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Abstract. Zorlutuna et al introduced the concept of soft points and studied several
properties in soft topological spaces. As a generalization, in our previous study
we introduced the concept of vague soft points and explored some relationships
between vague soft separation axioms that contradicted the results obtained in
general topological spaces. In this paper, we introduced the notions of z-vague soft
points, vague soft characteristic functions and defined vague soft subspace topology.
Also we make an attempt to bring the traditional relationships among vague soft
separation axioms as in the case of general topological spaces by introducing the
notion of vague soft quasi-coincident.

1. Introduction

Uncertainty is the root cause of hindrance in decision making. Many Mathematical
theories like vague set theory [9], fuzzy set theory [30], intuitionistic fuzzy set theory
[6] and rough set theory [19] have been developed to approach the problems associated
with uncertainty. Inspite of the development of these theories challenges do exist due
to the inadequacy in parameters. Molodtsov [18] proposed the soft set theory enough
parameters and Maji et al. [15] tested the applications of soft set theory in resolving
the lack of certainty. Shabir and Naz [21] introduced the notion of soft topological
spaces, that was studied by various authors like W. K. Min [17], S. Hussain et al.[11],
I. Zorlutuna et al. [31], O. Tantawy et al. [22], D.N. Georgiou et al.[10], B.P. Varol et
al.[23] and G. Senel et al.[20]. Later, researchers showed their interest in working on the
combination of these fields like fuzzy soft sets [14, 13], intuitionistic fuzzy soft sets [8]
and soft rough fuzzy sets and soft fuzzy rough sets[16].

In 2010, W. Xu et al.[29] developed the notion of vague soft sets to generalize the
concept of soft set theory. C. Wang et al. [26] further studied the topological structure
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of vague soft sets defined over an initial universal set and a fixed set of parameters.
Authors like Bhargavi et al. [7], K. Alhazaymeh et al. [2, 3, 4, 5], A. Al-Quran et al.[1],
C. Wang et al.[27, 24] had contributed to the expansion of application of vague soft set
theory.

In this work, we introduced the new concept of z-vague soft points and Vague soft
quasi-coincident relation for z-vague soft points. Subsequently we put forward the vague
soft subspace in vague soft topological spaces and explore several interesting properties
of vague soft T;(i =0, 1,2, 3,4)-spaces.

2. Preliminaries

Definition 2.1. [9] A vague set A = {(x;, [ta(z:),1— fa(z:)]) | ; € X} in the universe
X = {x1,29,...,2,} is characterized by a truth-membership function t4 : X — [0,1],
and a false-membership function f4 : X — [0, 1], where t4(z;) is a lower bound on the
grade of membership of x; derived from the evidence of x;, fa(z;) is the lower bound
on the negation of z; derived from the evidence against z; and 0 < t4(x;) + fa(z;) <1
for any z; € X. The grade of membership of x; in the vague set is bounded to a
subinterval [ta(z;),1 — fa(x;)] of [0,1]. The vague value [ta(x;),1 — fa(z;)] indicates
that the exact grade of membership pa(x;) of z; may be unknown, but it is bounded
by ta(z;) < pa(x;) <1— fa(z;), where 0 < ta(x;) + falz;) < 1.

Notations: Let I[0,1] denotes the family of all closed subintervals of [0,1]. If
I = [a1,b1] and Iy = [ag, bo] be two elements of I[0,1], we call Iy > Is if a1 > as
and by > by. Similarly we understand the relations I; < I and I; = I5. Clearly the
relation I; > Iy does not necessarily imply that I; O I and conversely. Also for any
two unequal intervals I; and I3, there is no necessity that either Iy > Iy and I} < I
will be true.

Definition 2.2. [29] Let X be an initial universe set, V(X)) the set of all vague sets on
X, E be a set of parameters, and A C E. A pair (F, A) is called a vague soft set over
X, where F' is a mapping given by F : A — V(X). The set of all vague soft sets on X
is denoted by VS(X, E), called vague soft classes. The interval [tre)(®),1 = free) ()]
of (F,A) is called the vague soft value of z € X for the parameter e € A and is denoted
by VF(e) (x)

Definition 2.3. [29] A vague soft set (F, A) over X is said to be a null vague soft set
denoted by @, ifVee€ A, tpey(x) =0, 1~ fpey(x) =0, 2z € X.

That is, Ve (z) = [0,0], Ve € A,z € X.

Definition 2.4. [29] A vague soft set (F, A) over X is said to be an absolute vague soft
set denoted by X, if Ve € A, trey() =1, 1= frey(z) =1,z € X.

That is, Vi) (2) = [1,1], Ve € A,z € X.

Definition 2.5. [29] The complement of a vague soft set (F, A) is denoted by (F, A)°
and is defined by (F, A)°= (F'°, A) and is given by tpe(e)(z) = fre)(®), 1 = free)(x) =
I —tpey(z), forallec A, » € X.

That is, Vpe(e)(2) = [fre)(2), 1 —tpe)(z)], Ve € Az € X.

Definition 2.6. [26] Let X be an initial universe set, E be the nonempty fixed set of
parameters and 7 be the collection of vague soft sets over X, then 7 is said to be a
vague soft topology on X if
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(1) (0, X5 belongs to 7.
(2) the union of any number of vague soft sets in 7 belongs to .
(3) the intersection of any two vague soft sets in 7 belongs to 7.

The triplet (X, 7, E) is called a vague soft topological space over X.

Definition 2.7. [25] Let VS(X, E) and VS(Y, K) be two vague soft classes, and let
u : X — Y and p : E — K be mappings. Then a vague soft function
gpu = (u,p) : VS(X, E) — VS(Y, K) is defined as: for (F, A) € VS(X, E), the image of
(F, A) under g, denoted by g, (F,A) = (u(F),p(A)), is a vague soft set in V.S(Y, K)
given by

_osup () if u™(y) # 0,
tu(F)(ﬁ)(y) = a€p~H(B)NA, zeu—1(y) 0 0 .
otherwise,
sup 1= fra)(z) if u=t(y) # 0,

and 1 — fu(F)(B) (y) = { aep~1(B)NA, zcu~1(y)
0 otherwise.
for all 8 € p(A) and y € Y.

Definition 2.8. [25] Let VS(X, E) and VS(Y, K) be two vague soft classes, and let
gpu = (u,p) : VS(X,E) — VS(Y,K) be a vague soft function and (G,B) be a
vague soft set in VS (Y, K). Then the inverse image of (G, B) under gp,, denoted by
95 (G,B) = (u=Y(G), p~1(B)) is a vague soft set in V.S(X, E) given by

tu-1(@)(a)(T) = tapa) (u(z)) and 1 — fi1(@) ) (®) =1 = fapa) (u(z))
for all « € p~!(B) and z € X.

Definition 2.9. [25] Let X be an initial universe set and E be the set of parameters.

If r :{@E,XE}, then 7 is called vague soft indiscrete topology on X and (X, 7, E) is
vague soft indiscrete topological space over X.

Definition 2.10. [25] Let X be an initial universe set and F be the set of parameters.
If 7 be the collection of all vague soft sets which can be defined over X, then 7 is called
the vague soft discrete topology on X and (X, 7, E) is said to be a vague soft discrete
topological space over X.

Definition 2.11. [25] A vague soft set (F, E) €~V§(X, E) is called a vague soft point,
denoted by ep if for the element e € E, F(e) # () and F(e') =0 for all ¢’ € E'\ {e}.

Theorem 2.12. [25] Every non-null vague soft set can be written as the union of all
its vague soft points.

Theorem 2.13. [25] Let (F, A), (G, B) be two vague soft sets in VS(X,E) andVS(Y, K)
respectively, and gp,: VS(X,E) = VS(Y, K) be a vague soft function. Then

(1) (F,A) C gpi (gpu(F, A)) and if gy is injective, the equality holds.

(2) 9pu(9,. (G, B)) C (G, B) and if gy is surjective, the equality holds.
Theorem 2.14. [25] Let (X,7,E) and (Y,0,K) be two vague soft topological spaces.

The vague soft function gp,: VS(X,E) — VS(Y,K) is called vague soft continuous, if
and only if for all (G,K) € 0, g,,}(G, K) € 7.
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Definition 2.15. [12] A vague soft mapping g,y : (X, 7, E) — (Y, 0, K) is said to be
vague soft open mapping if g, (F, E) € o for each (F,E) € 7.

Proposition 2.16. [12] Let g, : (X, 7, E) — (Y, 0, K) be a vague soft bijective function.
Then g,,, is vague soft open mapping iff g;ul is vague soft continuous mapping.

3. Vague soft quasi-coincident
In this paper, we are studing the relationship among vague soft separation axioms
in vague soft topological spaces. C. Wang et al. [26] formulated vague soft topological
spaces only by taking fixed set of parameters. If we take the subset of elementary set, it
doesnot satisfy the intersection axiom of vague soft topological spaces. Hence we have
considered the entire fixed set of parameters for this current work.

Definition 3.1. Let X be an initial universal set, £/ be the nonempty set of parameters
and z € X a fixed element in X. A vague soft set (F, E) € VS(X, E) is called z-vague
soft point, if for the element e € F,

. [, 1= 3], ife/ =eand 2’ ==,
‘/F(e’)(aj ) =

[0, 0], Otherwise.
forall 2’ € X and €’ € E.
Or in other-words, a vague soft point ey is said to be xz-vague soft point, if
) . N ) [, 1 -], if 2/ = x,
er(@’) = [tre @), 1=fre@)] = [0, 0], Otherwise.

for all ' € X, where o € [0,1] and 8 € [0,1) are two fixed real numbers such that
0 <a+p <1 with [a,1 - f] # [0,0]. And it is denoted by z¢ [4,1-g]-

In this case, o denotes the degree of membership of z. [4,1—g], 8 denotes the degree
of non-membership of z, 4,14}, * € X is called the support of z, 4,15 on e with the
non vanishing value [a, 1 — ] and e is called the expressive parameter of x [4,1—g). The

family of all z-vague soft points over (X, E) is denoted by VSP, (X, E).

Remark 3.2. Let T, [a1-4], T y1-5 € VSPo(X, E) and o, € VSPy(X,E).

(1) e ja,1-p] € Tefy,1-0] if [, 1 =] < [y,1—0]. Thatisa <yand 1 - <1-4.
(2) Tefa1-p] = T g1y itz =2", e=¢"and [a,1 - f] = [0,1 —w].

Result 3.3. If z,y are two distinct elements in X, then the corresponding z-vague soft
points and the y-vague soft points are disjoint. That is, if  # y, then x, # y. for all
ec k.

Definition 3.4. A z-vague soft point z. |4,1—4] is said to be contained in a vague soft
set (G,E) if [o, 1 = B8] < Vig(e) () and it is denoted by z. [,1-5] € (G, E). The collection
of all z-vague soft point of (G, E) is denoted by, (G, £).

Definition 3.5. A x-vague soft point z. |41 is said to be contained in a vague soft
point er if [a, 1 — ] < Vp(ey(x) and it is denoted by @ 4,15 € er . The collection of
all z-vague soft point of ep is denoted by z(eg).

Definition 3.6. Let (X,7,E) be a vague soft topological space. A vague soft set
(G, E) is called vague soft neighborhood of the x- vague soft point x. 41— if there
exists (F, /) € 7 such that z.[,,1-5 C (F,E) C (G, E). The set of all vague soft
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neighborhood of z-vague soft point @, [4,1—g] is called its neighborhood system and is
denoted by N (¢ [o,1-5])-

Proposition 3.7. Let {(G;, E) : i € I'} be a family of vague soft sets over X.
(i) e [a,1-8) € ﬂ(Gl,E) 1ffxe[a1 8] € (Gy, E) for each i € I.
(ii) If there ex1st i € I such that x, [o1-g C (Gi, E), then x4 1-5 € U (Gi, E).
i€l

Proof. Straightforward. O

Note 3.8. The result (i) of Proposition 3.7 is true only if we consider the entire fixed
point parameter set. For the vague soft subset (F, A) of (F, E), it is not true as shown
in the following example.

Example 3.9. Let X = {x1, 29,23}, E = {61,62,63,64} and A = {ey,e3}, B={e1,e4}
be two subsets of the parameter E. If z1., 0.1,0.4) € V.SPs, (X, E) and

(F,A) = {<€1, [0.2,0.4] [0.4,0.5] [0.7,0.8] > 7 <63, [0,0.3] [0.5,0.7] [0,2,0.7]>}7

1 z2 T3 r1 ' ®mx 7 3

(G,B) = {<€1, [0.;,?.9}, [0.1,2.7}’ [0.4:;).8] > 7 <€4, [0.3;,10.5}’ [0.5;20.6]’ [0.;;).6] } are two vague
<617 [0.170.4}7 [0.270.5}7 [0.4,0.8] >7
1 T2 x3
soft sets, then w1, 0.1,0.4) € (F, 4) N (G, B) = <637 [0’0'3], [0'5’0'7}, [02,07] > ,
X To T3
e, [0.3,0.5]’ [0.5,0.6]’ [0.1,0.6]>
T1 L2 T3

and T1ey,[0.1,0.4] - (G7B)u but L1ey,[0.1,0.4] g (F7 A)

Remark 3.10. Converse of part (ii) of the above Proposition 3.7 need not be true as
shown in the following example.

Example 3.11. Let X = {z1,72} , £ = {e1,e2} and let x2., [0.4,0.6 € VSP,,(X,E). If

(F.5) = {{er, B2, 5240 (ea, 1650, L)
(G,FE) = {<el, [0'2’0'5], [0'4’0'5]> , <€2, [0'2’1], [0:2,0.8] >} are two vague soft sets, then

1 T2 1 T2
Tae, 04,06 S (F,E)U(G,E) = {<€1, [0.1,10.9]’ [0.4;20.6]> 7 <€2’ [0.3021,1], [1$,21] >} but

T2¢e,,[0.4,0.6] Z (F, E) and Z2¢,,[0.4,0.6] ¢ (G»E)

Proposition 3.12. Let (G, E) and (H, E) be two vague soft sets over X. Then
1. (G, F) C (H, E) iff for each 2, [4,1-5 C (G, E) implies Tefa,1-p] C (H E).
2. (G,E) = (H, E) if for each ¥ [o,1-]; Te,[a,1-8) € (G, E) & Z¢ [a1-5 € (H, E).

Proof. Obvious. O

Proposition 3.13. [28] Let U be an initial universe set. Let f4 € S(U, A) be a soft set
and let (z.)g € P(U, A) be a soft point (in the sense of Ningxin Xie). Then (z.)g € fa

Remark 3.14. The following Example 3.15 illustrates that the above Proposition 3.13
fails to satisfy in vague soft set theory.
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Example 3.15. Let X={x1, 22}, E={e1,ea}, let x1., (02,05 € VSP, (X,E).If (G, E)
is a vague soft set defined as follows:

(G, E) = {<€17 [0.3,0.6]7 [0.4,0.5]> ’ <€2’ [0.8,0.9]7 [0.1,0.8]>}

x1 x2 x1 x2

and its complement (G, E)¢ is given by
(G,E) = {<el, w, M> , <62, w, [o.%o.g]>} , then we note that

1 x2 Z1

Tie, [0.2,05 € (G, E) and w1, [0.2,05 € (G, E)°.

Theorem 3.16. Every vague soft point can be written as the union of all its z-vague
soft points.

Proof. Let X be an initial universal set, F be the set of parameters, and er be a vague
soft point. Assume that for each 2 € Q@ = {y € X : Vp(¢)(y) # [0,0]}, z(eg) is a family
of all z-vague soft points of er. For a fixed xz € Q,
Vi) () = U Te,la,1-p]
Te [a,1-p)€T(eg)
we have,

er = {(2, Vi) () :z e X} = U Te o, 1-4]- O
ze,[a,l,g]ém(eg), reQ
Theorem 3.17 (Representation theorem for vague soft sets). Every non-null
vague soft set can be written as the union of all its x-vague soft points.

Proof. 1t is follows from the Theorems 2.12 and 3.16. O

Definition 3.18. A z-vague soft point x.[,1-p) is said be vague soft quasi-
coincident with the vague soft set (G, E), denoted by . 4,15 q (G, E) iff a > fg(e) (@)
or 1 =3 > 1—tge(r). And the negation of x.[41-5 q (G,E) is denoted by
Te [a,1-p] }Z( (G7E)

Example 3.19. Let X={x1,22}, E={e1,e2}, let i, j0.304 € VSP, (X,E). If
(G, E) is a vague soft set (G, E) = {<el, [0'5’0'8],M> , <62, [0'8’0'9], [0'1’0'8]>} , then

Z1 T2 Z1 Z2

T1e, [0.3,04) 4 (G, E), since 0.3 > 0.2 = fge,) (1)

Definition 3.20. Let (G, E) and (H, E) be two vague soft sets over X. Then, (G, F)
and (H, F) are said to be vague soft quasi-coincident, denoted by (G, E) q (H, E), iff
there exists a pair of elements x € X and e € E such that tg) () > fre)(z) or
1= fa(ey(®) > 1=ty )(x). And the negation of (G, E) q (H, E) denoted by the symbol
(G,E) o (H,E).

Example 3.21. Let X = {z1,22}, E = {e1,e2}. Let
(G,E) = {<61, [0.1,0.3]7 [0.2,0.6]> ’ <627 [0.3,0.8]7 [0.2,0.5]>} and
1 T2 1 X2
(H,E) = {<el, [0:2,0.8) w> , <62, [03,0.7 m>} be two vague soft sets over X.

xr1 ? xo 1 ? x
Then there exist a pair of elements z1 € X and ey € E such that
0.8 =1~ fg(es) (1) > 1 —tg(e,)(x1) = 0.7. Hence, (G, E) q (H, E).

Proposition 3.22. Let (G,E) and (H, E) be two vague soft sets and a z-vague soft
point @, [o,1-g) € VSP,(X, E). Then
L. (G,E) q (H,E) iff (G, E)  (H,E)",
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2 (6, f (1, E) i (G, B) € (1,
3. Le,la,1-6] 4 (G E) iff Te (o, 1—8] (C7'>E’)L
4 zejan-p) A (G, E) iff 2 a1-g C (G, E)".

Proof. Straightforward. O

Example 3.23. 1. Consider the Example 3.19 and we note that, x1., 0.30.4 9 (G, E)

iff T1eq,[0.3,0.4] Z (G, E) = {<€17M7M> ) <€27w7w>

Z1 Z2 Z1 Z2

2. Consider the above Example 3.21 and we note that, (G, E) q (H, E) iff
< [0.1,0.3] [0.2,0.6] > < [0.2,0.8] [0.3,0.7] >
€1, ) ) €1, ) )

X1 o X1 Xro
=(G,E H, E)° =
.. 03,08 [02,05] (G.B) & (H, B) . 03,07 02,08
2, T ) o 2, T ) o

Remark 3.24. Let (G, E), (H,E) € VS(X, E).
1. (G,E) ¢ (G, E)°. )
2. If (G, E) q (H,E), then (G, E) N (H,E) # 0.
3. If (G,E) N (H,E) = 0, then (G, E) o (H, E).

Proposition 3.25. Let {(G;, F) :i € I} be a family of vague soft sets over X.
1. %eja1-p 4 U(Gi, E) iff there exists i € I such that z. 415 q (Gi, E).
i€l

2. lf 2 [a1-p a4 (Gi, E), then x, (o 15 q (G}, E) for each i € I.
iel

Proof. Straightforward. O

Proposition 3.26. Let z. (415 € VS’PJE(X7 E) and yer [0/, 1-p] € VS’Py(X7 E),
(G,E),(H,E),(S,E) € VS(X, E). Then we have:

TF Y= Tefa1-6 A Ye [ar1-p for all e,e’ € B, Va,o’ € I and 3, € [0,1).
Te o, 1-p] A Ye' Jar1—p] & T F Yy or v =y with a < B &1—-pB<d.
Te[a1-p] d (G E)and (G,E) C (H,E),= Z¢[a1-5 9 (H,E).

(G,E)q (H,E) & x¢[a1-p5 q (H, E) for some z, [41-g € 2(G,E).

(G, E) q (H, E) and (H, E) C (S, E), then (G, E) q (5. E).

(G, )y{( )and( ) (G,E), then (S, E) o (H, E).

(G,E) o (H, E) and (S E) C (H,E), then (G, E) o (S, E).

N otk W=

)

Proof. The proof is follows from the Definitions 3.18, 3.20 and Proposition 3.22. (|

Proposition 3.27. Let z. (15 € VSP:(X, E), (G, E), (H,E) € VS(X, E). Then we
have:

1. Tela,1—5] 4 (GaE) A (G’E) q Ze [a,1-7]

2. Le,[a,1—p] /q (G’E) < (GaE) gwe,[a,lfﬁ]-

3. (G,E) q (H,E) < (H,E) q (G, E).

4. (G,E) d (H,E) & (H,E) o (G, E).

Proof. The proof is follows from the Definitions 3.18, 3.20 and Proposition 3.22. O
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Definition 3.28. Let g,,:VS(X,E) — VS(Y,K) and 2. (o1-p € VSP.(X,E).
Then the image of z (41— under g,,, denoted by gyu(Zc|a,1-pg)), i defined by
Ipu(Te ja,1-8]) = WT)p(e),[a,1-p]- It is easy to see that gpu(ze|a,1-p)) € VISP, (Y, K),
namely gpu(xe,[ml_ﬁ]) = Yk,[a,1-5], Where y = u(x), k = p(e)
Example 3.29. Let X={x1,22}, E={e1,ea}, Y={y1,y2} K={ki, ko, ks} and Let
T1e,,00.2,0.9] € VSPs, (X, E). Consider vague soft function g, : (X,7,E) — (Y,0,K)
where u : X — Y and p: F — K are defined as follows:

u(z1) = y1, u(x2) = ya; pler) = k1, p(ea) = k.
Then the image of x1,, [0.2,0.9) under g,, is given by gpu(xle2,[0_270'g]) = Ylky,0.2,0.9]

Theorem 3.30. Let 9puVS(X,E) — VS(Y,K) be a vague soft function and let
(F,E),(G,E) e VS(X, E). If (F, E)§(G, E), then gyu(F, E)49,u(G, E).

Proof. Let (F,E)Y(G,E). Then (F,E) C (G, E)°. Since (F,E) C (G, E)°, we have
9pu(FLE) € gpu((GE)) = (gpu(G, E)) . Thus gpu(F,E) C (9pu(G, E))® =
Ipu(F, E)99,u (G, E). O

Theorem 3.31. Let g,,:VS(X,E) — VS(Y,K) be a vague soft function and let
(G,E) € V3(X, E), (H,K) € V3(Y, K). Then,

(1) 9pu(G, E)H(H, K) = (G, E) ;49’1 (H, K).

(2) 9pu(G, E)q(H, K) = ( E)q g, (H,K).
Proof. 1. Let g,u(G, E)g(H, K). Then
Ipu(G, E)}Zf( K)

E)C 9pu ou (9pu (G, E)) C g (H, K)°) = gy (H, K))*.
E) C g, ((H, K))°
}zfgfl (H,K).
2. Let gpu(G, E)q ( ) Suppose that (G, E)d g, (H, K). Then
(G,E) € (g, (H, K)) = Gpu L(H, K)°). It follows that,

gpu(G, E) C (gpu(gpu ((H, K)%)) € (H, K)*.
Thus g,.(G, E) C (H, K)¢ = gpu(G, E)d(H, K), a contradiction. O

=>£Zpu( E)C (H,K)*
(

Definition 3.32. Let g,,:(X,7,E) — (Y,0,K) be a vague soft function and
Te[a1-p] € VS’PJE(X7 E). Then g, is said to be continuous at w. [ 1_g, if for each
vague soft neighbourhood (H, K) € VS(Y, K) of gpu(c [o,1—p]) there exists a vague soft
neighbourhood (F, E) of x. [4,1-p) such that g,,(F,E) C (H,K). If g,, is vague soft
continuous function at all . [o,1—g], then gy, is called soft continuous function.

4. Vague soft subspace topology

Definition 4.1. Let (X, 7, F) be a vague soft topological space. A subfamily B € 7 is
a vague soft base for 7 iff each member of 7 can be expressed as the union of members
of B.

Example 4.2. Let (X, 7, E) be a vague soft discrete topological space. Then 7 has a

vague soft base as B= |J VSP,(X,E).
reX
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Example 4.3. Let X = {z1,22}, E = {e1,ea}. If (X, 7, E) is a vague soft topological
space with 7 = {0, (Fy, E), (Fy, E), (Fs, E), X}, where

(F1,E) = {<617 [0.2,0.9]7 [0.1,0.5] > 7 <62’ [0.4,0.9]’ [0.3,0.6] >}7

T T2 T T2

- {0 050 (0 1))

(Fy, F) — {<61’ w’ [1,1]> , <62’ [0.4,0.9]’ [0.3,0.6] >}’

I T2 I T2

then B = {@E, (F1,E),(Fy, E), (Fs, E)} is a vague soft base for 7.

Result 4.4. Let (X, 7, E), (X, 72, E) be two vague soft topological spaces over X.
1. If B is a vague soft basis for 71 and 79, then 71 = 5.
2. If By, Bs are vague soft basis for 71 and 75 respectively with By C By then 7 C 75.

Proposition 4.5. Let g,,:(X,7,E) — (Y,0, K) be a vague soft function and B be a
vague soft base for o. Then f is vague soft continuous iff for each (G, K) € B the inverse
image g,/ (G, K) € 7.

Proof. Necessary part is obvious.
Conversely, suppose that for each (G, K) € B the inverse image g;ul( ,K) € 7. Let
(H,K) € 0. Then there exist {(H;, K) : ¢ € A} C B such that (H,K) = | (H;, K) and
i€EA
(Hi,K) € 0, i € A. Thus, g,/ (H,K) = g,,/[ U (H;, K)] = U lg, (Hi, K)] € 7. Hence
i€A i€eA
Jpu is vague soft continuous. O

Definition 4.6. Let Y C X. The vague characteristic set of Y on X is a vague set
Xy = {(®@, [txy (2),1 = fyy (@)]) | © € X} over X, where
1, ifx ey,

1, ifx ey,
bor (#) = {0, otherwise, and 1= fy, () = { 0, otherwise. for all = € X.

Definition 4.7. Let X be an initial universe set, E be the set of parameters and let
Y C X. The vague soft characteristic set of Y over E is a vague soft set (Fy, E) which
is defined by Fy : E'— V(X) such that Fy(e) = x,, for all e € E. Thus, for all z € X,

1,1, ifzey o
Viy(e)(x) = 0,0, otherwise, for all e € E. And it is denoted by (x,,, E).

Proposition 4.8. Let (X, 7, E) be a vague soft topological space. Then the collection
Y ={(F,E)N(x,,E): (F,E) € 7} defines a vague soft topology on Y.

Proof. (1) @E, Xg € 7 implies @E, XEO(Xy,E):}AfE €9.
(2) Let (G;,E) € 1y, i € A. Then for ¢ € A there exists (F;, E) € 7 such that
(Gi, E)=(F;, E)n (Xy,E). Since 7 is vague soft topology,

UGB = UIE.E)N (x, . E) = [U (F. B) N (x, . E) €.
i€EA 1€EA iEA
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(3) Let (Hi,E),(Hs,E) € 9. Then there exist (F1,E), (F2, E) € 7 such that

(Hi, E) = (F1,E)N (x,, E) and (H2, E) = (F2, E) N (x,,, E). Since 7 is vague
soft topology,

(HlvE) N (HQvE) = [(FDE) N (XYvE)} n [(FZvE) N (XYaE)]

= (Hy, E) N (Hy, E) = [(F1, E) N (F2, E)] N (x,, E) €.

g

Definition 4.9. Let (X, 7, E) be a vague soft topological space. If Y C X and (Xy, E)
is the vague soft characteristic function of Y, then the collection ) = {(F, E)N(x,,, ) :
(F, E) € 7} defines a vague soft topology on Y, called the vague soft subspace topology
(or vague soft relative topology). It is denoted by 7y and the triplet (Y, 7y, F) is called
a vague soft subspace topological space of (X, 7, E).

Example 4.10. Let X = {z1,22,23,24} and E = {ej,e2}. Let us consider the vague

soft topology on X as
<e [0.5,0.8] [0.2,0.5] [0.4,0.9] [0.6,0.7] >
1 ) )

T T2 ’ z3 ’ T4

<e 0,0.3] [0.4,0.5] [0,0.6] [0.371]> X8

T2 Zs3 T4

Ify = {x17x3} C X, then

Ty —

0 =

{<61, [0,0]’ [0,0] [0,0] [O,O}>7<62’ [0, 0}7 [O ()] [O ()] [0 0] >}7

1 xy | x3 T4 1
< [0.5,0.8} [0,0] [0 4,0. 9 7O >
€1, ) )

Ty 2 X4
Fy,E) =
(Fy, E) _10,03) [0,0] [ 006 0,0
2, T ) T2 5
Vo =1{le [1,1] [0,0] [1,1] [0,0] . [1 1] [ ] [1,1] [0,0]
1’%1’%2’%3’964’Q’xl’xz’m’m

is a vague soft subspace topology on Y and (Y, 1y,

E) is called a vague soft subspace

topological space of (X, 7, E).

Definition 4.11. Let (Y, 7y, F) be a vague soft subspace topological space of (X, 7, F).
The vague soft set (H, E) is called vague soft open in a vague soft subspace topological
space (Y, 7y, E), if (H,E) € 1y.

Definition 4.12. Let (Y, 7y, E) be a vague soft subspace topological space of (X, 7, E).
The vague soft complement of (H,E) € VS(Y,E) related to vague soft subspace
(Y, 7y, E) is denoted by (H, E)tY = (H% | E) and is defined by
Vieey(z), ifecE,xzeY,
Vity (@) = :
(e) [0, 0], ifecFE, z¢Y.
Clearly, (H, )% € VS(Y, E).

Definition 4.13. Let (Y, 7y, E) be a vague soft subspace topological space of (X, 7, E).
The vague soft set (H, E) is called vague soft open (resp. vague soft closed) in a vague
soft subspace topological space (Y, 7y, E), if (H,E) € Ty (vesp. (H,E) € 15).
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Result 4.14. Let (Y, 1y, E) be a vague soft subspace topological space of (X, 7, E') and
(H,E) € VS(Y,E). Then

1. (H,E)% # (H,E), equality hold if ¥ = X.

2. (H,E)® = (H,E)°N (x,, E).

3. (H,E) ety & (H,E)® €.

4. ((H,E)*)C = (H, E).
Theorem 4.15. Let (Y, 7y, E) be a vague soft subspace topological space of (X, 7,E)
and (H,E) CYg. If (H,E) € 7, then (H,E) € 1y.

Proof. Since Xg € 7, we have (H,E) = (H,E)N Xg € 1y. O

Remark 4.16. A vague soft open set in a vague soft subspace (Y, 7y, E) need not be
a vague soft open in the vague soft topological space (X, 7, F) which is given in the
following example.

Example 4.17. Consider the vague soft subspace (Y, 7y, F) defined in the Example
4.10. Here (Fy,E) € 7v but (Fy,E) € 7.

Theorem 4.18. Let (Y, 7y, E) be a vague soft subspace topological space of (X, 1, E).
If (H,E) € v and (x,.,E) € 7, then (H,E) € 7.

Proof. Assume that (xy,E) € 7. Let (H,E) € 7y be any vague soft open set in
(Y, 7y, E). Then there exists (F, E) € 7 is such that (H, E) = (F, E) N (x,,, £). That is
(H,E)=(F,E)N (XY’E) € 7. Hence, 1y C 7. O

Definition 4.19. A vague soft subspace (Y, 7y, F) of (X, 7, E) is said to be vague soft
open (resp., vague soft closed) if (x,,, E) € 7 (resp., (x,., E) € 79)).

Proposition 4.20. Let (Y1,7y,,E),(Ys,0yv,,K) be vague soft subspace topological
spaces of (Xy,7,FE), (Xa,0,K) respectively. Let B’ be a base for oy,. Then
9pu:(Y1,7v,, E) = (Ya,0yv,, K) is vague soft continuous iff for each (H,K) € B’ the
intersection g, (H, K) N (XY1 JE) € 1y,

Proof. The proof is similar to that of Proposition 4.5. O

Theorem 4.21. Let (Y, 7y, E) be a vague soft subspace topological space of (X, 1, E).
Then a vague soft set (H, E) is vague soft closed in (Y, 1y, E) iff it equals the intersection
of vague soft closed set of (X, 7, E) with (Xy, E).

Proof. Assume that (H, E) is vague soft closed in (Y, 7y, E). Then (H, E)®¥ is vague
soft open in (Y,7y,FE). By the definition of vague soft subspace topology, there
exists (F,E) € 7 such that (H,E)® = (F,E) N (x,,E). Since (F,E)° € ¢ and
(H,E) = (F,E)°nN (Xy,E), (H, E) equals the intersection of vague soft closed set of
(X, 7, E) with (XY7E)-

Conversely, assume that (H, E) € VS(Y, E) with (H, F) = (G, E) N (X E), where
(G,E) € 7° Then (G,E)¢ € 7. By the definition of vague soft subspace topology
(G, B)* N (xy,E) € 7v. But (H,E)® = (G,E)°N (x,,, E). Hence (H,E)¥ € 7y, so
that (H, E) is vague soft closed in (Y, 7y, E). O
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Theorem 4.22. Let (Y, 7y, E) be a vague soft subspace topological space of (X, 1, E).
Let (S, E) be a vague soft set in'Y. Then the vague soft closure of (S, E) in'Y equals
v5cl(S, E) N (X, E) where v3cl(S, E) denotes the vague soft closure of (S, E) in X.

Proof. Let (R, E) denotes the vague soft closure of (S,E) in (Y, 7y, E). The vague
soft set vscl(S,E) € 7% and so v3cl(S, E) N (x,,, E) € 7y (by Theorem 4.21). Since
v5cl(S, E) N (x,., E) € 7¢ contains (5, E) and since by definition of (R, E) equals the
vague soft intersection of all vague soft closed sets of (Y, 7y, E) containing (S, E) we
have (R, E) C (v3cl(S, E) N (x,, E)).

On the other hand, we know that (R, E) € 7¢. Hence by Theorem 4.21 we have,
(R, E) = (G,E)N(x,, E) for some (G, E) € 7°. Then (G, E) is a vague soft closed set
containing (S, E); because v3cl(S, E) is the vague soft intersection of such vague soft
closed sets, we have v5cl(S, E) C (G, E). Thus, v5cl(S, E)N(x,,, E) € (G, E)N(x,, E) =
(R, E) and then (R, E) = vscl(S, E) N (x,,, E). Hence the vague soft closure of (5, E)
in'Y equals vscl(S, E) N (x,,, E). O

5. Vague soft T,;(i =0, 1,2, 3,4)-spaces

Definition 5.1. A vague soft topological space (X, 7, F) is said to be
(1) Vague soft Ty (in short, V.ST,) iff for every Te[a1-p] € VSP,(X,E) and
ye’,[a’,lfﬁ’] € VS’PU(X7 E)a with xe,[a,lfﬁ]gye”[a/’lfﬁl] there exist
(F,E),(G,E) € 7 such that z, o1 5 C (F\E) and yer [or1-pd(F, E) or
ye’,[a’,lfﬁ’] g (G7E) and CC%[OLJ,B]%(G, E) ~
(2) Vague soft T; (in short, V.S%Ty) iff for every x. [o,1-5 € VSP,(X, E) and
yeg[agl_gl] S Vgpy(X, E)7 with xe,[a71_ﬁ]}2fye/7[a/71_ﬁ/] there exist
(F,E), (G, E) € T such that x, [o,1-5] C (F, E), Yer [or,1-pA(F, E) and
Ye la/ 157 - (G,E), xe,[a,{—,ﬁ]ﬂ(Gv E) B
(3) Vague soft Ty (in short, V.ST,) iff for every x, [o,1-p € VSP,(X, E) and
Ye' Ja’,1—B'] € Vgpy(X, E), with Te a,1-B|AYe [ar1—p1)  there exist
(F,E),(G,E) € 7 such that z.jq1-5 € (F\E), Yo [ar1-p] € (G,E) and
(F, E)4(G, E).
Theorem 5.2. If every x-vague soft point x. [4,1-pg) is closed, then (X, T, E) is a VST -
space.
Proof. Assume that every z-vague soft point in VSP(X,E) is closed. Now let
Ze o, 1-8] € VSPQE(X, E) and Ye' [a'1-p1] € VSPy(X, E), with xe,[a,l—ﬁ]ﬂye’,[a’,l—,@’]a
then e (0,1-5] € (Ve jar,1-p7)C € T and Yer (01— € (Te,[a,1-5))¢ € T. Clearly, there
exist vague soft open sets (F, E) = (Yer [or,1-p1)¢ and (G, E) = (¢, [a,1—-p))¢ such that,
Yer o, 1-pA(F, E) and ¢ (o1 d(G, E). Hence (X, 7, F) is a V S%,-space. O
Remark 5.3. The converse of the above Theorem 5.2 need not be true as seen from
the following Example.

Example 5.4. Let X = {21, 25}, E = {e1,e5} and 7 = {0g, (F}, E), X : i € I}, where

(F.E) = {<617 b, il— JI ;2— V}>7<€2’ b, ;1— o I 22— u]>}
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Then the vague soft topological space (X, 7, E) is a ngl—space. Now for the z-vague
soft point 1., 1,1) we note that

v # 5l = { e 122, 20, 11 N,

x X2 T T2

Hence the x-vague soft point 1., |1 1) is not a vague soft closed set.
Proposition 5.5. Every VSN’“Si—space is Vﬁ‘li,l-space fori=1,2.

Proof. The proof follows from the Definition 5.1, part 6, 7 of Proposition 3.26 and part
2 of Proposition 3.27. |:|

Definition 5.6. A property of vague soft topological space (X, 7, F) is said to be vague
soft hereditary if the property is possessed by every vague soft topological subspace
of it.

Theorem 5.7. A vague soft subspace (Y, 7y, E) of a VS%;-space (X,7,E) is VST,
i=0,1,2.

Proof. We merely prove the Theorem when i = 2. Let x, [ 1-5 € VS'PI(K E) and
Yer o' 1—p1] € VSP(Y, E) with ¢ (01— g1FYer [or,1-p]- Then z¢ (015 € VSPo(X, E)
and Y (or1-p] € VOIP/(X,E) with ¥, (o1-89Yer [ar,1-p) implies there exist
(F,E), (G, E) € 7such that z¢ (415 € (F, E), Yer [ 1-p] € (G, E) and (F, E)g(G, E).
Thus (F, E)N(xy., E) € 7v and (G, E)N(x,,, E) € 7v. Now, let us take (F, E)N(x,,, E) =
(Fva) and (G7E) N (XYaE) = (GY7E) Then Te,[a,1—5] - (FYvE)7 Ye' o’ 18] C
(Gy, E) and (Fy, E)|(Gy, E). Hence the proof. O

Definition 5.8. Let (X, 7, FE) and (Y, 0, K) be any vague soft topological spaces. If
the bijective function gy, : (X, 7, E) = (Y, 0, K) and its inverse function are vague soft
continuous functions, then g, is said to be a vague soft homeomorphism. Moreover,
(X,7,E) and (Y, 0, K) are said to be vague soft homeomorphic spaces.

Definition 5.9. A property of vague soft topological space (X, 7, F) is said to be Vague
Soft Topological Property if it is preserved under vague soft homeomorphism.

Theorem 5.10. The property of being V ST;-space (i =0,1,2) is a vague soft topological
property.

Proof. We prove the Theorem for i = 2, the other cases are similar.

Let gpu : (X,7,E) = (Y,0,K) be a vague soft homeomorphism and (X,7,E) be
a VSTy-space. We have to prove (Y,0,K) is a V.STy-space. So, let Yk,[a,1-8] €
VSP,(Y,K), y;c’,[a’,l—ﬂ’] € VSP,(Y,K) with yj [a,1-g] }z(~y;€,7[a,71_ﬁ,]. Since gp,, is
vague soft bijective mapping, there exist @ [o1-5 € VSP:(X,E), z., 1-p] €
Vng’(Xv E) such that gpu('re,[oz,l—,@]) = Yk,[a,1-B]s gpu(x/e/,[a,1_,3]) = y;gg[ag_ﬂ] and
Te a,1- BT, (a1 Since (X,7,E) is a VS%s-space, there exist (F,E),(G,E) €
7 such that z.,1-53 € (F,E), x’e,,[a,,l_ﬂ,/] C (G,E) z,md (F, E)y(G, E). Thus,
gpu(l'e,[a,l—ﬁ]) = Yk,[a,1-1] - gpu(F7 E)vgpu(xe/7[a71_5]) = yk’,[a,l—,{i] - gpu(GyE) and
Ipu(Fs E)99,u (G, E). Since (F, E), (G, E) € T and g, is vague soft open mapping (being
a vague soft homeomorphism), we have g, (F, E), gpu(G, E) € 0. Hence, (Y,0,K) is a
V ST ,-space. [l
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Definition 5.11. Suppose that z-vague soft points z, [o,1-5] € VSP, (X, E) are closed
in (X, 7, E). Then (X, 7, E) is said to be a
(1) Vague soft p-regular-space if for each x4 1-5 € VSP,(X, E) and a vague
soft closed set (G, E) in X with ¢ [4,1-5d(G, E), there exist vague soft open
sets (F1, E) and (Fy, E) such that x.41-5 C (F1,E), (G,E) C (F3, E) and
(FluE)g(FQVE)
(2) Vague soft p-normal-space if for every vague soft closed sets (G1, E) and (G3, E)
in X with (G, E)g(Go, E), there exist vague soft open sets (Fy, F) and (Fy, F)
such that (Gl,E) Q (Fl,E), (GQ,E) Q (FQ,E) and (Fl,E)ﬁ(F%E)
(3) Vague soft T, (in short, Vg‘lg)—space if it is vague soft p-regular and V.ST;-
space.
(4) Vague soft ¥,-(in short, V.S )space if it is vague soft p-normal and V SF,-
space.

Theorem 5.12. Let (X, 7, E) be a vague soft topological space, then (X,7,E) is a
vague soft p-reqular-space iff for each x-vague soft point T o1-5 € VS’P:C(X, E) and
(G,E) € Ny(x¢ja1-p) with (G,E) € 7 there exists (F, E) € Ny (2¢,[a,1-p5)) such that
vScl(F, E) C (G, E).

Proof. Let (X,7,E) be a vague soft p-regular-space. Now, let us consider,
Tefa1-p) € VSP(X,E) and (G,E) € N:(2¢(01-p) With (G,E) € 7. Then (G, E)° €
7¢. Since (G, E)Y(G,E)¢, we have (z¢[a,1-8)4(G,E)°. By hypothesis, there exist
(F,E), (F1, E) € 7 such that @, |o1-g) C (F, E), (G, E)° C (F1, E) and (F, E)g(Fy, E).
Thus, (F,E) C (F1,E)¢ = vic(F,E) C vicl((Fy,E)) = (Fi, E)°. But (Fy,E)° C
(G, E). Hence vscl(F, E) C (G, E).

Conversely, let x4 1-5 € VSP,(X,E) and (H,E) € 7¢ with Te o, 1-pA(H, E).
Then x [o,1-5 € (H, E)° € 7. By hypothesis, there exists (G1, E) € N (2¢,[a,1—g]) such
that vscl(G1,E) C (H,E)°. Thus (H,E) C (v3d(G1,E))® = (G, E) (say). Since
v3cl(Gr, E)d(v3cl(G, B))¢ = (G2, E) € 7 we have v3cl(G1, E)g(G2, E). Then
(G1, E)4(G2, E). Hence (X, 7, E) is a vague soft p-regular-space. O

Theorem 5.13. Let (X, 1, E) be a vague soft topological space, then (X, 7, E) is a vague
soft p-normal-space iff for every (H,E) € 7¢ and (G, E) € N;(H,E) with (G,E) € T
there exists (F, E) € N;(H, E) such that vicl(F, E) C (G, E).

Proof. Tt is analogous to that of Theorem 5.12. O

Proposition 5.14. 1. Every vague soft p-normal (V.ST,)-space is vague soft p-regular
(VS%,).
2. Every vague soft p-regular (V.S%;) -space is vague soft T,.

Proof. 1. Let (X, 7, E) be a vague soft p-normal-space. Let ¢ [o,1-5 C VSP,(X,E)
and (F,E) € 7¢ with 2, o1-gd(F, E). Since z,[a,1-5), (F,E) € 7¢, there exist
(Fl,E), (FQ,E) € 7 such that xe,[a,l_ﬁ] S (Fl,E), (F, E) Q (FQ,E) and (Fl,E)ﬂ(FQ,E)
Hence (X, 7, E) is a vague soft p-regular space.

2. Let (X, 7,E) be a vague soft p-regular-space and let @, [o,1-5 € VS'PZ;(X, E),
Ye' [a’,1—-p] € VSPy(X,E), with Te o, 1-fIAYe! Jar 1—p1]- SiNCe Yor (or1-p1) € T¢, and
by our hypothesis, there exist (G1,FE),(Ge, E) € 7 such that x4 1-5 S (G1, E),
Yer Jar,1-p1] C (Ga, E) and (Gl,E)}zf(Gg,E). Hence (X, 1, E) is vague soft T,. O
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Theorem 5.15. A vague soft subspace (Y, 7y, E) of a vague soft p-regular (ngs)-space
(X, 7, E) is vague soft p-reqular (V.SZT;).

Proof. Let (Y,7y,E) be a vague soft subspace of vague p-regular-space (X,7,FE).
Then z-vague soft points x. 4,15 of VS'(Y, K) are closed in (Y, 7y, E) and hence
(Y, 7y, E) is Vague soft T, (by Theorem 5.2). Let x.[n1-5 € VSP,(Y,E) and
(G,E) € 1y with z¢[o,1-5d(G, E). Since (G, E) € 7y, take vscl(G, E) N (xy,, E) =
(G,E) where vscl(G,E) denotes the vague soft closure of (G,E) in (X,7,E).
Then 015 € VSP:(X,E) and vicl(G,E) € 7¢ with x4 ,_g9vicl(G, E).
By hypothesis, there exist (Fi,E),(Fy, E) € 7 such that x.jq1-5 € (F1,E),
v5cl(G,E) C (F2,E) and (Fy, E)y(F2, E). Thus (Fi,E) N (x,,E) € 7v and
(F2, E) N (x,,, E) € 7v. Now, let us take (F1, E) N (x,, E) = (F1,,E) and (F2, E) N
(Xy,E) = (Fpy,E). Then 2. [41-8] = Tea,1-p] (Xy,E) C (FI,E)Nn (Xy,E) =
(F1y,E), (G,E) € vsc(G,E) N (xy,E) € (F2,E) N (xy,E) = (F2,,E) and
(F1y, E)4(F»,, E). Hence (Y, 7y, E) is vague soft p-regular. O

Theorem 5.16. Every vague soft closed subspace of a vague soft p-normal (V§T4)-space
is vague soft p-normal(V.S%,).

Proof. Let (Y,7y,E) be a vague soft closed subspace of vague soft p-normal-
space (X,T, E). Then (Xy,E) € 7¢ and z-vague soft points z.[41-5 of
VS(Y,K) are closed in (Y,7y,E). Let (G1,E)*, (G2, E)* be two vague soft closed
sets in Y with (Gq, E)*g(Go, E)*. Then there exist (Gi,E),(G2,E) € 7¢ such
that (G1,E)* = (G1,E) N (XY’E)’ (Go, E)* = (G2, E) N (Xy,E) by Theorem
4.21. Since (x,,E) € 7¢ and (G, E), (G2, E) € 7¢ we have (G, E) N (x,,E),
(G27E) N (XY7E) € 71¢ Thus, (Gl,E)*,(GQ,E)* e 7° NOW, (Gl,E)*,(GQ,E)*
are two vague soft closed sets in X with (G1, E)*g(Ga, E)*, but (X,7,E)
is a vague soft p-normal space, there exist (Fy,FE),(Fy,E) € 7 such that
(G, E)" C (F1,E), (Go, B)" C (F2,E) and (F1, E)g(F2, E). Thus, there exist
(F1,E) N (x,,E) = (F,E)" € 79 and (F2,E) N (x,.E) = (I E)" € 13
such that (G, E)* = (G1,E)" N (xy.E) € (F1,E) N (x,.E) = (F,E),
(G2, E)" = (G2, E)" N (x,,, E) € (F2, E) N (X, E) = (F2, E)" and (Fy1, E)"g(F, E)”.
Hence (Y, 7y, E) is vague soft p-normal. O

Theorem 5.17. The property of being ngi-space (i = 3,4) is a vague soft topological
property.

Proof. We prove the Theorem for i = 3, the other cases are similar.
Let gpy : (X, 7, E) — (Y,0,K) be a vague soft homeomorphism and (X,7,E) be a
Vé'fg—space. We have to prove (Y, 0, K) is a Vgig—space. Since the property of being
vague soft T,-space is a vague soft topological property and every y-vague soft points
in VSP,(Y,K) are closed in (Y, 0, K) (since g,, is vague soft homeomorphism), it is
enough to prove that the property of vague soft p-regularity is a vague soft topological
property.

Let (G, K) € 0°, Yk a,1-5] € VSP,(Y, E) with Yk, la1-gA(G, K). Since gy, is vague
soft bijective continuous mapping, there exist z. 4,15 € VSP,(X, E) such that
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Ipu(Te[a1-8]) = Ykja,1-8) g;ul(G,K) € 7°¢ and $e,[a,1—ﬁ]}2fg;7}(G,K). Since
(X,7,E) is a VSTs-space, there exist (Fy,E),(Fy, E) € 7 such that Tefa1-8 C
(F1, E), 9,/ (G,K) C (Fy, E) and (Fy, E)g(F3, E). Thus, gpu(Ze ja,1-4]) = Yk ja1-5] S
g:DU<F1»E)7gpu(9;z}(GaK>) = (G,K) C gpu(F2, E) and QPU(FlaE)}ngpu(F2aE)- Since
(F1,E),(F3,E) € 7 and gp, is vague soft open mapping (being a vague soft
homeomorphism), we have gp,(F1,E), gpu(F2, E) € o. Hence, (Y,0,K) is a VS%s-
space. [l

Conclusion

It is observed that the notion of vague soft characteristic function played an important
role in defining the vague soft subspace topology. The introduction of vague soft quasi-
coincident had significantly influenced the properties of vague soft separation axioms
that were obtained in our previous study [25]. Also, we discussed the vague soft
hereditary and topological properties of vague soft T;(i = 0, 1,2, 3,4)-spaces. In future,
the authors intend to develop an algorithm to identify the portions of affected organs
by cancer cells using the above defined vague soft concepts.
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