P < BIFIP f e

i,kEN

Since then, various generalizations viz. g-frames [13], Fusion frames [1, 3], operator
valued frames [8] of frames have been obtained. Gavruta [9] gave the generalization of
frames in the form of K-frame which has been further generalized by [4] and [12] in
the setting of operators. K-frames were further studied in [10, 11]. In this paper, we
characterize operator which preserve K-operator frames and generates new frames from
the old ones. We have also obtained some results related to sum of K-operator frames.
Further, we have defined the notion of K-dual of K-operator frames. Finally, necessary
and sufficient conditions in the form of various results for K-dual of K-operator frames
have been given. This paper is organized as follows: In section 2, we give some basic
tools which is needed throughout the paper. In section 3, we prove image of K-operator
frame under an operator is a K-operator frame. Also, we prove that sum of K-operator
frame and image of K-operator frame under an operator is again a K-operator frame.
In section 4, we define K-dual of K-operator frame.
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2. Basic tools

Throughout this paper, N denotes the set of natural numbers, and B(#) denotes the
set of bounded linear operator on separable Hilbert space H.
Li and Cao [2] defined the notion of operator frame for B(#H). They gave the following
definition.

Definition 2.1. A family of bounded linear operators {T;};cn on Hilbert space H is
said to be an operator frame for B(H), if there exists positive constants A, B > 0 such
that

Allz|* <Y ITa|® < Bllal|®, Vo eH (2.1)

ieN

where A and B are called a lower bound and an upper bound for the operator frame
respectively. An operator frame {7} };cn is said to be tight if A = B. Tt is called Parseval
operator frame if A = B = 1. If only upper inequality of (2.1) hold, then {T;};cn is
called an operator Bessel sequence for B(H).

For a separable Hilbert space H. We define
C(H) = {{z;} 2 € H, Z l|lz:]|? < oo}
ieN
Define an inner product on ¢?(H) by
{oid {yid) =D (@i, i)
ieN

Then ¢?(H) is a Hilbert space with pointwise operations.

Next, we state a result by Douglas which is popularly known as Douglas majorization
theorem. This result will be used in the subsequent work.

Theorem 2.2. [7] Let H be a Hilbert space and S,K € B(H). Then the following
statements are equivalent:

(1) R(K) C R(S).

(2) KK* < \28S*, for some \ > 0.

(8) K =5Q, for some Q € B(H).
Theorem 2.3. Let P, @, R € B(H). Then the following are equivalent

(1) Range(P)C Range(Q)+Range(R).

(2) PP* <a?(QQ* + RR*) for some a > 0.

(3) P=AQ + BR for some A, B € B(H).

The notion of K-frame for Hilbert space was introduced and studied by Géavruta [9]
who gave the following definition.

Definition 2.4. A sequence {fi}treny C H is called K-frame for H, if there exist
constants A, B > 0 such that

AllK*z| < Z |z, fu)|? < Bljz||?, forall z € H. (2.2)
keN
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We call A,B the lower frame bound and the upper frame bound for K-frame { fj }reny C
H respectively. If the only upper inequality of (2.2) is satisfied, then {fj }ren is called
Bessel sequence.

Gavruta [9] also proved the following results.

Theorem 2.5. Let {fr}ren C Hand K € B(H). Then, following statements are
equivalent:

(1) {fr}ren is an atomic system for K ;
(2) {fr}ren is a K-frame for H;
(3) there exists a Bessel sequence {gy}ren C H such that

Kzx = Z(x,gk>fk, Vo € H.
keN

We call the Bessel sequence {gi}rey C H as the K-dual frame of the K-frame
{fr}ren

3. K-Operator frames

Definition 3.1. [4] Let K € B(H). A family of bounded linear operators {T;}ien
on Hilbert space H is said to be a K-operator frame for B(H), if there exists positive
constants A, B > 0 such that
AK*z|* <Y ||ITal® < Bllal|®, Vz e, (3.1)
i€N
where A and B are called a lower bound and an upper bound for the K-operator frame
respectively. A K-operator frame {T;};cy is said to be tight if

ZHEQ:HQ:AHK*xHQ, VaoeH. (3.2)
ieN
It is called Parseval K-operator frame if A =1 in (3.2). If only upper inequality of (3.1)
holds, then {T;};en is called a K-operator Bessel sequence in B(H). We call {T;};en an

exact K-operator frame for B(H), if it ceases to be a K-operator frame whenever any
one of its element is removed. If K = I, then K-operator frame is an operator frame.

Let {T;}ien be a K-operator frame for B(#H). Define an operator R : H — (2(H) by
Rz ={Tiz}ien, x € H.
Then, R is a bounded linear operator called analysis operator of the K-operator frame
{T;}ien. The adjoint of the analysis operator R, R*({z;}) : £>(H) — H is defined by
R({a:}) = Timi, ¥ {a;} € O(H).
ieN
The operator R* is called the synthesis operator of {T;};en. By composing R and R*,
the frame operator S : H — H for K-operator frame is given by

S(x) = R*Rx =Y _T;Tix.
ieN
Note that frame operator S, in general need not be invertible.
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Theorem 3.2. [4] For an operator Bessel sequence {T;}ien C B(H), the following
statements are equivalent:
(1) {T;}ien is K-operator frame for B(H).
(2) There exists A > 0 such that S > AKK™*, where S is the frame operator for
{Ti}ien.
(3) K = SY2Q, for some Q € B(H).

The following characterization of K-operator frame is given in [12].

Theorem 3.3. A sequence {T;}ien C B(H) is K-operator frame if and only if
Range(K) C Range(R*), where R is analysis operator of K -operator frame.

4. Main results

The following theorem gives a necessary and sufficient condtion for operator Bessel
sequence to be a K-operator frame in term of given operator.

Theorem 4.1. Suppose that K € B(H) and {T;}ien is an operator Bessel sequence for
H. Let R denotes the analysis operator {T;}ien. Then, {T;} is a K-operator frame if
and only if there exists a bounded operator Q € B(H, (*(H)) such that K = R*Q.

Proof. Let {T;}ien is a K-operator frame for . Then Range(K) C Range(R*).
Therefore, by Theorem 2.2 there exists a bounded linear operator Q € B(H, (*(H))
such that K = R*Q.

Conversely, suppose that there exists a bounded operator Q € B(H, ¢*(#)) such that
K = R*Q. Then by Theorem 2.2 Range(K) C Range(R*). Hence, {T;} is a K-operator
frame for H. O

Next, we prove that image of K-operator is a K-operator frames under a surjective
operator.

Theorem 4.2. Let K € B(H) with a dense range and {T;}ien be K-operator frame for
B(H). If Q € B(H) has closed range with QK = KQ, then {T;Q*} is K -operator frame
for B(H) if and only if Q is surjective.

Proof. Suppose that @ is surjective. Since @ has closed range, it has pseudo inverse
Q' such that QQT = I. Then for each * € R(Q) we have K*z = (TT)*T*K*z, so
1(TH*|| =Y K*z| < ||T*K*x||. Now for each = € R(Q), we have

D ITQx|® > A K T ||
i€N
> AT (|72 K>
Also, for each x € R(Q), we have
> ITQ x|” < B Q|||
i€N
Hence, {T;Q*} is a K-operator frame for B(H).
Conversely, suppose {T;Q*} is K-operator frame for B(#H) with frame bounds 4 and
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B. Then for any f € H, we have

AlK*z))* <> ITiQ x| < B> (4.1)
ieN
Since R(K) is dense in H, K* is injective. Thus, using (4.5), Q* is injective. O

In the next result, we show that image of a K-operator frame under an operator is
again a K-operator frame.

Theorem 4.3. Let K € B(H) and {T;}ien be K -operator frame for B(H). If Q € B(H)
be an isometry with K*Q = QK*, then {T;Q} is K -operator frame for B(H).

Proof. Suppose {T;}ien is K-operator frame for B(H). Then, for each f € H, we have
> ITQx|* > Al K+ Qx|

ieN
= A|QK x|
= A||K*z||*.
Also,
> ITQz|* < BIQIP|=|*.
ieN
Hence {T;Q} is a K-operator frame for B(H). O

Next result characterizes a bounded linear operator K in term of frame operator of
K-operator frames.

Theorem 4.4. Let {T;}ien and {R;}ien be K -operator frame for H with frame operator
S1 and Sy respectively. Then K = S%/QP + S21/2Q for some P, Q € B(H).

Proof. Let {T;}ien and {R; }ien be K-operator frame for H with frame operator Sy and
Sy respectively. Then by Theorem 3.2, there exist & > 0 such that S; > oKK*
and Sy > aKK*. Therefore, by Douglas Theorem, we get R(K) C R(Sll/g) and
R(K) C R(S)/?). Hence R(K) C R(S}"?) + R(S3?). Thus by Theorem 2.3, we obtain
K = Sll/zP—l— 521/262 for some P, () € B(H). O

Next, we show that sum of K-operator frame and its image under an operator is
again a K-operator frame.

Theorem 4.5. Let {T;}ien be a K-operator frame for H with the frame operator S and
let Q be a positive operator such that SQ* = Q*S. Then {T; + T;Q} is a K-operator
frame for H. Moreover, for any natural number n, {T; + T;Q™} is a K-operator frame

for H.

Proof. Let {T;};en be a K-operator frame for H with the frame operator S. Then, there
exist A > 0 such that S > AKX K*. The frame operator for {T; + T;Q} is given by

DT+ TiQ) (T + TQ) () = Y T (Ti(w) + T,Q(x)) + Q*T; (T(x) + T,Q(x))
€N €N

=S5(I+Q)"(I+Q)(z)
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Since S(I + Q*)(I + Q) > S > AKK*, {T; + T;Q} is a K-operator frame for
H. Similarly, for any natural number n, the frame operator for {T; + T;Q"} is
S(I+Q™)*(I+ Q™) > NKK*. Hence, {T; + T;Q"} is a K-operator frame for H. O

Theorem 4.6. Let {T;}ien be a K-operator frame for H with frame operator S and
frame bounds A and B. Let {I,, I>} be the partition of I and S; be frame operator for
operator Bessel sequence {Ti}ier;, j = 1,2. Then {T; + T;57 }ier, U{T; + T:S5}icr, is
a K-operator frame for H for any natural numbers a and b.

Proof. For a,b € N and for each x € H, we have

1/2 1/2 1/2
<Z II(E+TiSf)x||2> < <Z ||m||2> + (Z IITz-Si‘a:HZ)

el el icely
1/2 1/2
< <Z||m||2> + <Z|m5fa:||2>
€N 1EN

< VB||z|| + VB|S¢z||
< VB + |St)zll, = € H.

So, we obtain

DT+ TS| < B+ [[SE)?|l2]%, = € H.

el
1/2 1/2
(z nw) N (z |Tissx|2)

icly 1els

1/2 1/2
(Z ||m|2> + (Z |Ti53xll2>
€N €N
< VB|z| + VB|S5z||
<VB@+|SIDl|z], =€ H.

Also, we have

1/2
(Z (T + ﬂSi’)(ﬂs)HQ)

i€ls

IN

IN

This gives
> T+ Tisy)al* < B(L+|IS31)?|2]%, = € H.
i€ly

Thus, we conclude that {T; +T;5¢ }ier, U{T; +T:S5}ic1, is an operator Bessel sequence.
Also, the frame operators of {T; + T;S{}ic1, is given by

Z(TZ + nSf)*(TZ + TZSf)x

el

=Y T T+ Y TS+ Y S{T Tiw+ Y ST TiSis
iely iely el iely

= Sz + 251511:% + Sf“Slx

=8I+ 892z, zeH
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and the frame operator of {T; + T;S5}icr, is given by
S (T + TS (Ts + Ti8Y)x

i€ls

=Y TiTw+ Y TS+ Y Sy T+ Y | S3T;TiSsw
icly i€ls i€ls icly

= Sox 4 28555z + S Sox

= So(I + S5)%z, = € H.

Let S’ be the frame operator of {T; + T;S¢}icr, U {T; + T;S5}icr,. Since {T;} is a
K-operator frame for B(#), there exists A > 0 such that S > AKX K* and

S = S (I +59)% + Sy(I + S5)?

> 51+ 5

=S>)MKK".
Hence {T; + T;S¢ }ier, U{T; + TiS5}ic1, is a K-operator frame for B(H) for any natural
numbers a and b. u

Theorem 4.7. Let {T;}ien and {R;}ien be operator Bessel sequences in H. If {T;}ien
is a K-operator frame and So 4+ S5 > 0, then {T; + R;} is K-operator frame for B(H).

Proof. Let {T}}ien be K-operator frame for B(H). Then for each z € H, we have

S INT + Ri)zl® < 2(By + By) |z,

ieN
Hence {T; + R — i} is operator Besel sequence in B(#H). Now for each = € H, we have

St = Z(TZ + RZ)*(Tl + Rl)x = Sz + Sox + S3x + Sy,
ieN

where S1z =), T Tix, Sox =), yTi Riz, S3 =),y RiTix, Syx =), R Riw.
Since Sy+S3 and Sy are positive, So4.S34.54 is positive operator. Also,S > S1 > AKK*.
Hence {T; + R;} is K-operator frame. O

5. Duals of K-operator frame
We begin this section with the following definition of K-dual of K-operator frame.

Definition 5.1. Let {T;},cn be K-operator frame for H. An operator Bessel sequence
{R;}ien is called K-dual of K-opertor frame {T;};cn if

Ko=) TRz, z€H. (5.1)
ieN
It is proved in [12] that for every K-operator frame there exists a Bessel sequence
which satisfies (5.1). Also, from (5.1) we obtain

Kz = ZR;“Tlm, x € H.
ieN
Remark 5.2. If {T;},cn and {R; }ien are operator Bessel sequence satisfying (5.1), then
{T:}ieny and {R;}ien are K and K*-operator frame respectively.
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Remark 5.3. X. C. Xiao et al. [12] proved that {T;};en is a K-operator frame if
and only if {u;, = T ey }is a K-frame. Therefore, K-dual of K-operator frame can be
obtained from K-dual of {u;;}. Indeed, if we suppose that {u},} is a K-dual frame for
{uwir} and if {R;}ien is defined by

Rix = Z(x, )€k
keN
Then

Z TRz = Z Z T (, uhy ) e

€N i€N kEN

- Zz<xvu;k>uzk =Kf, [feH.

i€N keN
Hence {R;}ien is K-dual of K-operator frame {T;}ien.
Theorem 5.4. Let K € B(H) with closed range. Let {T;},en be K-operator frame

for B(H) with frame operator S and frame bounds A and B respectively. Then

{TiIS(R<K>>(S_1)*7TR(K)K} is a K-dual of {T;}ien-

Proof. Let {T;} be a K-operator frame for B(#H). Since S : R(K) — S(R(K)) is
invertible, we have

Kr=(S"'S)"Kx
=S(S™Y*'Kzx
= Sms(r@) (S Ka

= ZTi*TiWS(R(K))(Sil)*KCC, for all x € H.
€N

Also, we have

D I Timsry (S~ Ka||* = (S(S™1) K, (™) Kz)

ieN
= (K, (S™YY*Kx)
< AT KIPIET P, @ € H
Hence {Timp(x)(S™')*K} is a dual of the K-operator frame {T5}. O

Remark 5.5. We call the dual of {Tms(R(K))(S_l)*K} to be the canonical dual of
the K-operator frame which coincide with the canonical dual of the operator frame if
K=1.

Theorem 5.6. Let {T;}ien be a K -operator frame for B(H) with synthesis operator R*.
Then {R;}ien is K-dual of K-operator frame {T;}ien if and only if Rier, = Q(exrd;),
where {0;} is a canonical basis of (*(N) and Q : (*(H) — H is a bounded linear operator
such that QR = K.
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Proof. Let {T;}ien be K-operator frame for B(H) and let w;, = T ex. Then for x € H,
we have

Kf=QRf = Q( > <Tixaeik>eik5i>

i,keN

= ZZ@;WMR;*%

1€N keN

= Z R Z(x, Uik )€k

1€N keN

=> RTu.

iEN
Hence {R;}ien is K-dual of K-operator frame {T;}ien.

Conversely, suppose {R;}ien is K-dual of K-operator frame {T;};ey. Then for each
x € ‘H, we have

Z Z(x, ui)Riep = Z Z(x, i) Q(exd;)

i€N keN 1€N keN

Also, since {ex} is an orthonormal basis of £2(H), we get Rer = Q(exd;). O

Theorem 5.7. Let K be a bounded operator on H with closed range, and {T;}ien
be K-operator frame for B(H) with frame bounds A and B. Then, there is one to
one corespondence between K-dual of {T;}ien and operator ¢ € B(H,(*(H)) such that
Ry =0.

Proof. Let {R;} be a dual of K-operator frame {7} with frame bounds C' and D and
S be its frame operator. Define a mapping ¢ : H — ¢(2(H) by

(Yz); = Riw — Tymg(r(ry) (S ) Kz, © € 1.

Then, 9 is a bounded linear operator on H. Indeed, for each x € H, we have

| = Z |Rix — Tims(r(ry (S ) Kz|?

ieN
=Rzl + ) [ Timsrioy (S Kal|*
€N €N
1/2 1/2
+2<Z||Ri95||2> <Z||Ti7TS(R(K))(S_1)*Kx||2>
ieN ieN

< (Cll=]® + A K PIE T |al|® + 2OV A K| K| 2]%)
= (C+ AT KPIET? + 2VOVA- K||| K] [l]|.
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Also, we have

Rpw =y T} ($a)i

€N

= ZTZ*(R:x — EWS(R(K))(S_l)*Km)
ieN

=Kz— Kz

=0, for all z € H.

Conversely, let ¢ € B(H,(*(H)) and Ry = 0. Write

R,z = E?TS(R(K))(S_l)*K:E + (Wx);, x € H.

Then, we have

S IRl® < I Tiwsriy (S~ Kal® + vzl gy
€N ieN

S ATYEPIETPl2)? + [0

< (ATHEPIET? + [9l?) 2]

Therefore, {R;} is an operator Bessel sequence. Also, we have

Y TiRiw =) T Timsircey (S~ Ka + Y T} (ya);
ieN ieN ieN
=Kzx+ Ryx =Kz, x € H.

Hence, {R;} is a K-dual of the K-operator frame {T;}. O
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