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Abstract. In this paper, we define and study near-exact A-Banach frame for
operator spaces with some illustrative examples. A sufficient condition for a A-
Banach frame to be near-exact has been given. In the sequel, we deal with a
Krien-Milman-Rutman type stability result for A-Banach frame. Moreover, we
demonstrate a method to construct A-Banach frames associated with O-frames.
Also, some results regarding characterizations of O-frames have been given.

1. Introduction

Frames for Hilbert spaces were introduced by Duffin and Schaeffer [5] In 1952. Recall
that, a sequence {z,}52; of elements in a Hilbert space H is said to be a frame for H
if there exist constants with 0 < A; < Ay < oo such that

o0
A2l <3 [@,wn)? < Asflal?,  x € H. (1.1)
n=1
Nowadays, frames play an important role in many applications in mathematics and
engineering. In particular, frames are widely used in wavelet theory, signal processing,
wireless sensor network, image processing and many more. In view of theoretical
developments, many concepts and notions from Banach spaces and operator theory
are used to study frames.

In 1991, Hilbert frame was extended to Banach spaces by Grochenig [7] who
introduced the notion of Banach frame in Banach spaces. Since then a number of
generalizations and variations of frames in Banach spaces have been introduced and
studied by various authors, namely, retro Banach frames [8], fusion Banach frames [10],
operator frames [13], operator Banach frames [16] etc. Besides, reconstruction property
in the context of frames in Banach spaces was studied in [1] and [11]. In 2015, O. Reinov
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[15] introduced the notion of O-frames for an operator as a generalization of Schauder
frames. Very recently, Goswami and Pathak [6] studied frames for the space of bounded
linear operators and introduced the notion of A-Banach frames.

In the present paper, we further study the A-Banach frame for operator spaces and
define near-exact A-Banach frame for operator spaces. The property of near exactness in
the context of Banach frame and retro Banach frame was previously studied by Jain et
al.[9] and Kumar et al. [12], respectively. We obtain a sufficient condition for the near
exactness of the A-Banach frame and provide a Krien-Milman-Rutman type stability
result for A-Banach frame. We construct A-Banach frames as the image of a bounded
linear operator on the underlying space. Further, we correlate A-Banach frame to the
O-frame. In fact, we demonstrate a method to construct a A-Banach frame associated
with O-frame. Also, we deal with some characterizations of O-frames for operators in
Banach spaces which are motivated by [1] and [11].

2. Basic definitions and needed results

Throughout this paper, X and Y will denote Banach spaces over the scalar field K
(R or C) and X* and Y* denote the dual spaces of X and Y, respectively. B(X,Y) be
the family of bounded linear operators from X into Y and for A € B(X,Y) we shall
refer R(A) as the range of A. The closed linear span of {z,} in the norm topology of X
is denoted by span{z,}. We define B, = {{A(x,)}: A € B(X,Y)}, a Banach space of
vector valued sequences associated with Y.

In order to make the paper self-contained, we list the following definitions.

Definition 2.1. [7] Let X be a Banach space and X, be an associated Banach space of
scalar valued sequences, indexed by N. Let {f,} C X* and S : X; — X be given. The
pair ({fn}, S) is called a Banach frame for X with respect to Xg if

(i) {fn(2)} € Xy, for each x € X,
(ii) there exist constants A and B with 0 < A < B < oo such that
Allzllx < [{fa(@)Hx, < Bllzllx, v e X, (2.1)
(iii) S is a bounded linear operator such that

S({fn(-%')}) =, r e X.

The positive constants A and B, respectively, are called lower and upper frame bounds
of the Banach frame ({f,},S). The operator S : X4y — X is called the reconstruction
operator (or, the pre frame operator). The inequality (2.1) is called the frame inequality.

Definition 2.2. [8] Let X be a Banach space and X* be its conjugate space. Let (X*)q4
be a Banach space of scalar valued sequences indexed by N associated with X*. Let
{z,} be a sequence in X and T : (X*); — X* be given. A pair ({z,},T) is called a
retro Banach frame for X* with respect to (X*)4 if
(i) {f(&n)} € (X*)a, for cach f € X*
(ii) there exist constants A and B with 0 < A < B < oo such that
Allfllx- < {f @)}l xy < Bl fllx-,  forall fe X (2.2)

(iii) T is a bounded linear operator such that
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The positive constants A and B are called, lower and upper frame bounds of the
retro Banach frame ({x,},T), respectively. The operator T : (X*); — X* called the
reconstruction operator for the retro Banach frame ({z,},T). The inequality (2.2) is
called the retro frame inequality.

Definition 2.3 ([6]). Let {x,,} be a sequencein X, A € B(X,Y)and S : #; — B(X,Y)
be an operator, where %, be a Banach space of vector valued sequences associated with
Y. Then ({z,}, A, S) is called a A-Banach frame for B(X,Y’) with respect to %y, if

(i) {A(zn)} € B4, A € B(X,Y)
(i) there exist constants 0 < A < B < oo such that
A[A] < [{A(zn) |z, < BIIAIL - A€ B(X,Y) (2.3)

(iii) S is a bounded linear operator such that
S({A(zn)}) = A, A e B(X,Y).

The positive constants A and B are called lower and upper frame bounds, respectively,
for the A-Banach frame ({z,}, A, S). The inequality (2.3) is called the A-frame inequality
and S : B, — B(X,Y) is called the reconstruction operator.

Recall that, if removal of any one xj from the A-Banach frame renders the collection
{zn}nzr no longer a A-Banach frame for the underlying space, then ({z,}, A, S) is said
to be an ezact A-Banach frame for B(X,Y') with respect to %;. The A-Banach frame
({zn}, A, S) is said to be tight if A = B, and normalized tight if A= B = 1. A sequence
{z,} in X is said to be total over B(X,Y) if

{Ae B(X,Y): A(z,) =0, Yn € N} = {0}.

Definition 2.4. [15] Let X and Y be infinite dimensional separable Banach spaces over
the scalar field (K = R or C) and let ({f.},{yn}) C X* xY and A € B(X,Y) be given.
Then the pair ({fn}, {yn}) is called an O-frame for the operator A if

A@) =) fal@yn, X, (2.4)

where, the series in (2.4) converges in the norm topology of Y.
We finish this section with the following result proved in [6].

Lemma 2.5 ([6]). Let X and Y be Banach spaces and A € B(X,Y). If {z,} C X is
total over B(X,Y), then B4 = {{A(zn)} : A € B(X,Y)} is a Banach space with norm
given by |[{A(zn)} ], = IA], A € B(X,Y).

3. Near-exact A-Banach frame

Let us define a new class of A-Banach frames, called near-exact A-Banach frame.

Definition 3.1. A A-Banach frame ({z,},A,S) ({z,} € X,A € B(X,Y),S : B4 —
B(X,Y)) for B(X,Y) is said to be near-ezact A-Banach frame for B(X,Y) if, it can be
transformed into an exact A-Banach frame by omitting a finite number of its elements.

In order to ensure the existence of near-exact A-Banach frame, we furnish the
following example.
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Example 3.2. Let {e, }nen be a sequence of unit vectors in X = ¢y. Define a sequence
{zp} C X by

Tn =e1, 1 <n <k,
Ty =€n_k, n>k+1.

Then, by Lemma 2.5, there exists a reconstruction operator S : 83 — B(X,Y) such
that ({z,},A,S) is a A-Banach frame for B(X,Y"). Further, since for each 1 < n < k,
Ty € Span{z;}tizn, ({zn}, A, S) is non exact. Again, by Lemma 2.5, there exists a
reconstruction operator U : B3 — B(X,Y) such that ({zy}n21,23,. &, A, U) is an exact
A-Banach frame for B(X,Y’). Hence, ({z,},A,S) is a near-exact A-Banach frame for
B(X,Y).

Example 3.3. Let X =Y =1? (1 <p < o0). Let {z,,} be the sequence of unit vectors
in X. Define {y,} C X by yan—1 = y2n = Tn, n € N. Then by Lemma 2.5, there exists
a reconstruction operator S : By — B(X,Y) such that ({y,}, A, S) is a A-Banach frame
for B(X,Y). Further, one may observe that ({y,},A,S) is not a near-exact A-Banach
frame.

We now obtain a necessary and sufficient condition for the exactness of A-Banach
frame. Lemma 3.4 follows using similar arguments given in the proof of Lemma 3.1 in
[8]. For the sake of completeness, here we give the complete proof.

Lemma 3.4. Let ({z,},A,S) (where {z,} C X,A € B(X,Y),S: %4 — B(X,Y)) be a
A-Banach frame for B(X,Y') with respect to B4. Then ({x,}, A, S) is exact if and only
if T ¢ SPAN{@;}izn.-

Proof. Assume that ({z,},A,S) is an exact A-Banach frame. Thus, we can not find
a bounded linear operator Ty : %y — B(X,Y) such that ({x;}izn,A,To) is a A-
Banach frame for B(X,Y’). Therefore, by A-frame inequality spamn{z;}i», # X. Hence,
Ty & SPAn{T; }isn.

For the reverse part, on contrary, assume that ({z,}, A, S) is not exact, then there
exists a reconstruction operator T : 3 — B(X,Y) such that ({;}i4n, A, T1) is a A-
Banach frame for B(X,Y’). Therefore, by A-frame inequality span{z;}ix, = X. This
gives, x,, € span{x;}ixn, a contradiction. O

In the next result, we obtain a sufficient condition for a A-Banach frame to be near-
exact. This result generalizes Theorem 3.4 of [9].

Theorem 3.5. Let X* (the dual of X) be a separable Banach space. A A-Banach

frame ({xn}, A, S) (where {z,} C X,A € B(X,Y),S: B4 — B(X,Y)) for B(X,Y) is

near-ezact if for every infinite sequence {a(k)}32, of positive integers
span{xi}i;éa(l),a@),,.. # X.

Proof. Suppose, by omitting a finite number of its elements, that ({z,}, A, S) is a non-
exact A-Banach frame. Then, by Lemma 3.4, there exists an index «(1) such that

To(1) € Pan{Zitizan) = X and ||zqq) || = 1.

Since X* is separable, it follows [see Theorem 3.11 of [14]] that the unit ball B of X is
metrizable in the weak topology. Let ¢ be a metric on B. Since x,1) € B C X, there
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exists an index ny > (1) and scalars B{l), él), ...67(31) such that

ni ni 1
Zﬁi(l)xi € B and g(xa(l), Z ﬂi(l)xl-) < 5
i=1 i=1,i#a(l)

By assumption {x;}72, ., is not exact. Therefore, by Lemma 3.4, there exists an index
a(2) > ny + 1 such that
Ta(2) € DAL }i2, 41,ia(2) = SPAR{Ti}iZy, 11 and [[zae)ll = 1.

(2) (2)
2

Then x,2) € B. Thus there exists an index ny > «(2) and scalars BF), y--Bny such

that
2"2 ™, ¢ B and an @) 1
B;”x; € B an g(xa@), B; xi) < 1

i=1 i=1,i#a(l),a(2)
Since Span{w;}iza(1),a(2) = 5PaAN{x;};2, we can choose the index ny so that

na 1
2
g(xam, S8 >> <L
i=1,ia(1),0(2)

Proceeding in this manner, we obtain infinite sets {a(n)}52; and {n;}$2,, with
ng—1 + 1 < a(k) < ny and ng = 0 and scalars Bi(k)7 for i,k € N such that

Nk Nk 1
Zﬁfk)xi € B and Q(xa(j)v Z ﬁi(k)xi> < ok (U =12,..kkeN).
i=1 i=1iZa(l),a(2),...,a(k)

Thus () € 3Pan{Zi}tiza(1),a(2),.. for all j € N. Hence X = 3pan{z;}2, =
SPAT T4 fita(1),0(2), .. O
Remark 3.6. Very recently, Verma et al. [17] studied the concept of finite excess of

retro Banach frames. Theorem 3.5 is equivalent to Theorem 2.1 of [17] which was proved
for finite excess of retro Banach frames.

We now establish the Krein-Milman-Rutman type stability result for A-Banach
frames. This result is inspired by [12].

Theorem 3.7. Let X and Y be separable Banach spaces. Let ({x,},A,S) be a non
near-ezact A-Banach frame for B(X,Y). Then, for any sequence of positive numbers
{on}, there exists A-Banach frame ({yn}, N, T) for B(X,Y) such that

lzrn — ynll < on, for alln € N.
Proof. Since ({z,}, A, S) is a non near-exact A-Banach frame for B(X,Y"), therefore for

an infinite sequence of indices {ay} we have
Span{z; }ita,,as,... = span{y }.

Due to separability of X, we can find a complete sequence {z,} in X with ||z,|| = 1, for
all n € N. Define

Yan, = Ta, T Oy Zn, n €N,
Y = T8y n €N,

where {f,} = N\ {ay,}. Then {y,} C X is such that ||z, — yn|| < on, for all n € N.
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Now, let A € B(X,Y) be such that A(y,) = 0, for all n € N. Then, A(z,) = 0, for
all n € N. Therefore,

QanA(Zn) = _A(wan) =0.
This gives A(z,) = 0, since g,, # 0, for all n € N. Since, span{z,} = X, A = 0.

Thus span{y,} = X. Therefore, by Lemma 2.5, there exists a reconstruction operator
U: %y — B(X,Y) such that ({y,},A,U) is a A-Banach frame for B(X,Y). O

Next, we construct a A-Banach frame using a bounded linear operator on the
underlying space with respect to the same associated Banach space of vector valued
sequences. This result extend Theorem 3.4 of [4].

Theorem 3.8. Let ({x,}, A, S) be a A-Banach frame for B(X,Y') with respect to B4 and
let U € B(X,X) be serjective. Let U : By — B be a bounded linear operator defined by
U({A(zn)}) = {AU(zn))}, A € B(X,Y). Then, there exists a reconstruction operator
Sy such that ({U(x,)}, A, Su) is a A-Banach frame for B(X,Y) if and only if
A = AIeEAU ) DI, Ae BX,Y) (3.1)

where v > 0 is a constant and @ : By — By is a bounded linear operator given by,
S{A(U(zn))}) ={A(zn)}, A€ B(X,)Y).

Proof. Assume that ({U(x,)}, A, Sy) is a A-Banach frame for B(X,Y") with respect to
Py having Ay and By as the corresponding A-frame bounds. Then we have the A-frame
inequality

AullAl < [HA(U (zn))} I < BullAll, A€ B(X,Y).
Let T : B(X,Y) — %4 be the analysis operator associated with the A-Banach frame
({zn}, A, S), which is given by
T(A) = {Aw.)}, A€ B(X,Y),
Choose & =TSy and v = ﬁ > 0. Then

I ({A(@) DI =[{AU (20)) }Hla
> Ay ||A|l
=71 T[||A]
>y T (A
=7[{A(zn)} |2,
=7 2({AU(zn)) DI, A e B(X,)Y).

Now, for the reverse part, assume that the inequality (3.1) holds. We compute,

AU (@n) Mz, = 1P ({A(zn) D
<IW{A(@n)} .
=Tl
<IwTIAl - A e B(X,Y).
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Now, using A-frame inequality for the A-Banach frame ({z,}, A, S) which has the lower
bound A (say) and the inequality (3.1), we compute,

YA[A[] <v[{A(zn)} 2,
=7[[2({AU (zn)) D
<[ WA (@) D]
=I{AU (zn))} 2,
Hence we get the required A-frame inequality as
YA[A] < AU (@n)) Iz, < IINITAl-

Put Sy = S®. Then Sy : By — B(X,Y) is a bounded linear operator such that
Su({A(U(zn))}) = A, A € B(X,Y). Hence, ({U(z,)}, A, Sy) is a A-Banach frame for
B(X,Y) with respect to %4 having A-frame bounds yA and || U||||T|.

O

4. O-Frame

In the first result we construct a A-Banach frame associated with O-frame for operator
spaces.

Theorem 4.1. Let {z,} C X, {yn} C VY, {fu} C X*. If {fn},{yn}) is an O-frame
for the operator A € B(X,Y). Then there erists a bounded linear operator S such that
({zn}, A, S) is a A-Banach frame for B(X,Y).

Proof. For each n € N, define A,, : X — Y by
Ap(x) = ka(m)yk, r e X.
k=1
Then,

n—oo

lim An(z) =Y fr(z)ye = Az).
k=1

Thus, sup;<, < [|[An(7)]| < oo, for all z € X. Therefore, by the Banach-Steinhaus
Theorem we have, sup; <, < [[Anll < co. Let us fix A € B(X,Y) and compute

A= sup [[A(2)]|
zeX, |z <1
= swp D ful@)ml
zeX |lz|<1 T
= sup | lim > fr(z)yl
TEX, |z <1 ”H“;
< sup A
1<n<oco
= [{A(zn)}lz,- (4.1)

Moreover, we define the sequence of finite rank operators P, : X — X by

P,(z) = ka(x)xk
k=1
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Then, for all x € X, we have

1>~ fu(@) Al <IANNY fu(z)arl
k=1 k=1
= [ Al P ()
<[[AlIB|lz[l,
where B = sup || P,,||. This gives,

sup || ka Alzp)] < Bl[A]-

Hence, for all A € B(X,Y") we have,

I{A(zx)}| 2, =sup  sup || ka Azl < BIIA[- (4.2)

n zeX,|al<1 )

Hence, by (4.1) and (4.2) we get the required A-frame inequality for A =1,
AlA]l < [{A@) I, < BlAIL - A e B(X,Y).
O

We now give the following result regarding characterizations of O-frames in Banach
spaces.

Theorem 4.2. Let ({fn}, {zn}) € X* x X be an O-frame for A € B(X) and let
{gn} € X* be given. If

oo

n=1

then © : R(A) — X given by

:Z(gn*fn)(x)xnv £C€X,
n=1

defines a compact linear operator on R(A).

Proof. For n > m we have

> gk — fi)(x
k=m

n
<3 Ik - )@l
k=m

( 3l = el

Therefore, © : R(A) — Y is a well defined bounded linear operator on R(A). For each
n € N, define ©,, : R(A) — X by

n

O, (Az) = Z(gk — fr) @)z, n € N.

k=1
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Then we have,

o0
10 =0l < > gk — felllexll = 0, as n — oo.
k=n-+1
Since each ©,, is a finite dimensional and continuous operator, © is compact. (I

In 2008, Casazza and Christensen [1] introduced the reconstruction property in
Banach spaces and discussed some theoretical consequences related to the reconstruction
property. In this direction, they proved the following

Proposition 4.3 ([1]). If {f;, f¥} (where {f;} C X, {f} C X*) has the reconstruction
property for X, then span{f;} norms X.

Motivated by Casazza and Christensen [1], we give the following result as a theoretical
consequence related to the O-frame. In this regard, we first recall the following

Definition 4.4. Let A : X — Y be a bounded linear operator mapping from X onto

Y. We say that a subspace M C Y* norms Y if there is a constant A > 0 so that for all
x € X we have

AA@) < sup  [g(A())]-
lgli=1,9€M

Theorem 4.5. Let A : X — X be a bounded linear operator on X. If A has an O-frame
({fu}:{&}) (where {f,} € X*, {£,} C X ) then span{f,}:°, = M C X* norms X.

Proof. For all x € X, we have
Alz) = i fi(x)&;.
i=1
It follows that the finite rank operators
on(Az) = i fi(x)&;, n €N,
i=1

are pointwise bounded on R(A). By the uniform boundedness principle, there exists a
constant K so that for all n and all x € X,

I fi2)&] < Kl|Az].
i=1
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Now for every g € X*, we have

| Zg(fi)fi” = HSIHlpl \(Zg(fz)fz)ﬂ
i=1 TI=E =1

= sup | Z 9(&) fi(z)]

[lz||=1 i=1
= HSIHIP1 9> filx)&)]
= i=1

<yl s 1> fi@)&ll
=1 =1

<Kllg[[l|Az]-

Now, choose g € X* so that ||g|| = 1 and ||Az|| < (1 + €)|g(Ax)|. Then, for sufficiently
large n, we have

[Az]] <(1 +¢)[g(Az)|

<(1+e¢) Z fi(z)g(&:)
<(1+¢)? Z fi(z)g(&)

<(1+2)°1(Q_ 9(&) f) ().
i=1

Since {>"7_; 9(&)fi} € M and since the norms of these vectors are uniformly bounded
it follows that the space M norms R(A). d

In the support of Theorem 4.5, we furnish the following example.

Example 4.6. Let X = ¢y. Define sequences {f,} C X* and {{,} C X by fn(z) = zp,
z={z;} € X, and &, = e, 41, n € N. Define A : X — X by

Az) ={0,21,20,..}, x={z;}€X.
Then A € B(X) and for every x € X we have

A@) =Y fal@)én.

Hence, ({fn},{&n}) is an O-frame for X.
Moreover, let M = [f,] C X*. Then, we obtain

[A@)[ = sup [g(A(z))].
lgll=1,geM

Consequently, for 0 < A < 1, we see that M norms X.
Remark 4.7. Converse of Theorem 4.5 is not generally true. Indeed, in Example 4.6,

if we define {£,} C X, by &, = e, n € N, then we can see that ({f,},{&.}) is not an
O-frame for X. However, M = [f,] C X* norms X.
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