
Poincare Journal of Analysis & Applications
Vol. 2019 (1), Special Issue (ICAM, Delhi), 31-51
c©Poincare Publishers

FRAME BASED RECONSTRUCTION OF SIGNALS IN

MULTIRATE IMPLEMENTATION

KHOLE TIMOTHY POUMAI, S. K. KAUSHIK AND POONAM MANTRY†

Date of Receiving : 01.05.2018
Date of Revision : 06.04.2019
Date of Acceptance : 16.04.2019

Abstract . We define multidimensional discrete time Zak transform (MDTZT)

and discuss various properties of MDTZT. We show that MDTZT is relevant to

discrete sampling of multivariate discrete time signals. Also, we study multivariate
discrete time Weyl Heisenberg (MDTWH) systems for oversampling and critical

sampling schemes. By utilizing Zak transform, we give the formulations of the

existence of MDTWH frames, tight MDTWH frames and dual of MDTWH frames
in the context of oversampling. Moreover, we show that MDTZT provides a good

method to evaluate the coefficients of the MDTWH system expansion in the case

of oversampling. Also, we discuss the sampling results of the MDTWH system
for critical sampling. Finally, we give the applications of MDTWH frames to

reconstruction of the multivariate Weyl Heisenberg system in the periodic space
L2([0, 1)d).

1. Introduction

Let H be a real (or complex) separable Hilbert space with inner product 〈., .〉. A
family {fn}n∈Z ⊆ H is a frame (or Hilbert frame) for H , if there exist constants
A,B > 0 such that

A‖f‖2 ≤
∞∑

n=−∞
|〈f, fn〉|2 ≤ B‖f‖2, for all f ∈H . (1.1)

The scalars A and B are called the lower and upper frame bounds of the frame,
respectively. They are not unique. If A = B, then {fn} is called an A-tight frame and
if A = B = 1, then {fn} is called a Parseval frame. The inequality in (1.1) is called the
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frame inequality of the frame.
The operator T : `2(Z)→H , defined by

T ({cn}) =
∑
n∈Z

cnfn, {cn} ∈ `2(Z),

is called the pre-frame operator (or synthesis operator) and its adjoint operator
T ∗ : H → `2(Z), is called the analysis operator and is given by

T ∗(f) = {〈f, fn〉}, for all f ∈H .

Composing T and T ∗, we obtain the frame operator S = T T ∗ : H →H , given by

S(f) =

∞∑
k=1

〈f, fk〉fk, for all f ∈H .

The frame operator S is a positive, bounded, self-adjoint and invertible operator on H .
A sequence {fn}n∈Z ⊆ H is a Riesz basis for H if {fn}n∈Z is complete in H and

there exist constants A,B > 0 such that

A

∞∑
n=−∞

|an|2 ≤ ‖
∞∑

n=−∞
anfn‖2 ≤ B

∞∑
n=−∞

|an|2, for all {an}n∈Z ∈ `2(Z).

A family {fn}n∈Z ⊆H is a Riesz basis for H if and only if {fn}n∈Z is a frame for H
and 〈fn, S−1fm〉 = δnm, n,m ∈ Z. A family {fn}n∈Z ⊆ H is a Bessel sequence for H
if there exists a constant B > 0 such that
∞∑

n=−∞
|〈f, fn〉|2 ≤ B‖f‖2, for all f ∈H .

Let {fn}n∈Z ⊆H be a Bessel sequence with synthesis operator T . Then, we have the
following (see [5,13])

(a) {fn}n∈Z ⊆H is a frame if and only if T maps `2(Z) onto H such that T (en) = fn,
for all n ∈ Z.

(b) {fn}n∈Z ⊆H is a Riesz basis if and only if T maps `2(Z) bijectively onto H such
that T (en) = fn, for all n ∈ Z.

(c) {fn}n∈Z ⊆H is a Parseval frame if and only if T T ∗ = IH such that T (en) = fn,
for all n ∈ Z.

(d) {fn}n∈Z ⊆H is an orthonormal basis if and only if T is a unitary map from `2(Z)
onto H such that T (en) = fn, for all n ∈ Z.

For more details related to frames and Riesz bases, one may refer to [5, 9, 13].
The discrete time Fourier transform [10,19] on `2(Z) is a map F or
ˆ: `2(Z)→ L2([0, 1)), defined by

Fz(θ) =
∑
n∈Z

z(n)e−2πinθ, for z ∈ `2(Z) and θ ∈ [0, 1).

The inverse discrete time Fourier transform on L2([0, 1)) is a map
F−1 : L2([0, 1))→ `2(Z), defined by

F−1f(n) = 〈f, e−2πinθ〉 =

∫ 1

0

f(θ)e−2πinθdθ,

where f ∈ L2([0, 1)) and θ ∈ [0, 1).
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Remark 1.1. The map F , defined above, is one-to-one and onto with inverse F−1.
So, for z, w ∈ `2(Z), we have

z(n) = F−1Fz(n) =

∫ 1

0

Fz(θ)e−2πinθdθ.

Also, we have 〈z, w〉 = 〈ẑ, ŵ〉 and ‖z‖2 = ‖ẑ‖2 (see [10, 19]).

Let L ∈ N. Then a discrete time Zak transform (DTZT) [2, 4, 14] is the map
Z : `2(Z)→ L 2(Z× R), defined by

Z z(n, θ) =
∑
k∈Z

z(n+ kL)e−2πikθ,

where z ∈ `2(Z), n ∈ Z and θ ∈ R. Z z is quasiperiodic in the following sense: for
(n, θ) ∈ Z× R, we have

Z z(n+ lL, θ) = e2πilθZ z(n, θ) and Z z(n, θ + l) = Z z(n, θ), l ∈ Z.
Therefore, Z z is completely determined by its values on the set

L = ZL × [0, 1) = {0, 1, 2, 3, ..., L− 1} × [0, 1).

Let L2(L) be the Hilbert space of all mappings Φ : L→ C for which

‖Φ‖22 =

L−1∑
n=0

∫ 1

0

|Φ(n, θ)|2dθ <∞

and inner product of Φ,Ψ ∈ L2(L) is given by

〈Φ,Ψ〉2 =

L−1∑
n=0

∫ 1

0

Φ(n, θ)Ψ(n, θ)dθ.

Lemma 1.2. [4, 14] The discrete time Zak transform Z is a unitary operator from
`2(Z) onto L2(L).

Let En ∈ L2([0, 1)) be defined by En(θ) = e−2πinθ, for n ∈ Z and θ ∈ [0, 1). We
know that {En}n∈Z is an orthonormal basis for L2([0, 1)). One can observe that the
discrete time Fourier transform F on `2(Z) is the synthesis operator of the orthonormal
basis {En}n∈Z such that F (en) = En, for all n ∈ Z. Similarly, let Em,k ∈ L2(L)
be defined by Em,k(n, θ) = 1√

L
e2πimL ne−2πikθ, for (n, θ) ∈ L, m ∈ ZL, and k ∈ Z.

We know that {Em,k}m∈ZL,k∈Z is an orthonormal basis of L2(L). Also, if we write
xm,k = 1√

L
Em

L
TkLχZL

, for m ∈ ZL and k ∈ Z, then {xm,k}m∈ZL,k∈Z is an orthonormal

basis of `2(Z). Further, we observe that the discrete time Zak transform Z on `2(Z) is
the synthesis operator of the orthonormal basis {Em,k} such that Z (xm,k) = Em,k, for
all n ∈ Z.

Let d ∈ N, a function f ∈ L2(Rd) is a d-dimensional signal. The d-dimensional
Fourier transform F d (see [8]) is a map on L2(Rd), defined by

F df(θ̄) =

∫
Rd

f(x̄)e2πix̄·θ̄dx̄, for f ∈ L2(Rd), θ̄ ∈ Rd.

In multidimensional signal processing [8, 18, 20, 21], the multidimensional sampling and
underlying continuous space L2(Rd) play a bigger role than in one dimensional signal
processing. The fact is, some digital images and many digital videos are undersampled
in one dimension case. When dealing with the motion in video, at least half-pixel
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accuracy is needed. Also, variety of sampling can be carried out in multidimensional
space that does not exist in one dimensional space. In multidimensional sampling, the
sampled version of d-dimensional signal f ∈ L2(Rd) is a sequence of complex numbers
{z(n̄)}n̄∈Zd , defined by

z(n̄) = f(Dn̄), for n̄ ∈ Zd,

where D is a real d × d nonsingular matrix and {t̄ : t̄ = Dn̄, n̄ ∈ Zd} is the set of all
the sample points. In particular, rectangular sampling is defined to be sampling scheme
for which D is a diagonal matrix. In multirate digital signal processing [19, 20], the
sampling rate of a signal is changed in order to increase the efficiency specially in image
and video signal processing operations. Indeed, it is the case of resizing the images or
videos for the purpose of display on a digital image or video monitor. Decimation or
downsampling of d-dimensional sequence z is defined as

y(n̄) = z(Cn̄), for n̄ ∈ Zd,

where C is a d × d nonsingular matrix of integers. Since C is a d × d nonsingular
matrix of integers, so it generates lattice Lat(C) [21]. Now, expansion or upsampling of
a d-dimensional sequence x is defined as

u(n̄) =

{
x(C−1n̄), if n̄ ∈ Lat(C)

0, if n̄ /∈ Lat(C).

In this paper, with motivations from multirate digital signal processing, we introduce
multivariate discrete time Weyl Heisenberg (MDTWH) system in multidimensional
sequence space `2(Zd). In section 2, we define multidimensional discrete time Zak
transform (MDTZT), which plays a significant role in the expansion of multivariate
discrete time Weyl Heisenberg (MDTWH) frames. In fact, MDTZT allows the
formulation of theorems on the existence of MDTWH frames. We also discuss various
properties of MDTZT. For instance, we show that MDTZT is quasi periodic and a
unitary operator. We give various relationships between multidimensional discrete time
Fourier transform and MDTZT. We also prove that the product of two MDTZTs can
be represented by a multidimensional Fourier series. In section 3, we discuss various
discrete sampling results of MDTWH systems on oversampled scheme and critical
sampling scheme. We show that the frame operator of MDTWH frame is associated
with the sampling operator and interpolation operator. Although, the applications of
orthonormal bases are quite appealing in signal processing and other fields as they
can be implemented in the fast discrete algorithms. However, they have a localization
problem due to Balian-Low Theorem. Moreover, if the signal contains both impulsive
and harmonic components, then a single orthonormal basis cannot efficiently represent
both of them. In that direction, frames play a better role in representing the signals.
Using MDTZT, we give various characterizations of MDTWH systems. We also give
a necessary and sufficient condition for the existence of MDTWH frames and establish
the existence of the dual MDTWH frames which immediately provides us the condition
to study the existence of tight MDTWH frames. Also, we discuss the existence of
Riesz MDTWH basis and orthonormal basis as a particular case. Finally, we discuss
the applications of MDTWH frames to formulate the construction of multivariate Weyl
Heisenberg frames in the periodic space L2([0, 1)d).
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2. Multidimensional discrete time Zak transform in `2(Zd)

Zak defined and studied Zak transform (ZT), which is also known as Gel’fand mapping
or Weil-Brezin mapping. Zak transform [12, 15, 16, 22] is an important tool in the
theory of Weyl Heisenberg (WH) frames and Gabor system expansions. Theoretically,
ZT provides the formulation of theorems on the existence of WH frames. Practically,
ZT is widely used for the numerical calculations of WH frame bounds, in the theory of
coherent states, wavelet transforms and filter bank theory. Later, Janssen [16] discussed
ZT which is a signal transform relevant to time-continuous signals sampled at a uniform
rate and an arbitrary clock phase. Further, Heil [14] defined discrete time Zak transform
(DTZT) and gave analysis of discrete time Weyl Heisenberg frames in `2(Z). But many
digital images and digital videos are under sampled in one dimensional space, so there
is a need of multidimensional space. For that purpose, we define multidimensional
discrete time Zak transform (MDTZT) and we study various properties of MDTZT.
Firstly, let us recall the translation operator and modulation operator [8, 18, 20, 21] in
multidimensional sequence space `2(Zd).
Modulation operator : for ā ∈ Rd, define Eā : `2(Zd)→ `2(Zd) by

Eāz(n̄) = e2πiā·n̄z(n̄), n̄ ∈ Zd.

Translation operator : for k̄ ∈ Zd, define Tk̄ : `2(Zd)→ `2(Zd) by

Tk̄z(n̄) = z(n̄− k̄), n̄ ∈ Zd.

We now define, for d ∈ N and N1, N2, ..., Nd ∈ N, matrices N and Ñ by

N =


N1 0 ... 0
0 N2 ... 0
. . ... 0
. . . 0
0 0 0 Nd

 , Ñ =


1/N1 0 ... 0

0 1/N2 ... 0
. . ... 0
. . . 0
0 0 0 1/Nd


Denote ZdN = {n̄ = (n1, n2, ....., nd)|nj = 0, 1, 2, ...., Nj − 1, 1 ≤ j ≤ d} and
Id = [0, 1)× [0, 1)....× [0, 1)︸ ︷︷ ︸

d times

. Let Ld = ZdN × Id and consider the Hilbert space

L2(Ld) =

{
φ : Ld −→ C|

∑
n̄∈Zd

N

∫
Id
|φ(n̄, θ̄)|2dθ̄ <∞

}

For φ, ψ ∈ L2(Ld), we define inner product as

〈φ, ψ〉 =
∑
n̄∈Zd

N

∫
Id
φ(n̄, θ̄)ψ(n̄, θ̄)dθ̄

and norm as

‖φ‖2 =
∑
n̄∈Zd

N

∫
Id
|φ(n̄, θ̄)|2dθ̄.

We now generalize the discrete time Zak transform in the sequence space `2(Zd).
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Definition 2.1. The multidimensional discrete time Zak transform (MDTZT) is a map
Z d : `2(Zd)→ L2(Ld), defined by

Z dz(n̄, θ̄) =
∑
k̄∈Zd

z(n̄+ N k̄)e−2πik̄·θ̄,

where (n̄, θ̄) ∈ Ld and z ∈ `2(Zd).

Remark 2.2. The multidimensional Zak transform is quasi periodic, i.e, for l̄ ∈ Zd,
(a) Z dz(n̄, θ̄ + l̄) = Z dz(n̄, θ̄);

(b) Z dz(n̄+ N l̄, θ̄) = e2πil̄·θ̄Z dz(n̄, θ̄).

It can be easily seen that Z d is completely determined by its values on the set Ld.
We verify that Z d is well defined. Let k̄ ∈ Zd and

Fk̄(n̄, θ̄) = z(n̄+ N k̄)e−2πik̄·θ̄.

Then Fk̄ ∈ L2(Ld). Since ∑
l̄∈Zd

a(l̄) =
∑
k̄∈Zd

∑
m̄∈Zd

N

a(m̄+ N k̄)

for a ∈ `2(Zd), we compute

∑
k̄∈Zd

‖Fk̄‖2L2(Ld) =
∑
k̄∈Zd

∑
n̄∈Zd

N

∫
Id
|z(n̄+ N k̄)e−2πik̄·θ̄|2dθ̄

=
∑
k̄∈Zd

∑
n̄∈Zd

N

|z(n̄+ N k̄)|2

=
∑
l̄∈Zd

|z(l̄)|2 = ‖z‖2`2(Zd)

and for j̄ 6= k̄, we have

〈Fk̄, Fj̄〉L2(Ld) =
∑
n̄∈Zd

N

z(n̄+ N k̄)z(n̄+ N j̄)

∫
Id
e−2πi(k̄−j̄)·θ̄dθ̄.

Now∫
Id
e−2πi(k̄−j̄).θ̄dθ̄ =

(∫
I

e−2πi(k1−j1)θ1dθ1

)(∫
I

e−2πi(k2−j2)θ2dθ2

)
...

(∫
I

e−2πi(kd−jd)θddθd

)
.

So, for ji 6= ki, we obtain
∫
I
e−2πi(ki−ji)·θidθi = 0. Thus, we have 〈Fk̄, Fj̄〉L2(Ld) = 0.

Since

‖Z dz‖2 = 〈Z dz,Z dz〉 =

〈 ∑
k̄∈Zd

Fk̄,
∑
k̄∈Zd

Fk̄

〉
=
∑
k̄∈Zd

‖Fk̄‖2 = ‖z‖2`2(Zd),
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it follows that Z dz(n̄, θ̄) =
∑
k̄∈Zd

z(n̄+ N k̄)e−2πik̄·θ̄ is well defined.

In the following, we define orthonormal bases in multidimensional spaces `2(Zd) and
L2(Ld). We give a simple proof using Poisson sum formula and approximate identity.

Proposition 2.3. Let m̄ ∈ ZdN and k̄ ∈ Zd.

(i) If xm̄,k̄ = 1

(det(N ))
1
2
EÑ m̄TN k̄χZd

N
, then {xm̄,k̄}m̄∈Zd

N ,k̄∈Zd is an orthonormal

basis of `2(Zd).
(ii) If EÑ m̄,k̄(n̄, θ̄) = 1

(det(N ))
1
2
e2πiÑ m̄·n̄e−2πik̄·θ̄, then {EÑ m̄,k̄}m̄∈Zd

N ,k̄∈Zd is an

orthonormal basis for L2(Ld).

Proof. (i) Let s̄ ∈ Zd and

ZdN s̄ = {(n1, n2, ..., nd) : Njsj ≤ nj ≤ Njsj +Nj − 1, for j = 1, 2, .., d}.

For any k̄ ∈ Zd, we have TN k̄χZd
N

(n̄) = χZd
N k̄

(n̄), for all n̄ ∈ Zd. For n̄ ∈ Zd, we get∑
m̄∈Zd

N

∑
k̄∈Zd

〈z, xm̄,k̄〉xm̄,k̄(n̄) = 1
det(N )

∑
m̄∈Zd

N

∑
k̄∈Zd

〈z, EÑ m̄TN k̄χZd
N
〉e2πiÑ m̄·n̄χZd

N k̄
(n̄).

By division algorithm, we can write n̄ = N k̄′ + r̄, where r̄ ∈ ZdN . Notice that if
k̄ 6= k̄′, then χZd

N k̄
(n̄) = 0. So, we have

1

det(N )

∑
m̄∈Zd

N

∑
k̄∈Zd

〈z, EÑ m̄TN k̄χZd
N
〉e2πiÑ m̄·n̄χZd

N k̄
(n̄)

=
1

det(N )

∑
m̄∈Zd

N

〈z, EÑ m̄TN k̄′χZd
N
〉e2πiÑ m̄·r̄.

Also, we compute

〈z, EÑ m̄TN k̄′χZd
N
〉 =

∑
p̄∈Zd

N k̄′

z(p̄)e−2πiÑ m̄·p̄ =
∑
j̄∈Zd

N

z(j̄ + n̄− r̄)e−2πiÑ m̄·j̄ ,

by taking j̄ = p̄−N k̄′. Thus, we obtain

∑
m̄∈Zd

N

∑
k̄∈Zd

〈z, xm̄,k̄〉xm̄,k̄(n̄) =
1

det(N )

∑
j̄∈Zd

N

z(j̄ + n̄− r̄)
∑

m̄∈Zd
N

e−2πiÑ m̄·(j̄−r̄) = z(n̄).

(ii) Let f ∈ L2(Ld). Then

〈f,EÑ m̄,k̄〉 =
1√

det(N )

∑
p̄∈Zd

N

∫
Id

f(p̄, φ̄)e−2πiÑ m̄·p̄e2πik̄·φ̄dφ̄.
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For (n̄, θ̄) ∈ Ld, we have∑
m̄∈Zd

N

∑
k̄∈Zd

〈f,EÑ m̄,k̄〉EÑ m̄,k̄(n̄, θ̄)

=
1√

det(N )

∑
m̄∈Zd

N

∑
k̄∈Zd

〈f,EÑ m̄,k̄〉e
2πiÑ m̄·n̄e−2πik̄·θ̄

=
1

det(N )

∑
k̄∈Zd

(
∑
p̄∈Zd

N

∫
Id

f(p̄, φ̄)e2πik̄.φ̄dφ̄)e−2πik̄·θ̄
∑

m̄∈Zd
N

e−2πiÑ m̄·(p̄−n̄)

=
∑
k̄∈Zd

∫
Id

f(n̄, φ̄)e−2πik̄·(θ̄−φ̄)dφ̄.

Therefore, using Poisson sum formula [22], we obtain

∑
k̄∈Zd

∫
Id

f(n̄, φ̄)e−2πik̄·(θ̄−φ̄)dφ̄ =
∑
k̄∈Zd

∫
Id

f(n̄, φ̄)δ(θ̄ − φ̄− k̄)dφ̄.

Substituting φ̄+ k̄ = ω̄ and using approximate identity, we get

∑
k̄∈Zd

∫
Id

f(n̄, φ̄)δ(θ̄ − φ̄− k̄)dφ̄ =
∑
k̄∈Zd

k1+1∫
k1

k2+1∫
k2

...

kd+1∫
kd

f(n̄, ω̄ − k̄)δ(θ̄ − ω̄)dω̄

=

∫
Rd

f(n̄, ω̄)δ(θ̄ − ω̄)dω̄

= f(n̄, θ̄).

Also, it can be easily verified that 〈EÑ n̄,k̄,EÑ m̄,l̄〉 =δn̄m̄δk̄l̄. �

Using the facts of above discussions, we are now ready to show that MDTZT Z d is
a unitary operator.

Theorem 2.4. The multidimensional discrete time Zak transform Z d is a unitary
operator from `2(Zd) onto L2(Ld).

Proof. Note that

Z d(xm̄,k̄(n̄, θ̄)) =
∑
p̄∈Zd

xm̄,k̄(n̄+ N p̄)e−2πip̄·θ̄

=
∑
p̄∈Zd

1

(det(N ))
1
2

EÑ m̄TN k̄χZd
N

(n̄+ N p̄)e−2πip̄·θ̄

=
∑
p̄∈Zd

1

(det(N ))
1
2

EÑ m̄χZd
N

(n̄+ N p̄−N k̄)e−2πip̄·θ̄



Frame based reconstruction of signals in multirate implementation 39

Since n̄ ∈ ZdN , n̄+ N p̄−N k̄ ∈ ZdN only for p̄ = k̄. Thus, we obtain

Z d(xm̄k̄(n̄, θ̄)) =
1

(det(N ))
1
2

EÑ m̄χZd
N

(n̄)e−2πik̄·θ̄

=
1

(det(N ))
1
2

e2πiÑ m̄·n̄e−2πik̄·θ̄

= EÑ m̄,k̄(n̄, θ̄).

Therefore, Z d maps the orthonormal basis {xm̄,k̄}m̄∈Zd
N ,k̄∈Zd of `2(Zd) to the

orthonormal basis {EÑ m̄,k̄}m̄∈Zd
N ,k̄∈Zd of L2(Ld). Hence, Z d is unitary. �

Next, we give relationships between the multidimensional discrete time Fourier
transform and MDTZT.

Proposition 2.5. Let x, y ∈ `2(Zd). Then

(1) Z dx(n̄, θ̄) = 1
det(N )e

2πiθ̄·Ñ n̄
∑

m̄∈Zd
N

F dx(Ñ (θ̄ + m̄))e2πin̄·Ñ m̄;

(2)
∑

n̄∈Zd
N

Z dx(n̄,N θ̄)e−2πiθ̄·n̄ = F dx(θ̄);

(3)
∑

n̄∈Zd
N

Z dx(n̄, θ̄)Z dy(n̄, θ̄) = 1
det(N )

∑
m̄∈Zd

N

F dx(Ñ (θ̄ + m̄))F dy(Ñ (θ̄ + m̄)).

From Remark 2.2, it is observed that the product of two MDT Zak transforms is
N l̄-periodic with respect to component n̄ and l̄-periodic with frequency component θ̄,
for l̄ ∈ Zd. This yields that the product of two MDT Zak transforms can be represented
by a multidimensional Fourier series expansion.

Theorem 2.6. Let x, y ∈ `2(Zd), and (n̄, θ̄) ∈ L. Then

Z dx(n̄, θ̄)Z dy(n̄, θ̄) =
1

det(N )

∑
m̄∈Zd

N

∑
k̄∈Zd

〈x,EÑ m̄TN k̄y〉e2πiÑ m̄·n̄e−2πik̄·θ̄.

Proof. We know that {EÑ m̄,k̄} is an orthonormal basis for L2(Ld) and

Z dx ·Z dy ∈ L2(Ld). So,we have

Z dx ·Z dy =
∑

m̄∈Zd
N

∑
k̄∈Zd

〈Z dx ·Z dy,EÑ m̄,k̄〉EÑ m̄,k̄.
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Note that

〈Z dx ·Z dy,EÑ m̄,k̄〉 =
∑
n̄∈Zd

N

∫
Id

Z dx(n̄, θ̄)Z dy(n̄, θ̄) EÑ m̄,k̄((n̄, θ̄))dθ̄

=
1

(det(N ))1/2

∑
n̄∈Zd

N

∑
l̄∈Zd

∑
j̄∈Zd

x(n̄+ N l̄)y(n̄+ N j̄)e−2πiÑ m̄·n̄

×
∫
Id
e−2πil̄·θ̄ e−2πi(j̄+k̄)·θ̄dθ̄

=
1

(det(N ))1/2

∑
j̄∈Zd

∑
n̄∈Zd

N

x(n̄+ N (j̄ + k̄))y(n̄+ N j̄)e−2πiÑ m̄·n̄.

Take s̄ = n̄+ (j̄ + k̄)N and let

Zdj̄k̄N = {(s1, s2, ..., sd) : jq + ki ≤ sq ≤ jq + qi +Nq − 1 and 1 ≤ q ≤ d}.
Then we obtain

〈Z dx ·Z dy,EÑ m̄,k̄〉 =
1

(det(N ))1/2

∑
j̄∈Zd

∑
s̄∈Zd

j̄k̄N

x(s̄)y(s̄−N k̄)e−2πiÑ m̄·s̄

=
1

(det(N ))1/2

∑
l̄∈Zd

x(l̄)EÑ m̄TN k̄y(l̄)

=
1

(det(N ))1/2
〈x,EÑ m̄TN k̄y〉. �

Let x, y ∈ `2(Zd) and m̄ ∈ Zd. Convolution of x and y is given by

x ∗ y(m̄) =
∑
k̄∈Zd

x(m̄− k̄)y(k̄) =
∑
k̄∈Zd

x(k̄)y(m̄− k̄).

The reflection of z ∈ `2(Zd) is z̃(n̄) = z(−n̄) for n̄ ∈ Zd. Convolution plays an important
role in the sampling theory. The convolution with the impluse response is also termed
as filtering. The following properties related to MDTZT of convolution, reflection and
modulation can be easily verified.

Remark 2.7. Let x, y ∈ `2(Zd) and n̄ ∈ ZdN , θ̄ ∈ Id, θ̄0 ∈ Rd. Then

(a) Z d(x∗y)(n̄, θ̄) =
∑

m̄∈Zd
N

Z dx(n̄−m̄, θ̄)Z dy(m̄, θ̄) =
∑

m̄∈Zd
N

Z dx(m̄, θ̄)Z dy(n̄−m̄, θ̄);

(b) Z dx̃(n̄, θ̄) = Z dx(−n̄, θ̄);
(c) Z d(Eθ̄0x)(n̄, θ̄) = e2πiθ̄0·n̄Z dx(n̄, θ̄ −N θ̄0).

3. Multivariate Weyl Heisenberg frames in `2(Zd)

Gabor system or Weyl Heisenberg system is a sequence in L2(R) of the form

G (g, a, b) = {e2πibmxg(x− ak)}m,k∈Z,

where g ∈  L2(R) and a, b > 0 are fixed. We call g as the generator or the atom. If
G (g, a, b) is a frame for L2(R), then we call G (g, a, b) as a Gabor frame. If G (g, a, b) is
a Riesz Basis for L2(R), then we call G (g, a, b) as a Gabor Riesz basis. Gabor systems
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are named after Dennis Gabor [11] who defined Gabor system G (φ, 1, 1), generated by

the Gaussian function φ(x) = e−πx
2

. Gabor conjectured incorrectly that every element
f ∈ L2(R) can be represented by

f =
∑
m,k∈Z

cmk(f)EmTkφ, (3.1)

for some scalars cmk(f). Gabor expected that G (φ, 1, 1) would be a Schauder basis or a
Riesz basis for L2(R). However, G (φ, 1, 1) is neither of them, since it is over complete.
Janssen proved the Gabor’s conjecture: each f ∈ L2(R) has an expansion of the form
in equation (3.1) but he also showed that the series converges only in the sense of
tempered distributions not in the L2 norm. From Balian-Low Theorem [1,17], we know
that a badly behaved atom g can generate Gabor Riesz basis. However, redundant
Gabor frames with better generators do exist and they enable us with useful tools
for many applications. Further, C. Heil [14] defined discrete time Weyl Heisenberg
(DTWH) system {Em

M
TkLν} in `2(Z), where M,L ∈ N are fixed and m = 1, 2, ...,M ,

k ∈ Z, ν ∈ `2(Z). If {Em
M
TkLν} is a frame (or Riesz basis) for `2(Z), then we call

{Em
M
TkLν} as a DTWH frame (or DTWH Riesz basis) [6, 14]. C. Heil used DT Zak

transform to study DTWH systems in `2(Z). However, there is a limitation because
the survey was confined to the case where M = L. In this case, if DTWH system is a
frame, then it is automatically a Riesz basis. Later, Bolcskei and Hlawatsch [4] studied
the theory of DTWH frames extensively. In fact, they established the necessary and
sufficient condition for the existence of DTWH frames using Zibulski-Zeevi’s method
[22]. These DTWH systems have an important role in the discrete sampling theory
especially in multirate digital signal processing. However, when we deal with digital
images and digital videos, higher dimensional spaces are required for sampling in order
to avoid the under sampling problems as in one dimensional spaces. In this direction,
we attempt to fill the gap between the two theories and subsequently define the notion
of multivariate discrete time Weyl Heisenberg (MDTWH) systems in multidimensional
sequence space `2(Zd). However, in this paper we will confine to rectangular sampling
scheme. We discuss the existence of MDTWH frames with oversampling scheme in the
reconstruction of multidimensional signals. We will also show the explicit relation of
MDTWH frame operator with sampling operator and interpolation operator. Further,
we study the existence of the dual of MDTWH frames and tight MDTWH frames using
MDT Zak transform. At the end, we will discuss the existence of MDTWH Riesz basis
and orthonormal basis as a particular case of MDTWH frames with critical sampling
scheme. Now, we define MDTWH frames as follows.
Let d ∈ N, M1,M2, ...,Md ∈ N and M be d× d diagonal matrix given by

M =


M1 0 ... 0
0 M2 ... 0
. . ... 0
. . . 0
0 0 0 Md

 , M̃ =


1/M1 0 ... 0

0 1/M2 ... 0
. . ... 0
. . . 0
0 0 0 1/Md

 .

Let ZdM = {n̄ = (n1, n2, ....., nd)|nj = 0, 1, 2, ....,Mj − 1, 1 ≤ j ≤ d}.
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Definition 3.1. Multivariate discrete time Weyl Heisenberg frame (MDTWH frame).
Let m̄ ∈ ZdM and ν ∈ `2(Zd). Define

νm̄,k̄ = EM̃m̄TN k̄ν, k̄ ∈ Zd.

Then {νm̄,k̄} is said to be a MDTWH frame for `2(Zd) if there exist constants A, B > 0

such that, for all z ∈ `2(Zd),

A‖z‖2 ≤
∑

m̄∈Zd
M

∑
k̄∈Zd

|〈z, νm̄,k̄〉|2 ≤ B‖z‖2. (3.2)

MDTWH system {νm̄,k̄} is MDTWH Parseval frame if A = B = 1 and MDTWH system
{νm̄,k̄} is MDTWH Bessel sequence if it satisfies the upper inequality in (3.2).

Definition 3.2. Let w ∈ `2(Zd) and wm̄,k̄ = EM̃m̄TN k̄w, for m̄ ∈ ZdM and k̄ ∈ Zd. Let

{νm̄,k̄} and {wm̄,k̄} be MDTWH Bessel sequences in `2(Zd). A pair ({νm̄,k̄}, {wm̄,k̄}) is
a dual multivariate discrete time Weyl Heisenberg tight frame (DMDTWHT frame) if

z =
∑

m̄∈Zd
M

∑
k̄∈Zd

〈z, wm̄,k̄〉νm̄,k̄, for all z ∈ `2(Zd).

Example 3.3. Let d = 2, M = PN where P=

(
1 0
0 2

)
, N =

(
2 0
0 2

)
. Let

ν = 1
2
√

2
χZd

N
. Then, {νm̄,k̄}m̄∈Zd

M ,k̄∈Zd forms a MDTWH Parseval frame for `2(Zd).
This can be easily verified by observing that∑

m̄∈Zd
M

∑
k̄∈Zd

〈z, νm̄,k̄〉νm̄,k̄(n̄) =
1

8

∑
m̄∈Zd

M

〈z, EM̃m̄TN k̄χZd
N
〉e2πiM̃m̄(N k̄+r̄),

where 〈z, EM̃m̄TN k̄χZd
N
〉=

∑
p̄∈Zd

N k̄

z(p̄)e−2πiM̃m̄·p̄ =
∑

j̄∈Zd
N

z(j̄ + n̄− r̄)e−2πiM̃m̄·(j̄+N k̄),

by taking j̄ = p̄−N k̄. Thus, we obtain∑
m̄∈Zd

M

∑
k̄∈Zd

〈z, νm̄,k̄〉νm̄,k̄(n̄)= 1
8

∑
j̄∈Zd

N

z(j̄ + n̄− r̄)
∑

m̄∈Zd
M

e−2πiM̃m̄·(j̄−r̄) =z(n̄).

We define downsampling (decimation) and upsampling (expansion) by positive
integers N1, N2, ..., Nd, which are diagonal entries of diagonal matrix N , defined in
Section 2.

Definition 3.4. Downsampling operator DN : `2(Zd) −→ `2(Zd) is defined by

(DN z)(n̄) = z(N n̄) for all n̄ ∈ Zd.

Upsampling Operator UN : `2(Zd) −→ `2(Zd) is defined by

(UN z)(n̄) =

{
z(Ñ n̄), if nj are divisible by Nj , for all j = 1, 2, ..., d;

0, if any nj is not divisible by Nj , for j = 1, 2, ..., d.
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In one dimensional space `2(Z), if we downsample and subsequently upsample by
factor L = 2 and for ν ∈ `2(Z), then one can express

U2D2ν =
1

2
(ν + ν∗),

where ν∗ is defined as ν∗(n) = (−1)nν(n), for n ∈ Z (see [10]). But this tool becomes
tedious when L > 2. Moreover, it becomes very complicated in multidimensional spaces.
Here, we will give an alternate method, which is very easy to handle. In fact, we
will use modulation operator to express the composition of downsampling operator and
upsampling operator.

Lemma 3.5. Let z ∈ `2(Zd). Then

1

det(N )

∑
k̄∈Zd

N

E−Ñ k̄z(n̄) = UN DN z(n̄), n̄ ∈ Zd.

Frame theory is closely associated with sampling theory. Next, we show how
downsampling, upsampling and filtering form the frame operator.

Proposition 3.6. Let ν ∈ `2(Zd) and {EM̃m̄Tk̄N ν} be MDTWH Bessel sequence with
frame operator S. Then the frame operator S is given by

Sz =
∑

m̄∈Zd
M

∑
k̄∈Zd

〈z, EM̃m̄TN k̄ν〉EM̃m̄TN k̄ν

=
∑

m̄∈Zd
M

EM̃m̄ν ∗
(
EM̃m̄

(
UN DN

(
E−M̃m̄z ∗ ν̃

)))
,

for all z ∈ `2(Zd).

Proof. Note that, for k̄ ∈ Zd, we have

E−M̃m̄z ∗ ν̃(N k̄)

=
∑
j̄∈Zd

E−M̃m̄z(j̄)ν̃(N k̄ − j̄) =
∑
j̄∈Zd

z(j̄)EM̃m̄TN k̄ν(j̄) =
〈
z, EM̃m̄TN k̄ν

〉
.
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Hence, we compute∑
m̄∈Zd

M

EM̃m̄ν ∗
(
EM̃m̄

(
UN DN

(
E−M̃m̄z ∗ ν̃

))) (
l̄
)

=
1

det(N )

∑
m̄∈Zd

M

EM̃m̄ν ∗ EM̃m̄

 ∑
j̄∈Zd

N

E−Ñ j̄

(
E−M̃m̄z ∗ ν̃

)(l̄)

=
1

det(N )

∑
m̄∈Zd

M

∑
n̄∈Zd

EM̃m̄ν(l̄ − n̄)EM̃m̄

 ∑
j̄∈Zd

N

E−Ñ j̄

(
E−M̃m̄z ∗ ν̃

) (n̄)

=
1

det(N )

∑
m̄∈Zd

M

∑
n̄∈Zd

e2πiM̃m̄·l̄ν(l̄ − n̄)
∑
j̄∈Zd

N

e−2πiÑ j̄·n̄ (E−M̃m̄z ∗ ν̃
)

(n̄)

=
∑

m̄∈Zd
M

∑
k̄∈Zd

(
E−M̃m̄z ∗ ν̃

)
(N k̄)e2πiM̃m̄·l̄ν(l̄ −N k̄)

=
∑

m̄∈Zd
M

∑
k̄∈Zd

〈z, EM̃m̄TN k̄ν〉EM̃m̄TN k̄ν(l̄). �

Let x ∈ `2(Zd). The convolution operator is a map Gx : `2(Zd) → `2(Zd), given by
Gx(z) = z ∗ x, for z ∈ `2(Zd). Here x is an impulse response, which is often called as
filter. The convolution with impulse response is called filtering. From Proposition 3.6,
we observe that

〈z, EM̃m̄TN k̄ν〉 = DN E−M̃m̄z ∗ ν̃(k̄) = DN Gν̃E−M̃m̄z(k̄).

DN Gν̃E−M̃m̄ is the sampling operator. Similarly, the interpolation operator is given
by GEM̃m̄ν

EM̃m̄UN .

Next, we give a necessary and sufficient condition for the existence of MDTWH
frames using MDT Zak transform. Let P be a d × d diagonal matrix whose diagonal
entries are P1, P2, ..., Pd ∈ N.

Theorem 3.7. Let ν ∈ `2(Zd) and M = PN . Then {EM̃m̄TN k̄ν} is a multivariate
DTWH frame with bounds A and B if and only if

A ≤ det(N )
∑
p̄∈Zd

P

|Z dν(n̄, θ̄ − P̃ p̄)|2 ≤ B a.e. (n̄, θ̄) ∈ Ld.

Proof. Using Proposition 3.6, we have

Sz =
∑

m̄∈Zd
M

EM̃m̄ν ∗
(
EM̃m̄

(
UN DN

(
E−M̃m̄z ∗ ν̃

)))
.

Now,

Z d

( ∑
m̄∈Zd

M

EM̃m̄ν ∗
(
EM̃m̄

(
UN DN

(
E−M̃m̄z ∗ ν̃

))))
(n̄, θ̄)
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= 1
det(N )Z

d

( ∑
m̄∈Zd

M

EM̃m̄ν ∗ EM̃m̄

( ∑
j̄∈Zd

N

E−Ñ j̄

(
E−M̃m̄z ∗ ν̃

)))
(n̄, θ̄)

= 1
det(N )

∑
m̄∈Zd

M

∑
s̄∈Zd

N

Z dEM̃m̄ν(n̄−s̄, θ̄)Z dEM̃m̄

( ∑
j̄∈Zd

N

E−Ñ j̄

(
E−M̃m̄z ∗ ν̃

))
(s̄, θ̄)

= 1
det(N )

∑
m̄∈Zd

M

∑
s̄∈Zd

N

e2πiM̃m̄·(n̄−s̄)Z dν(n̄− s̄, θ̄ −N M̃m̄)e2πiM̃m̄·s̄

×Z d

( ∑
j̄∈Zd

N

E−Ñ j̄

(
E−M̃m̄z ∗ ν̃

))
(s̄, θ̄ −N M̃ m̄)

= 1
det(N )

∑
m̄∈Zd

M

∑
s̄∈Zd

N

e2πiM̃m̄·n̄Z dν
(
n̄− s̄, θ̄ −N M̃ m̄

)
×
∑

j̄∈Zd
N

e−2πiÑ j̄·s̄Z d
(
E−M̃m̄z ∗ ν̃

)
(s̄, θ̄ −N M̃ m̄+ j̄).

Also, we have
Z d

(
E−M̃m̄z ∗ ν̃

)
(s̄, θ̄ −N M̃ m̄)

=
∑

r̄∈Zd
N

e−2πiM̃m̄·r̄Z dz(r̄, θ̄ −N M̃ m̄+ N M̃ m̄)Z dν
(
r̄ − s̄, θ̄ −N M̃ m̄

)
.

Therefore, we obtain

Z dSz(n̄, θ̄)

= 1
det(N )

∑
m̄∈Zd

M

∑
s̄∈Zd

N

e2πiM̃m̄·n̄Z dν
(
n̄− s̄, θ̄ −N M̃ m̄

) ∑
j̄∈Zd

N

e−2πiÑ j̄·s̄

×
∑

r̄∈Zd
N

e−2πiM̃m̄·r̄Z dz(r̄, θ̄)Z dν
(
r̄ − s̄, θ̄ −N M̃ m̄

)
= 1

det(N )

∑
m̄∈Zd

M

∑
r̄∈Zd

N

∑
s̄∈Zd

N

Z dν
(
n̄− s̄, θ̄ −N M̃ m̄

)
Z dz(r̄, θ̄)

×Z dν
(
r̄ − s̄, θ̄ −N M̃ m̄

)
e−2πiM̃m̄·(r̄−n̄)

∑
j̄∈Zd

N

e−2πiÑ j̄·s̄

=
∑

m̄∈Zd
M

∑
r̄∈Zd

N

Z dν
(
n̄, θ̄ −N M̃ m̄

)
Z dz(r̄, θ̄)Z dν

(
r̄, θ̄ −N M̃ m̄

)
e−2πiM̃m̄·(r̄−n̄).

Let ZdP = {(p1, p2, . . . , pd) : 0 ≤ pj ≤ Pj−1 and 1 ≤ j ≤ d}. Take m̄ = Pm̄′+ p̄, where

p̄ ∈ ZdP and m̄′ ∈ ZdN . Let P̃ be the inverse of P. Then

Z dSz(n̄, θ̄)

=
∑

p̄∈Zd
P

∑
m̄′∈Zd

N

∑
r̄∈Zd

N

Z dν
(
n̄, θ̄ − m̄′ − P̃ p̄

)
Z dz(r̄, θ̄)Z dν

(
r̄, θ̄ − m̄′ − P̃ p̄

)
× e−2πiP̃Ñ p̄·(r̄−n̄)e−2πiÑ m̄′·(r̄−n̄)

=
∑

p̄∈Zd
P

[
∑

r̄∈Zd
N

(Z dν
(
n̄, θ̄ − P̃ p̄

)
Z dz(r̄, θ̄)Z dν

(
r̄, θ̄ − P̃ p̄

)
× e−2πiP̃ Ñ p̄·(r̄−n̄)

∑
m̄′∈Zd

N

e−2πiÑ m̄′·(r̄−n̄))]
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= det(N )
∑
p̄∈Zd

P

Z dν
(
n̄, θ̄ − P̃ p̄

)
Z dz(n̄, θ̄)Z dν

(
n̄, θ̄ − P̃ p̄

)
.

Let {EM̃m̄TN k̄ν} be a MDTWH frame for `2(Zd). Then

〈Sz, z〉 =
∑

m̄∈Zd
M

∑
k̄∈Zd

|〈z, EM̃m̄TN k̄ν〉|2, for all z ∈ `2(Zd).

Also,

〈Z dSz,Z dz〉 =
∑

m̄∈Zd
N

∫
Id

Z dSz(n̄, θ̄)Z dz(n̄, θ̄)dθ̄

= det(N )
∑

m̄∈Zd
N

∫
Id
|Z dz(n̄, θ̄)|2

∑
p̄∈Zd

P

|Z dν
(
n̄, θ̄ − P̃ p̄

)
|2dθ̄.

Moreover, we have

A‖Z dz‖2L 2(Ld) ≤ 〈Z
dSz,Z dz〉 ≤ B‖Z dz‖2L 2(Ld), for all z ∈ `2(Zd).

Hence, we obtain

A ≤ det(N )
∑
p̄∈Zd

P

|Z dν
(
n̄, θ̄ − P̃ p̄

)
|2 ≤ B a.e. (n̄, θ̄) ∈ Ld.

Conversely, for z ∈ `2(Zd), we have

A‖Z dz‖2 ≤ det(N )‖Z dz‖2
∑
p̄∈Zd

P

|Z dν
(
n̄, θ̄ − P̃ p̄

)
|2 ≤ B‖Z dz‖2, a.e. (n̄, θ̄) ∈ Ld

and

det(N )‖Z dz‖2
∑
p̄∈Zd

P

|Z dν
(
n̄, θ̄ − P̃ p̄

)
|2 =

∑
n̄∈Zd

N

∫
Id

Z dSz(n̄, θ̄)Z dz(n̄, θ̄)dθ̄

= 〈Z dSz,Z dz〉.

Therefore, we get

A‖z‖2 ≤
∑

m̄∈Zd
M

∑
k̄∈Zd

|〈z, EM̃m̄TN k̄ν〉|2 ≤ B‖z‖2, for all z ∈ `2(Zd). �

Remark 3.8. If {EM̃m̄TN k̄ν} be a MDTWH frame with frame operator S. Then S
commutes with the modulation and translation operator involved, that is,

SEM̃m̄TN k̄ = EM̃m̄TN k̄S.

Similarly, one can observe that S−1 commutes with EM̃m̄TN k̄. Consequently, we can

compute that {EM̃m̄TN k̄S
−1ν} is also a MDTWH frame for `2(Zd).

Next, we give a characterization of DMDTWHT frames using MDT Zak transform.
Notice that the notion of the DMDTWHT frame is different from the biorthogonal basis
as DMDTWHT frames may not be linearly independent. In signal processing and other
applications, the freedom of redundancy is quite useful as it possesses the capacity to
minimize the presence of uncorrelated noise.
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Theorem 3.9. Let ν, w ∈ `2(Zd) and M = PN . Then a pair
({EM̃m̄TN k̄ν}, {EM̃m̄TN k̄w}) is a DMDTWHT frame in `2(Zd) if and only if∑
p̄∈Zd

P

Z dν(n̄, θ̄ − P̃ p̄) Z dw(n̄, θ̄ − P̃ p̄) = (det(N ))−1 a.e. (n̄, θ̄) ∈ Ld.

Proof. ({EM̃m̄TN k̄ν}, {EM̃m̄TN k̄w}) is a DMDTWHT frame in `2(Zd). From the proof
of Proposition 3.6, we observe that∑
m̄∈Zd

M

∑
k̄∈Zd

〈z, EM̃m̄TN k̄w〉EM̃m̄TN k̄ν =
∑

m̄∈Zd
M

EM̃m̄ν ∗
(
EM̃m̄

(
UN DN

(
EM̃m̄z ∗ w̃

)))
,

for all z ∈ `2(Zd). Also, from the proof of the Theorem 3.7, we have

Z d(
∑
m̄∈Zd

M
EM̃m̄ν ∗

(
EM̃m̄

(
UN DN

(
EM̃m̄z ∗ w̃

)))
)(n̄, θ̄)

= det(N )
∑

p̄∈Zd
P

Z dν
(
n̄, θ̄ − P̃ p̄

)
Z dz(n̄, θ̄)Z dw

(
n̄, θ̄ − P̃ p̄

)
.

So, we have

Z dz(n̄, θ̄) = det(N )Z dz(n̄, θ̄)
∑
p̄∈Zd

P

Z dν
(
n̄, θ̄ − P̃ p̄

)
Z dw

(
n̄, θ̄ − P̃ p̄

)
.

Thus, we obtain∑
p̄∈Zd

P

Z dν
(
n̄, θ̄ − P̃ p̄

)
Z dw

(
n̄, θ̄ − P̃ p̄

)
= (det(N ))−1, a.e. (n̄, θ̄) ∈ Ld.

Conversely, we have

Z d

( ∑
m̄∈Zd

M

∑
k̄∈Zd

〈z, EM̃m̄TN k̄w〉EM̃m̄TN k̄ν

)
(n̄, θ̄)

= det(N )Z dz(n̄, θ̄)
∑

p̄∈Zd
P

Z dν
(
n̄, θ̄ − P̃ p̄

)
Z dw

(
n̄, θ̄ − P̃ p̄

)
= Z dz(n̄, θ̄), a.e. (n̄, θ̄) ∈ Ld.

Hence,

z =
∑

m̄∈Zd
M

∑
k̄∈Zd

〈z, EM̃m̄TN k̄w〉EM̃m̄TN k̄ν, for all z ∈ `2(Zd). �

If we take ν = w in Theorem 3.9, then we immediately have the condition for the
existence of MDTWH Parseval frames.

Corollary 3.10. Let ν ∈ l2(Zd) and M = PN . Then {EM̃m̄TN k̄ν} is a MDTWH
Parseval frame if and only if∑
p̄∈Zd

P

|Z dν(n̄, θ̄ − P̃ p̄)|2 = (det(N ))−1 a.e. (n̄, θ̄) ∈ Ld.
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Example 3.11. For ν = 1
2
√

2
χZd

N
∈ `2(Z d) and d = 2 as in Example 3.3, the

condition
∑
p̄∈Zd

P
|Z dν(n̄, θ̄− P̃ p̄)|2= (det(N ))−1 a.e (n̄, θ̄) ∈ Ld can be easily verified

as
∑
p̄∈Zd

P
|Z dν(n̄, θ̄ − P̃ p̄)|2 = |Z dν(n̄, θ̄)|2 + |Z dν(n̄, θ̄ − P̃ · (0, 1))|2

and Z dν(n̄, θ̄) = 1
2
√

2
for all (n̄, θ̄) ∈ Ld.

Remark 3.12. Let M = N , ν ∈ l2(Zd) and νm̄,k̄ = EÑ m̄TN k̄ν. If {νm̄k̄} is a MDTWH
frame and S is its frame operator, then

Z dSz(n̄, θ̄) = Z d

 ∑
m̄∈Zd

M

∑
k̄∈Zd

〈z, νm̄,k̄〉νm̄,k̄

 (n̄, θ̄) = det(N )Z dz(n̄, θ̄)|Z dν(n̄, θ̄)|2.

Moreover, we have

Z dS−1z(n̄, θ̄) = Z dz(n̄, θ̄)(det(N ))−1
(
|Z dν(n̄, θ̄)|2

)−1
.

To justify the Remark, from the proof of Theorem 3.7, we have

Z dSz(n̄, θ̄) =
∑
r̄∈Zd

N

Z dz(r̄, θ̄)Z dν(n̄, θ̄ − m̄)Z dν(n̄, θ̄ − m̄)
∑

m̄∈Zd
M

e−2πiÑ m̄·(r̄−n̄)

= det(N )Z dz(n̄, θ̄)|Z dν(n̄, θ̄)|2

Replacing z by S−1z, we get

Z dS−1z(n̄, θ̄) = (det(N ))−1Z dz(n̄, θ̄)
(
|Z dν(n̄, θ̄)|2

)−1
.

Now, we are returning to critical sampling problem. We show that, if we take M = N ,
then MDTWH frame is a MDTWH Riesz basis.

Theorem 3.13. If M = N , ν ∈ `2(Zd), then {νm̄,k̄} is a Riesz basis with bounds A
and B if and only if

A ≤ det(N )|Z dν(n̄, θ̄)|2 ≤ B a.e. (n̄, θ̄) ∈ Ld.

Proof. If {νm̄,k̄} is a Riesz basis with bounds A and B, then it is a frame for H with
same bounds. Let S denote the frame operator of {νm̄,k̄}. By Remark 3.12, we have

Z dSz(n̄, θ̄) = det(N )Z dz(n̄, θ̄)|Z dν(n̄, θ̄)|2.
Also, we have

A‖Z dz‖2 ≤ 〈Z dSz,Z dz〉 ≤ B‖Z dz‖2

and

〈Z dSz,Z dz〉 = det(N )
∑
n̄∈Zd

N

∫
Id
|Z dz(n̄, θ̄)|2|Z dν(n̄, θ̄)|2dθ̄.

Thus, we obtain

A‖Z dz‖2 ≤ det(N )
∑
n̄∈Zd

N

∫
Id
|Z dz(n̄, θ̄)|2|Z dν(n̄, θ̄)|2dθ̄ ≤ B‖Z dz‖2.

So, we conclude that

A ≤ det(N )|Z dν(n̄, θ̄)|2 ≤ B a.e. (n̄, θ̄) ∈ Ld.
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Conversely, let {νm̄,k̄} be a frame for `2(Zd) with bounds A and B. Then we compute

〈νm̄,k̄, S−1νm̄′ ,k̄′ 〉
= 〈Z dνm̄,k̄,Z

dS−1νm̄′ k̄′ 〉

=
∑
n̄∈Zd

N

∫
Id

Z dνm̄,k̄(n̄, θ̄)Z dS−1νm̄′ k̄′ (n̄, θ̄)dθ̄

=
∑
n̄∈Zd

N

∫
Id

EÑ m̄,k̄ ·Z
dν(n̄, θ̄) EÑ m̄′ ,k̄′ ·Z dν(n̄, θ̄)(det(N ))−1(|Z dν(n̄, θ̄)|2)−1 dθ̄

=
1

det(N )

∑
n̄∈Zd

N

∫
Id
e−2πiÑ (m̄′−m̄)·n̄ e−2πi(k̄−k̄

′
)·θ̄ dθ̄

= δm̄m̄′ δk̄k̄′ . �

Finally, we state the following corollary:

Corollary 3.14. If M = N , then {νm̄,k̄} is an orthonormal basis if and only if

|Z dν(n̄, θ̄)|2 = (det(N ))−1 a.e. (n̄, θ̄) ∈ Ld.

Although frames for L2([0, 1)) are not very common in literature, there are many
advantages to consider them. For instance, the space L2([0, 1)) is a good model of
analog signals with finite duration because wavelet frames can be discretized easily. For
0 < b ≤ 1, the sequence {e−2πibkθ}k∈Z is a frame for L2([0, 1)) (see [5, 13]). Given
φ ∈ L2([0, 1)), the system of weighted exponentials, generated by φ [13], is

W (φ) = {e−2πikθφ(θ)}k∈Z = {E−kφ(θ)}k∈Z.

Lemma 3.15. [13] Given φ ∈ L2([0, 1)), the following statements hold.

(a) W (φ) is complete in L2([0, 1)) if and only if φ(θ) 6= 0 a.e. θ ∈ [0, 1).
(b) W (φ) is Riesz basis in L2([0, 1)) if and only if there exist constants A,B > 0 such

that A ≤ |φ(θ)|2 ≤ B a.e. θ ∈ [0, 1).
(c) W (φ) is an orthonormal basis for L2([0, 1)) if and only if |φ(θ)| = 1 a.e. θ ∈ [0, 1).

Now, an interesting question arises: will the system {E−kNφ} be complete
orthonormal set in L2([0, 1)), for φ ∈ L2([0, 1)) and N ≥ 2? By ([10], page no. 318), it is
observed that, if N ≥ 2, then the system {E−kLφ} cannot be even complete. This very
fact pave us the way to define multivariate Weyl Heisenberg system (MWH system) in
periodic space L2([0, 1)d) and discuss the reconstruction properties of MWH systems.

Definition 3.16. Let φ, ψ ∈ L2([0, 1)d). Let φm̄,k̄ = TM̃m̄E−N k̄φ and

ψm̄,k̄ = TM̃m̄E−N k̄ψ, for m̄ ∈ ZdM and k ∈ Zd.
(a) Let {φm̄,k̄} and {ψm̄,k̄} be Bessel sequences in L2([0, 1)d). A pair ({φm̄,k̄}, {ψm̄,k̄})

constitutes a dual multivariate Weyl Heisenberg tight frame (DMWHT frame) in
L2([0, 1)d), if

f =
∑

m̄∈Zd
M

∑
k̄∈Zd

〈f, ψm̄,k̄〉φm̄,k̄, for all f ∈ L2([0, 1)d).
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(b) {φm̄,k̄} is a multivariate Weyl Heisenberg frame (MWH frame) in L2([0, 1)d), if there
exist constants A,B > 0 such that

A‖f‖2 ≤
∑

m̄∈Zd
M

∑
k̄∈Zd

|〈f, φm̄,k̄〉|2 ≤ B‖f‖2 for all f ∈ L2([0, 1)d).

(c) {φm̄,k̄} is a multivariate Weyl Heisenberg Parseval frame (MWH Parseval frame) in

L2([0, 1)d), if∑
m̄∈Zd

M

∑
k̄∈Zd

|〈f, φm̄,k̄〉|2 = ‖f‖2 for all f ∈ L2([0, 1)d).

Remark 3.17. For ν ∈ `2(Z), F (EMm̄TN k̄ν)(θ) = TM̃m̄E−N k̄Fν(θ).

We give the applications of MDTWH frames in the existence of MWH frames in the
periodic space L2([0, 1)d). Let P be a diagonal matrix of order d× d, whose entries are
P1, P2, ..., Pd ∈ N.

Theorem 3.18. Let φ, ψ ∈ L2([0, 1)d). The following statements hold.

(a) Let M = PN . Then {φm̄,k̄} is a MWH frame in L2([0, 1)d) with bounds A and B
if and only if

A ≤ det(N )
∑
p̄∈P

∣∣∣φ(Ñ (θ̄ − P̃ p̄)
)∣∣∣2 ≤ B a.e. θ̄ ∈ [0, 1)d.

(b) Let M = PN . Then a pair ({φm̄,k̄}, {ψm̄,k̄}) constitutes a DMWHT frame in

L2([0, 1)d) if and only if∑
p̄∈P

φ
(
Ñ (θ̄ − P̃ p̄)

)
ψ
(
Ñ (θ̄ − P̃ p̄)

)
= (det(N ))−1 a.e. θ̄ ∈ [0, 1)d.

(c) Let M = PN . Then {φm̄,k̄} is a MWH Parseval frame in L2([0, 1)d) if and only
if∑

p̄∈P

∣∣∣φ(Ñ (θ̄ − P̃ p̄)
)∣∣∣2 = (det(N ))−1 a.e. θ̄ ∈ [0, 1)d.

(d) Let M = N . Then {φm̄,k̄} is a MWH Riesz basis in L2([0, 1)d) with bounds A and
B if and only if

A ≤ det(N )
∣∣∣φ(Ñ θ̄

)∣∣∣2 ≤ B a.e. θ̄ ∈ [0, 1)d.

(e) Let M = N . Then {φm̄,k̄} is an orthonormal basis in L2([0, 1)d) if and only if∣∣∣φ(Ñ θ̄)
∣∣∣2 = (det(N ))−1 a.e. θ̄ ∈ [0, 1)d.

Proof. First, we give a relation between MDT Zak transform and MDT Fourier
transform. Let ν ∈ `2(Zd), then we have

En̄F
dν(Ñ θ̄) = e2πiÑ θ̄·n̄

∑
j̄∈Zd

ν(j̄)e−2πiÑ θ̄·j̄ =
∑
j̄∈Zd

ν(j̄)e−2πi(Ñ j̄−Ñ n̄)·θ̄

=
∑
k̄∈Zd

ν(n̄+ N k̄)e−2πik̄·θ̄ = Z dν(n̄, θ̄).
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By using Remark 3.17 and Theorem 3.7, {φm̄,k̄} is a MWH frame in L2([0, 1)d) if and

only if {EM̃m̄TN k̄F
d∗φ} is a MDTWH frame in `2(Zd) if and only if

A ≤ det(N )
∑
p̄∈Zd

P

|Z dF d∗φ(n̄, θ̄ − P̃ p̄)|2 ≤ B a.e. (n̄, θ̄) ∈ Ld

if and only if

A ≤ det(N )
∑
p̄∈Zd

P

∣∣∣φ(Ñ (θ̄ − P̃ p̄)
)∣∣∣2 ≤ B a.e. θ̄ ∈ [0, 1)d.

Also, using Remark 3.17 and Theorem 3.9, a pair ({φm̄,k̄}, {ψm̄,k̄}) constitutes a DMWHT

frame in L2([0, 1)d) if and only if a pair ({EM̃m̄TN k̄F
d∗φ}, {EM̃m̄TN k̄F

d∗ψ}) consti-

tutes a DMWHT frame in `2(Zd) if and only if∑
p̄∈Zd

P

Z dF d∗φ(n̄, θ̄ − P̃ p̄)Z dF d∗ψ(n̄, θ̄ − P̃ p̄) = (det(N ))−1 a.e. (n̄, θ̄) ∈ Ld

if and only if∑
p̄∈Zd

P

φ
(
Ñ (θ̄ − P̃ p̄

)
ψ
(
Ñ (θ̄ − P̃ p̄

)
= (det(N ))−1 a.e. θ̄ ∈ [0, 1)d. �
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