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Abstract. The aim of this paper is to introduce and study a new type of weakly
continuity called weakly we*-continuity via we*-open sets defined by us. We obtain
several characterizations and some fundamental properties of weakly we*-continuous
functions. The notion of weakly we*-continuity come across as a notion of weaker
than the notion of weakly wf-continuity. Also, we investigate the relationships
between weakly we*-continuous functions and other related strong and weak forms
of weakly continuity. Furthermore, we introduce the concepts of we*-strongly closed
graphs to look into some different properties.

1. Introduction

One of the most studied generalizations of continuity is weak continuity [13] which
is firstly defined by Levine in 1961. He introduced the concept of weakly continuity
[13] and investigate its some fundamental properties. And then many mathematicians
have studied the various types of weakly continuity. For instance, Al-Zoubi and Al-
Jarah defined the concept of weakly w-continuity [5] which is weaker than weakly
continuity. Ozko¢ and Ashm introduced and investigated the concept of weakly e-
continuity. Also, Ayhan and Ozkog introduced the concepts of weakly e*-continuity
[8] and weakly a-continuity [8]. Some properties and characterizations of the notion of
weakly w/p-continuity [4] have been defined and studied by Aljarrah and Noorani.

In this paper, we study and investigate the notion of weakly we*-continuous
function [15]. Also, we obtain some fundamental properties and its characterizations.
Furthermore, we investigate some properties between graphs and weakly we*-continuity
and separation axioms.
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2. Preliminaries

Throughout this present paper, X and Y represent topological spaces. For a subset
A of a space X, cl(A) and int(A) denote the closure of A and the interior of A,
respectively. The family of all closed (resp. open, clopen) sets of X is denoted
C(X) (resp. O(X), CO(X)) and the family of all closed (resp. open) sets of X
containing a point x of X is denoted by C(X,z) (resp. O(X,z)). The co-countable
topology on X, 7.,c; the topology whose open sets are the empty set and complements
of subsets of X which are at most countable and the indiscrete topology on X, 7i,4;
the usual topology on R, 7,. We recall the following definitions which will be used
throughout this paper.

Definition 2.1. A subset A of a space X is called:

(1) regular open [18] if A = int(cl(A)). The complement of a regular open set is
called regular closed. A point z € X is said to be the d-cluster point [19] of
A if int(cl(U)) N A # () for each open neighbourhood U of x. The set of all
o-cluster points of A is called the é-closure of A and is denoted by d-cl(A). If
A = 0-cl(A), then A is called d-closed [19], and the complement of a d-closed
set is called d-open. The set {z|(IU € O(X, z))(int(cl(U)) C A)} is called the
d-interior of A and is denoted by d-int(A).

(2) B-open [1] if A C cl(int(cl(A))). The complement of a S-open set is called -
closed. The intersection of all 5-closed sets containing A is called the S-closure
of A and is denoted by -cl(A). The union of all S-open sets of X contained in
A is called the S-interior of A and is denoted by S-int(A).

(3) a-open [9] if A C int(cl(0-int(A)). The complement of an a-open set is called
a-closed [9]. The intersection of all a-closed sets containing A is called the a-
closure [9] of A and is denoted by a-cl(A). The union of all a-open sets of X
contained in A is called the a-interior [9] of A and is denoted by a-int(A).

(4) e*-open [11] if A C cl(int(d-cl(A)). The complement of an e*-open set is called
e*-closed [11]. The intersection of all e*-closed sets containing A is called the
e*-closure [11] of A and is denoted by e*-cl(A). The union of all e*-open sets of
X contained in A is called the e*-interior [11] of A and is denoted by e*-int(A).

(5) pre-open [14] if A C int(cl(A)). The complement of an pre-open set is called
pre-closed [14]. The intersection of all pre-closed sets containing A is called the
pre-closure [14] of A and is denoted by pcl(A). The union of all pre-open sets of
X contained in A is called the pre-interior [14] of A and is denoted by pint(A).

(6) A subset A of a space X is said to be w-open [6] (resp. wpB-open [3]) if for every
x € A there exists an open (resp. (-open) set U containing x such that U \ A
is countable. The complement of an w-open set (resp. wpB-open set) is said to
be w-closed (resp. wp-closed).

The family of all regular open (resp. regular closed, S-open, [-closed, a-open, a-
closed, e*-open, e*-closed, pre-open, pre-closed, w-open, w-closed, wB-open, wpB-closed)
subsets of X is denoted by RO(X) (resp. RC(X), BO(X), BC(X), aO(X), aC(X),
e*0(X), e*C(X), PO(X), PC(X), wO(X), wC(X), wpO(X), wBC(X)). The family of
all regular open (resp. regular closed, -open, S-closed, a-open, a-closed, e*-open, e*-
closed, pre-open, pre-closed, w-open, w-closed, wB-open, wB-closed) sets of X containing
a point x of X is denoted by RO(X, z) (resp. RC(X,z), BO(X,z), BC(X,z), aO(X, ),
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aC(X,z),e*O(X,x), e*C(X,x), PO(X,z), PC(X,z), wO(X,z), wC(X, ), wbO(X, x),
wpC(X,x)).

Definition 2.2. Let A be a subset of a space X. A is said to be we*-open [15] (resp.
wa-open [15]) if for every x € A, there exists an e*-open (resp. a-open) set U containing
x such that U \ A is countable. The complement of an we*-open (resp. wa-open) set
is called an we*-closed (resp. wa-closed). The family of all we*-open (resp. wa-open)
sets of X will be denoted by we*O(X) (resp. waO(X)). The family of all we*-open
(resp. wa-open) sets of X containing a point  of X will be denoted by we*O(X,x)
(resp. waO(X, x)).

open — [(-open — e*-open

\ 1 1

w-open — wp-open — we*-open < wa-open

Lemma 2.3. [15] Let X be a topological space. Then the following properties hold.
(1) The union of any family of we*-open sets is we*-open.
(2) The intersection of an wa-open set and an we*-open set is we*-open.

Definition 2.4. [15] Let A be a subset of a space X. The union of all we*-open subsets
of X contained in A is called the we*-interior of A and is denoted by we*-int(A).

Theorem 2.5. [15] Let A be a subset of a space X. Then the following properties hold:
(1) we*-int(A) C A,

we*-int(A) € we*O(X),

x € we*-int(A) if and only if there exists U € we*O(X, x) such that U C A,

A C B = we*-int(A) C we*-int(B),

we*-int(A) Uwe*-int(B) C we*-int(A U B),

we*-int(AN B) C we*-int(A) Nwe* —int( ),

A € we*O(X) if and only if A = we*-int(A),

(8) we*-int(we*-int(A)) = we*-int(A).

Definition 2.6. [15] Let A be a subset of a space X. The intersection of all we*-closed
subsets of X containing A is called the we*-closure of A and is denoted by we*-cl(A).

Theorem 2.7. [15] Let A and B be two subsets of a space X. Then the following
properties hold:
(1) A Cwe*-cl(A),
) we*-cl(A) € we*C(X),
) x € we*-cl(A ) if and only if ANU # 0 for every U € we*O(X, ),
) AC B = we*-cl(A) Cwe*-cl(B),
) we*-cl(A) Uwe*-cl(B) C we*-cl(AU B),
)
)
)

(2
(
(
(
(
(

\_/\_/\./\./\./\_/

3
4
5
6
7
8

we*-cl(AN B) Cwe*-cl(A) Nwe*-cl(B),

A € we*C(X) if and only if A = we*-cl(A),
we*-cl(we*-cl(A)) = we*-cl(A),

(9) we*-cl(X \ A)=X \ we*-int(A).

Definition 2.8. A function of f: X — Y is called:

(2
(3
(4
(5
(6
(7
(8
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(1) e*-continuous [11] (resp. w-continuous [12]) if f~1[V] € e*O(X) (resp. wO(X))
for each open set V of Y.

(2) we*-continuous [16] (resp. wp-continuous [4]) if f~1[V] € we*O(X) (resp.
wPO(X)) for each open set V of Y.

(3) weakly continuous [13] if for each € X and each open set V in Y containing
f(z), there exists an open U in X containing = such that f[U] C cl(V).

(4) weakly w-continuous [5] (or w-weakly continuous) if for each x € X and each
open set V in Y containing f(x), there exists an w-open U in X containing x
such that f[U] C cl(V).

(5) weakly e*-continuous [17] (resp. weakly S-continuous [4]) if for each x € X and
each open set V in Y containing f(z), there exists an e*-open (resp. [-open)
U in X containing z such that f[U] C cl(V).

(6) weakly wf-continuous [2] if for each € X and each open set V in Y containing
f(z), there exists an wB-open U in X containing = such that f[U] C cl(V).

Definition 2.9. [15] A function f: X — Y is called:

(1) we*-irresolute if the inverse image of every we*-open set in Y is we*-open in X.
(2) we*-open if f[V] is we*-open in Y for every we*-open set V of X.

Definition 2.10. [15] A space X is said to be we*-connected if X can not be expressed
as the disjoint union of two non-empty we*-open sets.

Definition 2.11. [15] A space X is said to be we*-Ty if for every two distinct points x
and y in X, there exist U € we*O(X,z) and V € we*O(X,y) such that UNV = ().

3. Main results

Definition 3.1. A function f: X — Y is said to be weakly we*-continuous [15] (resp.
weakly wa-continuous) at © € X if for each open set V of Y containing f(z), there exists
an we*-open set (resp. wa-open) U in X containing x such that f[U] C cl(V). If for
each © € X, f is weakly we*-continuous (resp. weakly wa-continuous) at « € X, then f
is said to be weakly we*-continuous (resp. weakly wa-continuous).

Theorem 3.2. Let f : X — Y be a function. Then the following statements are
equivalent:
(1) f is weakly we*-continuous at x € X,
(2) x € we*-int(f~Lcl(V)]) for each open meighborhood V of f(z).
Proof. (1) = (2): Let V € O(Y, f(x)).
Veo, f(z)) } = (3G € werO(X, 2))(f[G] C (V)

Hypothesis
= (3G € we*O(X,2))(G C fc(V))])
= (3G € we*O(X, 7)) (G = we*-int(Q) C we*-int(f = cl(V)]))
=z € we*-int(f 1l (V)]).

(2)=(1): Let x € X and V € O(Y, f(x)).

e } = U = we'int(fHel(V)]) € we O(X, )

= (U € we*O(X, 2))(f[U] = flwe*-int(f~H[cl(V)])] € fIf (V)] € cl(V)). U
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Theorem 3.3. Let f: X — Y be a function. Then the followings are equivalent:
(1) fis weakly we*-continuous,

(2) we*-cl(f~int(cl(V))]) C f=L[el(V)] for every V C Y,
(3) we*-cl(f~tint(F)]) C f~L[F] for every F € RC(Y),
(4) we*-cl(fLV ]) cf- [ 1(V)] for every V € O(Y),
(5) f7HV] Cwe*-int(f~cl(V)]) for every V € O(Y).
Proof. (1) = (2): Let VCY and x ¢ f~[cl(V)].

z ¢ fHc(V)] = f(z) ¢ cl(V) = (3U € OY, f(2)))(UNV =0) } N

Hypothesis

= (W e we*O(X, z))(fIV]N mt(cl(V)) Ca(U)Nint(c(V)) = 0)

= (AW € werO(X, 2))(W N f~Hint(cl(V))] € fHAW 0 f~ int(cl(V))] = 0)
=z ¢ we*-cl(f~int(cl(V))]).

(2) = (3) : Let F € RC(Y).
FeRCY)=FeC(Y) }
Hypothesis
= we*-cl(fint(cl(F))]) = we*-cl(f~[int(F)]) C f~[cl(F)] = f1[F].

(3)=(4): Let V € O(Y).
VeOoly)=d(V)e RCY) } N
Hypothesis
= we*-cl(f71[V]) Cwe*-cl(fint(cl(V))]) C f~[ecl(V)].

(4) = (5): Let V € O(Y).
VeOol)=Y\d(V)eOY) } N
Hypothesis
= we-c(fHY \d(V)]) € f7 [Cl(Y \ el(V))]
= X \we*-int(f~Hel(V)]) C fHl(Y \ (V)] € X\ f7HV]
= f7HV] Cwe-int(fcd(V)]).

(5)=(1):Let z € X and V € O(Y, f(x)).

) : Le
T x -1
Veow, f(z)) = H;pﬁthe[;g = W = we*-int(fcl(V)]) € we*O(X, x)

= (W € we*O(X, 2))(f[W] = flwe™int(fHc(V)])] € fIf (V)] S cl(V)). O

Definition 3.4. A function f: X — Y is said to be we*-continuous [16] if for every at
xz € X and if for each open set V of Y containing f(z), there exists an we*-open set U
in X containing z such that f[U] C V.

Theorem 3.5. If a function f : X — Y is we*-continuous, then f is weakly we*-
continuous.

Proof. Let x € X and V € O(Y, f(z)).

(weX)(Ve %%OJ;E’ZSQ } ~ (AU € werO(X, 2))(f[U] C V C (V). 0

Theorem 3.6. Let f: X — Y be a function. Then the followings are equivalent:
(1) f is weakly we*-continuous,
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(2) we*-cl(fint(cl(V ))]) C fYel(V)] for every V € PO(Y),
(3) we*-cl(f~ [V]) Cf- [ 1(V)] for every V € PO(Y),
(4) V] Cwe*-int(f~tcl(V)]) for every V € PO(Y).

Proof. (1) = (2): Let V e PO( Y)
Ve PO( ) = Cl E RC Theorem 3.3(3)
Hypothesm

(2) = (3): Let V € PO(Y

we*-cl(fint(cl(V))]) C f7cl(V))].

Ve POY)=V Cint( cl
Hypothesw =
= we*-cl(f~1[V]) Cwe*-cl(f~ [int(cl(V))]) C fcd(V)].

(3)=(4): Let V € O(Y).
Veol)=Y\d(V)eO¥)=Y\d(V)e POY) } N
Hypothesis
-

= we-d(fTH Y\ d(V)]) € f~ [Cl(Y\Cl V)l

= X\ we-int(f~Hcl(V)]) € f~ [Cl(Y\Cl( )] =X\
= fTHV] C fHint(cl(V))] € we-int(f~Hel(V)]).
(4)=(1): Let x € X and V € O(Y, f(x)).

Hint(cl(V))]

f@)evsae VI L it 1
: f7 VI S we-int(f~[cl(V)])
Hypothesis } W= wer-int(f~1[d(V)]) =
= (W € we*O(X, 2))(f[W] = flwe™int(fH[c(V)])] € fFIf (V)] Cel(V)). O

Theorem 3.7. Let f : X — Y and g : Y — Z be two functions. If [ is weakly
we*-continuous and g is continuous, then g o f is weakly we*-continuous.

Proof. Let x € X and V € O(Z, g(f(x))).
N0 0T | i ops s }

is continuous . .
g f is weakly we*-continuous

= (AW € werO(X, 2))(f[W] € cl(g~[V]))

= (AW € we*O(X, 2))((g 0 /)IW] = g[fIW]] € glel(g™*[V])] € glg™ (V)] € Cl(V)é

Theorem 3.8. Let f: X =Y and g:Y — Z be two functions. If f is we*-irresolute
and g is weakly we*-continuous, then go f is weakly we*-continuous.

Proof. Let x € X and V € O(Z, g(f(z))).
(I € X)(V € O(Z,g(f(I)))) } - (HW c we*O(Y,f(x)))(g[W] C Cl(V)) } N

g is weakly we*-continuous : . s
f is we*-irresolute

= (U= [ W] € we*O(X,2))((g o NU] = g[f[f W] € g[W] C cl(V)). U

Theorem 3.9. Let f: X =Y and g: Y — Z be two functions. If go f is weakly
we* -continuous and f is we*-open surjection, then g is weakly we*-continuous.
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Proof. Let y € Y and V € O(Z, g(y)).

f 1s surjection g o f is weakly we*-continuous
= (U € we*O(X,x))((go f)[U] Cc(V)) } N
f is we*-open
= (H := f[U] € werO(Y, y))(g[H] € cl(V)). O
Theorem 3.10. Let f : X — Y be a function and g : X — X XY the graph function

of f, defined by g(x) = (z, f(x)) for every x € X. If f is weakly wa-continuous, then g
is weakly we*-continuous.

Proof. Let z € X and W € O(X x Y, g(z)).
WeOX xY,g(zx)) = (AU, € O(X,2))(3V € O(Y,f(x).))(g(x) eUy xVCW) }

(yeY)(V eO(Zg(y))) } = (FzeX)(y=f(@)(VeO(Zg(f(z))) }

f is weakly wa-continuous
= (U1 € we*O(X,x))(FVU3 € waO (X, 2))(f[Us] C cl(V)) } N
H .= U1 N UQ
= (H € we*O(X,x))(g[H] = g[lU1 N U] CU; x f[Us] c(Uy) x (V)
Cl(Ul X V)
d(W)). O

Remark 3.11. From Definitions 2.8, 3.1, 3.4 and Theorem 3.5, we have the following
diagram. The converses of these implications need not be true in general as shown by the
following example. Examples regarding other implications can be found related papers.

NN

weakly continuous —  weakly S-continuous —  weakly e*-continuous

3 \ i
weakly w-continuous — weakly wf-continuous — weakly we*-continuous
w-continuous — wfB-continuous — we*-continuous

Example 3.12. [4] Let X := {1,2,3} with the topologies 7 := {0, X, {1},{2},{1,2}}
and o := {0, X,{1},{2,3}}. Let f: (X,7) = (X, o) be the function defined by

1, z=3
flz)=¢ 2 , z=1
3 , z=2

Then f is weakly we*-continuous, but f is not weakly e*-continuous.
Example 3.13. Let Y := {1,2,3} with the topology 7 := {0,Y,{1},{2,3}}. Let
f i (R, 7eoe) = (Y, 7) be the function defined by
)3, 2€Q
flz) = { 1, zel

Then f is weakly we*-continuous, but f is not weakly w/-continuous.

Lemma 3.14. [16] Let (A,74) be a subspace of (X, 7), B C A and A is e*-open sets in
(X, 7). Then B is we*-open in (X, 1) if and only if B is we*-open in (A,74).
Theorem 3.15. Let {U;|i € I} be any e*-open cover of a space X. A function
f(X,7) = (Y,0) weakly we*-continuous if the restriction f|y, : (Us,my,) = (Y,0)
is weakly we*-continuous for each i € I.
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Proof. Let x € X and V € O(Y, f(z)).

(z € X)(V € O(Y, f(z))) .
flu, is weakly we*-continuous } = (AU € werOUs, 2))(flu.[U] € (V)

bemmg 314 (17 € e*O(X, 2))(U € we*O(X, 2))(f]U] C cl(V)). O
Theorem 3.16. If f : X — Y is weakly we*-continuous and Y is Hausdorff, then
for each (x,y) ¢ G(f), there exists an we*-open set U C X and an open set V C Y
containing x and y, respectively, such that f[U] Nint(cl(V)) = 0.

Proof. Let (z,y) ¢ G(f).
e 00 =y £ )
(Y, o) is Hausdorff
= (AV € O(Y,y)) BW € O(Y, f(x)))(V N W = 0) } N
f is weakly we*-continuous
= (U € we*O(X, z)) (fIU] Nint(cl(V)) C d(W)Nint(c(V)) CVNW =0)
= (AU € we*O(X, 2))(fIU] Nint(cl(V)) = 0). O

Definition 3.17. A function f : X — Y is said to be contra we*-closed graph [15] if
for each (z,y) ¢ G(f), there exist an we*-open subset U of X and a closed subset V of
Y such that (U x V)NG(f) = 0.

Definition 3.18. A function f: X — Y is said to be we*-strongly closed graph if for
each (z,y) ¢ G(f), there exist an we*-open subset U of X and an open subset V of YV’
such that (x,y) € U x V and (U x cl(V))NG(f) = 0.

Theorem 3.19. If f: X =Y is weakly we*-continuous and Y is Uryshon, then G(f)
is we*-strongly closed.

Proof. Let (z,y) ¢ G(f).

(z,y) ¢ G(f) =y # f(x)
(Y, o) is Uryshon
= (AV € O(Y,y))BW € O(Y, f(2)))(cl(V) N (W) = 0) }
f is weakly we*-continuous
= (AU € we*O(X,2))(fIUINc(V) Cd(W)N (V) =0)
= (U € we*O(X,2)) (U x (V) NG(f) = D). O

Theorem 3.20. If [ : X — Y is weakly we*-continuous injection and G(f) is we*-
strongly closed, then X is we*-Th.

Proof. Let x1,22 € X and x1 # xo.

(2 € 000 2020 Ly p00) # 1a2) = (0, fla2) ¢ GU)
J 1s injection } G(f) is we*-strongly closed } =
= (U € we*O(X,z1))(3V € O(Y, f(22))) (U x (V) N G(f) = 0) } N
f is weakly we*-continuous
= (U € we*O(X,x1))(IW € we*O(X,z2))(fIU] N fIW] C fIUINCc(V) =0)
= (U € we*O(X,21))(IW € we*O(X, z2))(f[UNW] = 0)
= (AU € we*O(X,x1))(3W € we*O(X, x2))(UNW = 0). O
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Theorem 3.21. If f : X — Y is surjection and G(f) is we*-strongly closed, then Y is
Ts.

Proof. Let y1,y2 € Y and y1 # ya .

(y1,92 € Y)(y1 # o) _
f is surjection } = (I € X)(y2 # 1 Z}(J;’()xlls)L:i_gfrl(;g;;fyigggl } =
= (AU € we*O(X,z1))( IV € OY, ) (flU] Necl(V) = )
= AV e O(Y,42))(f(x1) =31 ¢ cl(V))
= AV e O0(Y,12) AW € O(Y,p))(W NV =10). U

Corollary 3.22. If f : X — Y is weakly we*-continuous bijective and G(f) is we*-
strongly closed, then X and Y are we*-T5.

Proof. 1t is clear from the fact that every T5 space is we*-T5 space and Theorem 3.20
and Theorem 3.21. O

Theorem 3.23. If f : X — Y is weakly we*-continuous surjection and X is we*-
connected, then Y is connected.

Proof. Suppose that Y is not connected.
Y is not connected = (U, V e OY)\{0H)({UNV =0)(UUV =Y) }
f is weakly we*-continuous surjection
= (fUL V] € werOONAOH(fH U NV = DU UV = fHY))
= (f7UL V] € werOONAOH(fHUIN fHVI=0)(fHUTU fH V] = X)

This means that X is not we*-connected which is a contradiction. O

4. Conclusion

Without a doubt one of the most studied generalizations of continuity is weak
continuity. In this study, we have defined and studied the notion of weakly we*-
continuity which is weaker than the notion of weakly continuity. Also, we have examined
the relationship among many types of important continuity given in the literature.
Moreover, we have obtained many characterizations related to the notion of weakly
we*-continuity. Furthermore, we have discussed graph properties as well. We believe
that this study will be light for further studies.
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