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Abstract. In this paper, we introduce two operator associate with ¥ and J§-int
operators in ideal topological spaces and investigate their properties. We will use
the composite of these operators to offer a finer topology on X than 75 by utilizing
the new notions of ¥5O(X). Also, we will use a special ideal to define ws-open and
ws-closed sets. Finally, we will give some of the fundamental properties of such sets
and some existing functions in the literature.

1. Introduction

The study of local function on ideal topological space was introduced by Kuratowski
[12]. Many mathematicians such as Jankovic and Hamlet [6, 7]; Samuel [20]; Hayashi [8];
Modak and Islam [11, 17, 15] have enriched this study. Natkaneic [18] have introduced
the complement of local function and it is called W-operator. In an ideal topological
space (X, 7,Z), the local function (-)* is defined as A* (Z,7) (or simply A*) :={x € X :
(WU el (z)) (UNA¢TI)} where U (x) is the collection of all open subsets containing
x € X. It is complement function, that is U-operator is defined as ¥(A) := X\ (X \ A)*.
Hdeib introduced the notion of w-closeness [9] by which he introduced and investigated
the notion of w-continuity. Fomin introduced the notion of #-continuity [4] and the
notion of J-continuity has been defined by Noiri [19]. The notions of #-open and J-open
set have been introduced by Velicko [22]. He also showed that the collection of all #-open
(resp. d-open) sets in a topological space forms a topology on X denoted by 7y (resp.
75)
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In this paper, we will use the composite of ¥ and §-int operators to offer a finer
topology on X, which will be denoted by ¥sO(X), than 75. By utilizing the new
notions and using the ideal Z. := {A C X||A| < N}, we will also define one more
topology, which will be denoted by wsO(X), finer than wyO(X) and 75. In addition, We
will discuss some of the fundamental properties of such space and some related maps.

Throughout this paper, (X,7) (briefly X) means a topological space. For a subset
A of a space X, the closure and the interior of A will be denoted by cl(A) and int(A),
respectively. A subset A of a space X is said to be preopen [13] (resp. regular open
[21]) if A Cint(cl(A)) (resp. A = int(cl(A)).

A point z of X is said to be in J-closure (resp. 6-closure) [22] of a subset A of X,
denoted d-cl(A) (resp. 6-cl(A)) if int(cl(U)) N A # O (resp. cl(U)N A # () for each
open set U of X containing x. A subset A of space X is called to be d-closed (resp. 6-
closed) if §-cl(A) = A (resp. 0-cl(A)). The complement of a d-closed (resp. #-closed)
is called §-open (resp. 6-open). The d-interior of a subset A of X is the union of all
regular open sets of X whose contained in A and is denoted by 6-int(A). The #-interior
of a subset A of X is the union of all open sets of X whose closures are contained in A
and is denoted by 6-int(A). Recall that a point = of X is called a condensation point of
a subset A if for each U € 7 with x € U, the set U N A is uncountable. A subset A of a
space X is w-closed [9] if it contains all its condensation points. The complement of an
w-closed set is called w-open. The union of all w-open sets of X contained in A is called
the w-interior of A and is denoted by w-int(A). A subset A of X is called wg-open [3] if
for each x € A there exists an open subset B C X containing x such that B\ 6-int(A)
is countable. The complement of an wy-open set is called wy-closed.

The family of all w-open (resp. wg-open, preopen, d-open, H-open, regular open)
subsets of X is denoted by wO(X) (resp. wpO(X), PO(X), 60(X) = 15, 00(X) = 79,
RO(X)). The family of all w-open (resp. wg-open, preopen, d-open, f-open, regular
open) sets of X containing a point z of X is denoted by wO(X,z) (resp. wyO(X,x),
PO(X,z), 60(X,z), 00(X,z), RO(X,x)).

A function f : (X,7) — (Y, 0) is said to be w-continuous [10] (resp. wy-continuous
[3], 6-continuous [19], f-continuous [4]) if f~1[V] is w-open (resp. wg-open, d-open, 6-
open) for every open subset V of Y. A function f : (X,7) — (Y,0) is called weakly
w-continuous [10] (resp. weakly wg-continuous [3]) if for each z € X and each open
subset V in Y containing f(z), there exists an w-open (resp. wg-open) subset U in X
containing x such f[U] C cl[V].

2. Preliminaries

Definition 2.1. Let X be a set and v : 2¥ — 2% be any arbitrary set-valued set-
function. Then + is called isotonic [17] if A C B implies y(A) C v(B) for all A, B € 2X.
The collection of all isotonic mappings is denoted by I'(X) [1] (or simply T').

Definition 2.2. [1] Let X be a set and v € I'(X).

(1) v € To if v(0) = 0,

(2) vy ey if y(X) = X,
( =

(3) v € g if y(7(A)) = v(A) for all A € 2%,



On VUs-sets and Vs-functions defined by ideals 211

(4) y ey if AC~(A) for all A € 2%,
(5) v € T_ if y(A) C A for all A € 2%,

We denote by T'a, if A C {0,1,2,+, —}, the subset of I" composed of all v € T" that
satisfy (I',) for n € A. We write, for sake of simplicity, I'12 instead of I'fy o).

Definition 2.3. Let (X, 7,Z) be an ideal topological space and A C X.

(1) A is said to be a U*-set [15] if A C (V(A))*,

(2) A is said to be a U-C-set [16] if A C cl(V(A)),

(3) The collection of all U*-set (resp. WU-C-set) is denoted as ¥*(X, 1) (resp. U(X, 7)),
(4) An ideal topological space (X, 7,7) is Hayashi-Samuel space [2] if 7 NZ = {0}.
Lemma 2.4. [14] Let (X, 7,7) be an ideal topological space. If A € T, then A C U(A).

Lemma 2.5. Let X be a set and v € T'(X). If y € T1_ and v(AN B) = v(A) N~(B)
then the family yO(X) :={AC X : A C y(A)} is a topology on X.
Proof. 1) v €1 = v(X) = X then X € vyO(X).
2) Let A, B € 70(X).
A,B € vy0(X) }
= ANBe~(A)ny(B) }

ANBCA(ANBCB = AN B e ~v0O(X).

UNBEDAUNBEE) J 7 (4 n(B) = (AN B) 70(%)
3) In [1], the author proved that if A C yO(X), then [JA € vyO(X). O

3. Us-sets
Definition 3.1. Let (X,7,Z) be an ideal topological space. We define the operator
Vs : 2% — 2% as Us(A) := U(5-int(A)) for all A € 2X.

Example 3.2. Let X := {a,b}, 7 := {0,X,{a}} and Z := {0,{a}}. 0 € 7 but
Us(0) = Us({a}) = Us({b}) = {a} and ¥s(X) = X. So there is no A € 2% such
that Ws(A) = 0.

Theorem 3.3. Let (X, 7,Z) be an ideal topological space. Then the operator Us : 2X
2X is monotonic.

Proof. 1t is clear from the fact that the operators d-int and ¥ are monotonic. O

Remark 3.4. It is easy to see the following results from the example 3.2.
(a) {b} € Us({b}) implied that the operator ¥s ¢ 'y,
(b) Us(0) # 0 implied that the operator ¥y ¢ T'y.

Theorem 3.5. An ideal topological space (X, 7,7T) is Hayashi-Samuel space if and only
if the operator U5 € T'y.

Proof. Tt is obvious from the fact that Ws(0)) = ¥(Q) if and only if (X, 7,7) is Hayashi-
Samuel space [14]. O

Theorem 3.6. Let (X, 7,Z) be an ideal topological space and A C X. Then §-int(A) C
Us(A).

Proof. Let A C X.
AC X = 5-int(A) € 7 "2 5lint(A) C U(S-int(A)) = Us(A). O
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Theorem 3.7. Let (X,7,7) be a Hayashi-Samuel space and A C X.
1) If A is closed, then Ws(A)\ A =0,
2) If A is regular open, then Us(A) = A.

Proof. 1) Let A€ C(X,T).

accx,n) Fwana=0 |y i\ azyp
Us(A) € ¥(4)
2) Let A € RO(X).
A€ RO(X) = A = -int(A) = W(b-int(A)) = Us(A). 0

Definition 3.8. Let (X,7,Z) be an ideal topological space. We define the operator
Using 2 2% — 2% as s (A) := AN Us(A) for all A € 2%,

Theorem 3.9. Let (X,7,7) be an ideal topological space and A, B C X then
1) Usint € To1—.
2) Vs.int(AN B) = Vs.int(A) N Vs ine(B)

Proof. 1) Let A C X.

A CX= \I’é—int(A) - A= \I’é—int € FO—-

U5 ot (X) = W(6-int(X)) = U(X) = X = Wsms € T4

2) Let A,B C X.

Usmi(ANB) = (ANB)NUs(ANB)

— (AN B) N U(8-int(A) N 6-int(B))
— (AN W(6-int(A))) N (B N (8-int(A)))
= \Pé—int(A) N \Ilﬁ—int(B) O

Definition 3.10. Let (X, 7,Z) be an ideal topological space and A C X. Then A is
said to be a Wg-set if Us;,:(A) = A. The collection of all ¥s-sets will be denoted by
Us0(X) or Us(X,7,Z). Also, the collection of all Ws-sets containing = of X will be
denoted by U50(X, z).

Theorem 3.11. Let (X, 7,Z) be an ideal topological space and A C X. The followings

are equivalent:

(1) A is Us-set,

(2) A g \Ilé—int(A)a

(3) AC Ws(A).

Proof. (1) = (2) : This is obvious from the definition of Ws-set.

(2) = (3) : It is obvious from the definition of Ws ;.

(3)=(1): Let A C Us(A).
ACVTUs(A)=>ANTs(A)=A

\Ifg_mt(A) =ANYs (A)
Theorem 3.12. Let (X, 7,7) be an ideal topological space. Then UsO(X) is a topology
on X.

Proof. Let (X, 7,Z) be an ideal topological space.
Theorem 3.9 }

} = \I/(s_mt(A) =A=Ac \I’[sO(X) O

Lemma 2.5 Us.intO(X) = U50(X)

= U;0(X) is a topology on X. O

= Usin:O(X) is a topology on X } N
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Theorem 3.13. Let (X, 7,Z) be an ideal topological space. A subset A of X is Ws-set
if and only if for every x € A, there exists an open subset B C X containing x such that
B\ é-int(A) € T.

Proof. (=) : Let A be a ¥s-set and = € A.

r€AeT;0(X) = xe€TsA)

= z¢(X)\dint(A))*

= (@B elU(z))(BN(X\d-int(A)) €I)
= (3B elU(x))(B\ d-int(A) € T).

(<) : Let A be a subset of X and x € A.

Hypofhisé } = (3B eU(x))(B\ &-int(A) € I)
= (@B elU(z))(BN (X \ d-int(A)) € T)
= x ¢ (X\dint(A))*
= ze€¥s(4)
= ACUs(4)
Then A is Us-set. O

Theorem 3.14. Let (X, 7) be a topological space. Let T and J be two ideals on X. If
ZCJ, then UsO(X,T,7) is finer than ¥sO(X,1,T).

Proof. Let ZC J and z € A € ¥50(X,7,7).

reA

A€ U0(X,7.T) } = x€AeV;0(X,7,7)= (IB € M(x))(B\é—int(A%ZI) } N

= (3B e U(x))(B\ d-int(A) € J) = A€ VsO(X,7,T). O
Theorem 3.15. Let (X, 7) be a topological space. If T := {0}, then ¥s0(X) = 75.
Proof. Let T = {0} and A € ¥;0(X).

AeT;0(X) & (VzeA)3BelU(x))(B\dint(A) =
& (Vze A)(IB €U(x))(B C é-int(A))
& (Vo e A)(z € §-int(A))
& A =d-int(A)
& Aers O

0)

Remark 3.16. Theorem 3.15 need not be true for an ideal which contains sets
other than emptyset as shown by the following example. Let X := {a,b,c}, 7 :=
{0, X,{a,c}} and T := {0,{a},{c},{a,c}}. Then 75 = {@,X} and X* = {b}. Now
let A & X. Then Us5(A) = U(-int(A)) = V(@) = X \ X* = {a,c} and so
U;0(X) ={0,X,{a},{c},{a,c}} # 5.

Corollary 3.17. Let (X,7,Z) be an ideal topological space. Then every J-open set is
P s-set.

Proof. Let Z be an ideal on X.
Zisanideal = {0} CZ = 75 = VsO(X,7,{0}) C ¥;0(X,7,Z) = ¥;0(X). O
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Theorem 3.18. Let A be a subset of an ideal topological space (X, 7,Z). Then A is
Ws-set if and only if for every x € A, there exists an open set B containing x and a set
V € T such that B\'V C §-int(A).

Proof. (=) : Let A be Us-set and z € A.
x€AeVU;0(X)= (IB €U(x))(B\ 6-int(A) € I) }
V = B\ é-int(A)
= (3B e U(x))(TV € Z)(B\ V C 6-int(A)).
(«<):Let AC X and z € A.

Hypofhisé } ~ (3B eU(@)(3V € T)(B\V C s-int(A))
~ (3B cU(2)(EV € T)(B C V Né-int(A))
= (B e lU(x))(3V € I)(B\ d-int(A) C V)
— (3B cU(2))(B\ d-int(A) € T)
~ AcU,0(X) O

Theorem 3.19. Let (X,7,Z) be an ideal topological space. If for each x € X there
exists an open subset B containing x such that B € I, then ¥sO(X) is discrete topology.

Proof. Let AC X and x € A.

0 theesé } = dBecl(z)NT
yp V=B

Then A is Ugs-set. O

Theorem 3.20. Let (X, 7,Z) be an ideal topological space and A C X. Then ¥s5(A) is
a Ws-set.

Proof. Let A C X.

} = (BeU(x))(VeI)(B\V =0Cdint(A))

ACX = d-int(A) C ¥s(A)
= d-int(A) C §-int(Vs(A))
= ( int(A)) C W(d-int(¥5(A)))
= Ws(A) C Us(V5(4))
Then Ws(A) € U50(X). O

Theorem 3.21. Let (X, 7,Z) be an ideal topological space and A C X. ¥s.int(A) is a
U s-set.

Proof. Let A C X.

ACX §-int(A) C AN Ts(A)
S-int(A) C Usins(A)
§-int(A) C 8-int(Vs.ins(A))
A)) C U(-int(Vsimi(A))

ANT(-int(A)) C AN T(8-int(Vs.int(A))

=
=

=

= U(d-int(
=

= Usin(A) C ¥s(Vsini(A)).
)

Then Uy ;n:(A) € Us0(X
Corollary 3.22. Let (X, 7,7Z) be an ideal topological space. Then Ws_;,; € T's.
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Proof. Let (X, 7,Z) be an ideal topological space and A C X.
Us.int(A) € Vs0(X) = Vs int(Vsint(A)) = Ysint(A)
This means that Ws_;,; € I's. O

Theorem 3.23. Let (X, 7,7) be an ideal topological space and A C X. x € Us_int(A) if
and only if there exists a Wg-set B in X containing x such that B C A.

Proof. (=) : Let A be any subset of X and x € Uy ;¢ (A).

B ijjjﬁﬁgﬁg } = (B € ¥50(X,2))(B C A).

(<) : Let z € X.

reX
Hypothesis } = (AB e Y;0(X))(x € BC A)
= xz€B= \Ijé-int(B) - \IJJ—int(A)
= z€Vs;n(4). O

Theorem 3.24. Let (X, 7,Z) be an ideal topological space. If (X,7,T) is a Hayashi-
Samuel space, then (X, Vs0(X),Z) is a Hayashi-Samuel space.

Proof. Let (X, 7,7) be a Hayashi-Samuel space and 4 € ¥5;0(X) NZ.

Ael
Hypothesis

= y=10 _
W5(A4) C W(4) }:’ A‘I’g(ng—(;ﬂ) };»A:@.

Theorem 3.25. Let (X, 7,Z) be a Hayashi-Samuel space. Then every Ws-set is preopen
in X.
Proof. Let A € ¥;0(X).
AeT;0(X)= ACTs(A) CT(A) )
. . [16] _ = A Cint(cl(A))
(X, 7,7) is a Hayashi-Samuel space = U(A) C int(cl(A))
Then A € PO(X). O

Theorem 3.26. Let (X, 7,Z) be an ideal topological space. Then every Vs-set is U-C-
set.

Proof. Let A be VUs-set.
AeTs0(X)=>AC Vs int(A) CTU(A) Cel(T(A) = A e T(X,7).

The following example shows that the converse of the theorem is not true in
general. O

Example 3.27. Let X := {a,b,c}, 7:={0, X, {a,c}} and Z := {0, {c}}. Let A := {a}.
Then U(A) = {a,c} and (T(A))* = X so A € U*(X,7) C ¥(X, 7). Therefore
d-int(A) =0 _ . _
(X,7,Z) is a Hayashi-Samuel space } = Us(4) = V(0-int(4)) =0
Then A ¢ Us0(X). Also, we see that U*(X,7) € ¥;0(X).

Remark 3.28. A Us-set need not be a U*-set as shown by the following example.
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Example 3.29. Let X := {a,b,¢,d}, 7:= {0, X, {a},{a,b}, {a,b,c}} and T := {0, {c}}.
Let A :={a}. Then ¥s5(A) = ¥(d-int(A)) = ¥(0) = X \ {b,c,d} = Aso A € U;0(X).
Therefore (U(A))* = (X \ {b,c,d})* =0 so A ¢ U*(X, 7).

Corollary 3.30. Let (X, 7,7Z) be an ideal topological space. Then the notions of ¥U*-set
and Ws-set are independent.

Definition 3.31. A topological space (X, 7) is said to be a A-space if 7 = 60(X).

Remark 3.32. Note that every regular space is A-space. The next example shows that
the converse does not hold in general.

Example 3.33. Let X := {a,b,c} and 7 := {0, X, {a},{c}, {a,c}}. Then (X,7) is A-
space but not regular.

Theorem 3.34. Let (X,7,Z) be an ideal topological space. If (X,7) is A-space, then
every open set is WUs-set.

Proof. Tt is not difficult to see that 7 = 75 C U50(X) when the space is A-space. [

4. Us-function

Definition 4.1. A function f : (X,7,Z) — (Y,0) is called Us-function if f=1[V] is
Us-set for each open set V of (Y, 0).

Theorem 4.2. A function f : (X,7,Z) — (Y,0) is Us-function if and only if
(X, 90(X)) — (Y,0) is continuous.

Proof. Obvious. O

Remark 4.3. The composition of two Ws-functions need not be Ws-functions as shown
by the following example.

Example 4.4. Let X := {a,b,c}, 7 := {0, X,{a},{b},{a,b}} and Z := {0,{c}}.
Let YV = {1,2,3}, o = {0,Y,{1,2}} and J := {0,{1},{2},{1,2}}. Define f :
(X,7,I) = (Y,0,J) by f(a) =3, f(b) =1, f(¢) =2and g : (Y,0,T) — (X,7,Z) by
9(1) = a, g(2) = g(3) = c. Now f7'[{1,2}] = {b,c} = W(d-int({b, c})) = ¥5({b,c}) so
{b,c} € Us0(X). Then f is a Us-function. On the other hand, g~ ![{a,b}] = g ![{a}] =
{1} € {1,2} = ¥(6-int({1}) = ¥s({1}) so {1} € ¥s0(X) and g~ [{b}] = 0. Then g is
a Ws-function. However, (fog) 1 ({1,2}) = {2,3} € {1,2} = ¥5({2,3}) so {2,3} is not
Ps-set .

Theorem 4.5. g : (X,7,Z) — (Y,0) be a Ys-function and f : (Y,o) — (Z,n)
continuous function. Then f o g is a Vs-function.

Proof. Let g be Ws-function and let f be continuous.
g: (X, 1,7) = (Y,0) is ¥s-function = g : (X, ¥50(X)) — (Y, 0) is con. }
f:(Y,0) = (Z,p) is con.
= fog:(X,(¥s0(X))) — (Z, ) is continuous
= f og is Us-function. ]
Theorem 4.6. A function f: (X, 7,7) = (Y,0) is Us-function if and only if for each

x € X and every open subset V in'Y containing f(x), there exists a Ws-set B in X
containing x such that f(B) C V.
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Proof. (=) : Let V be an open subset of ¥ containing f(z).
Vel(f(x)) _
Hypothesis } = 7] GB\IZOf(f’“% } = (B eU(x))(f[B]C V).
(<) : Let A be an open subset of Y and z € f~1[A].

re fHAl = AcU(f(z))
Hypothesis } = (@B e V;0(X,x

~—

)
= )
= € B=Vs;,(B)
= )

Then we have f~1[A] C Ws_int(f1[A]). Therefore f=1[A] = Usine(f~1[A]) and so f is
W s-function. O

Definition 4.7. A function f : (X,7,Z) — (Y, 0) is called weakly ¥s-function at x € X
if for every open subset V in Y containing f(z), there exists a Us-set B in X containing
x such that f[B] C cl(V). If f is weakly ¥s-function at every x € X, it is said to be
weakly Us-functions.

It is not difficult to see that every Ws-function is a weakly Ws-function.

Theorem 4.8. The following properties are equivalent for a function f : (X,7,Z) —
(Y, 0).

(1) f:(X,7,T) = (Y,0) is a weakly Us-function,

(2) x € Vs it (f[cl(V)]) for each open neighborhood V of f(z).

Proof. (1) = (2) : Let V be any open neighborhood of f(x).

Veu(f(z))

Hypothesis } = (3B € VsO(X, z))(f[B] C cl(V))

]
= (B € Vs0(X,2))(BC fHd(V)])
= 1€ B=Vs;(B) C Ysin:(fcl(V))).
(2) = (1) : Let z € Ws(ftcl(V)]) for each open neighborhood of f(z).

B = Usini(fHel(V)])

Hypothesis } = (B € ¥s0(X,2))(f[B] Ccl(V)). O

Theorem 4.9. A function f: (X, 7,Z) — (Y,0) is a weakly Vs-function if and only if
for every open set A of Y, f7HA] C Ws_ine(fLcl(A)]).
Proof. (=):Let A€o and z € f~1[A].

re fHAl= f(x) e A .
I R ST
(«<): Let AecU(f(x)).

AcU(f(2) = e [[4]

Hypothesis } = 2 € Usine(f[cl(A)])

Then f is a weakly W¥s-function. Il



218 F.Y. Issaka and M. Ozkog

5. A finer topology than wyO(X)

In this section, we will obtain a new type of set by taking a special ideal on X and
investigate its some fundamental properties.

Definition 5.1. Let (X,7) be a topological space and A C X. A is said to be an
ws-open set, if A is Ws-set on the ideal Z, where Z. is the collection of all countable
subset in X. The complement of an ws-open set is called wgs-closed. The collection of
all ws-open (resp. ws-closed) subsets of X will be denoted by wsO(X) (resp. wsC(X)).
Also, the collection of all ws-open (ws-closed) subsets of X containing x will be denoted
by wsO(X, x) (resp. wsC (X, x)).

Theorem 5.2. The following properties are equivalent for a subset A of X.

(1) A is ws-open,

(2) For every x € A, there exists an open subset B C X containing x such that B\ §-
int(A) is countable,

(3) For every x € A, there exists an open subset B C X containing x and a countable
subset V' such that B\ V C §-int(A).

Proof. 1t is obvious from Theorem 3.13 and Theorem 3.18. (]

Remark 5.3. The following diagram holds for a subset A of a space X.

wg-open  —  ws-open —> w-open
T T T
f-open —  §-open —  open

The following examples show that these implications are not reversible.

Example 5.4. (1) Let R be the real line with topology 7 := {A C R|0 € A} U {0}.
Then the set of natural numbers N is ws-open but it is not d-open.

(2) Let R be the real line with topology 7 := {0, R,I} where I is the set of irrational
numbers. Let A :=TU{0}. Then A is w-open but it is not ws-open.

(3) Let R be the real line with topology 7 := {0, R,I\ {n},R\ {r},Q} where I is the
set of irrational numbers and Q is the set of rational numbers. Let A := 1\ {r}. Then
A is wg-open but it is not wy-open.

The following examples show that the notions of open set and ws-open set are
independent.

Example 5.5. (1) Let X := {a,b,c} and 7 := {0, X,{a}}. Let A := {b}. Then A is
ws-open but it is not open.
(2) Let R be the real line with topology 7 := {0, R, R\ (0,1)}. Then the set R\ (0,1) is
open but it is not ws-open.

Theorem 5.6. Let (X, 7) be a A-space. Then every open set is ws-open.

Proof. It is obvious from the fact that 7 = 75(= 00(X)) when the space is A-space. [

Theorem 5.7. Let A be an ws-closed set of X. Then §-cl(A) C KUV for a closed
subset K and a countable subset V.
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Proof. Let A € w;C(X).

AcwsC(X) = X\AecwOX)
= (MreX\A)@EBclU(z)(IV eZ)(B\V Cdint(X\ A)
= §-cd(A)C(X\B)UV
= (K=X\BeCX,n)(Vel)-cdA)CKUV) O

Definition 5.8. The ws-interior of a subset A of a space X is defined as ¥y ;,,:(A) and
denoted by ws-int(A).

Corollary 5.9. The ws-interior of a subset A of a space X is the union of all ws-sets
of X contained in A.

Proof. 1t is obvious from Theorem 3.23. O

Definition 5.10. The intersection of all ws-closed sets of X containing a subset A is
called the ws-closure of A and is denoted by ws-cl(A).

Lemma 5.11. Let A be a subset of a space X. Then the following properties hold.
(1) ws-cl(A) is ws-closed in X,

(2) w-cl(A) C ws-cl(A) C d-cl(A),

(8) ws-cl(X \ A) = X \ ws-int(A),

(4) € ws-cl(A) if and only if AN B # 0 for each ws-open set B containing =,

(5) A is ws-closed in X if and only if A = ws-cl(A).

(6) ws-cl(ws-cl(A)) = ws-cl(A).

Theorem 5.12. Let A be a subset of a space X. Then A is ws-closed if and only if
(6-cl(A))*(7,Zc) € A.

Proof. Let A C X.

(0-cl(A)(Zo,7))" CA & (X \d-int(X \ A))* C A
X\ACX\ (X\d-int(X\ A))*

X\ ACU(int(X\ A

X\ A€ Us0(X,7,7.) = w;O0(X)

Ae w(;C'(X). O

Definition 5.13. Let (X,7) be a topological space and A C X. Then A is said
to be a (ws,d)-set if ws-int(A) = d-int(A) and A is said to be a (ws,w)-set if
wg-int(A) = w-int(A).

1 A A

Remark 5.14. Every ws-open set is an (ws,w)-set and every d-open set is an (ws, d)-set
but not conversely.

Example 5.15. Let R be the real line with topology 7 := {0, R, I} where I is the set of
irrational numbers. Then the set of natural numbers N is both (ws,w)-set and (ws, §)-set
but it is neither wg-open nor §-open.

Corollary 5.16. Let (X, 7) be a topological space and A C X. Then:
(1) A is ws-open if and only if A is w-open and an (ws,w)-set.
(2) A is 0-open if and only if A is ws-open and an (ws, §)-set.

Proof. Obvious. ([
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Recall that a space X is called locally countable if each z € X has a countable
neighborhood. A space X is called anti-locally countable if nonempty open subsets of
X are uncountable.

Theorem 5.17. Let (X, 7) be a locally countable space and A C X. Then the family of
wsO(X) is the discrete topology.

Proof. Tt is obvious from Theorem 3.19. O

Corollary 5.18. Let (X, 7) be a locally countable space and A C X. Then A is ws-open
if and only if A is w-open.

Proof. 1t is obvious from the fact that every ws-open set is w-open. O

Theorem 5.19. Let (X,7) be a topological space and A C X. Then the following
properties hold.

(1) If X is an anti-locally countable space, then (X,wsO(X)) is anti-locally countable,
(2) If X is an anti-locally countable regular space and A is §-open, then §-cl(A) =
ws-cl(A).

Proof. (1) Let (X, 7) be an anti-locally countable space and let A be an ws-open.
r€AcewsOX)= (3B el(x)3V eZ,)(B\V Cdint(A))
Hypothesis }
= Ny < |B\ V| < |§-int(A)] < |A]
Then (X, wsO0(X)) is anti-locally countable.
(2) Tt is not difficult to see that ws-cl(A) C d-cl(A).
Let x € 6-cl(A) and G € wsO(X, x). We will show that GN A # ().
G ewsO(X,x)= IV el(x))(3U C X)(JU| < Rp)(V\U C 6-int(Q))
= (Vel(z)(|U <RN)(VNA)\U Csint(G)N A)
(A€ dO(X))(x € d-cl(A)) » =
(X, 7) is regular
= (VNA£D)(U| <RV, A €wsO(X)(VNA)\U Cé-int(G)N A)
(X, 7) is anti-locally countable }
= (VNAcwsOX,x)([VNAl >No)(JU <Ro)(VNAN\U Cé-int(G) N A)
= (VAU >Ro)(|[(VNA)\U| < |5-int(G) N A < |GNA|)
=GNA#D. O

Corollary 5.20. Let (X, 7) be an anti-locally countable space and A C X. Then the
following properties hold.
(1) If A is d-closed, then 6-int(A) = ws-int(A),
(2) The family of all (ws, §)-sets contains all of the d-closed subset of X.
Theorem 5.21. If X is a Lindelof space, then A\ d-int(A) is countable for every closed
subset A € wsO(X).
Proof. Let A € wsO(X)NC(X,T).

A€ wsO(X) = (Vx e A)(IB, € U(x))(| B \ d-int(A)] < No) N

A= {B,|(Vzx € A)(IB, € U(x))(| B \ 0-int(A)| < Ro)}

S ACDACUAD L (5.2 qu(x\ 4} Crx =UB)
AeC(X,T) } (X, 7) is Lindeléf}
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T B)(‘B;Lii%ﬁ {:XU\% } = (B C7)(IB* < Ro)(A C UB™)

= |A\ 0-int(A)| < [(UB**) \ d-int(A)| < N,. O
Definition 5.22. Let f: (X,7,Z) — (Y, 0) be a function and let Z. be the collection of

all countable subset of X. f is said to be an ws-continuous (resp. weakly ws-continuous)
if f:(X,7,Z.) — (Y,0) is Us-function (resp. weakly Us-function).

Remark 5.23. The following diagram holds for a function f: X — Y.

weakly wg-continuous — weakly ws-continuous — weakly w-continuous
we-continuous — ws-continuous — w-continuous
f-continuous — d-continuous — continuous

The following examples show that these implications are not reversible.

Example 5.24. Let R be the real line with topology 7 := {0, R, (2,3)}. Let Y := {a, b, ¢}
and o := {0,Y,{a,c},{a},{c}}. Define a function f : (R,7) = (Y,0) as follows

a, ifze (0,1
fla) = -

. . Then f is weakly ws-continuous but it is not wgs-continuous.
b, ifx ¢ (0,1)

Example 5.25. Let R be the real line with topology 7 := {0, R,I\ {#},R\ {=},Q}
where I is the set of irrational numbers and Q is the set of rational numbers. Let
Y := {a,b,c} and o := {0,Y,{b,c},{a}}. Define a function f : (R,7) — (Y,0) as

follows f(z) := {‘% if z € I\ {m}

Then f is ws-continuous but it is not weakl
b, ifz¢ 1\ {r} fis ws v
we-continuous.

Example 5.26. Let R be the real line with topology 7 := {0, R,I} where I is the set
of irrational numbers. Let Y := {a,b,c,d} and o := {0,Y,{c},{d},{c,d},{a,c,d}}.
a, ifxelTU{l}

Define a function f : (R,7) — (Y, 0) as follows f(z) := b ifrdTU{1)

. Then f
is w-continuous but it is not weakly ws-continuous.

Example 5.27. Let X := {a,b,c} and 7 := {0}, X, {a}}. Define a function f : (X,7) —
(X, 7) as follows f(a) = b, f(b) = ¢, f(¢) = a. Then f is ws-continuous but it is not
continuous.

For the other implications, the counterexamples are as shown in [3].

Definition 5.28. A function f: X — Y is said to be (ws, d)-continuous (resp. (ws,w)-
continuous) if for every open subset A of Y, f~1(A) is an (ws, 6)-set (resp. (ws,w)-set)
of X.

Remark 5.29. Every d-continuous function is (ws,d)-continuous and every ws-
continuous function is (ws,w)-continuous but not conversely.
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Example 5.30. Let R be the real line with topology 7 := {0, R, I} where I is the set of
irrational numbers and ¢ := {@), R,N}. Define a function f : (R,7) — (R,0) as follows
f(z) :== x for every z € R.

(1) f is (ws,w)-continuous but it is not ws- continuous.

(2) f is (ws, d)-continuous but it is not d-continuous.

Definition 5.31. A function f : X — Y is co-weakly ws-continuous if for every open
subset A in Y, f~1[Fr(A)] is ws-closed in X where Fr(A) = cl(A) \ int(A).

Theorem 5.32. Let f: X =Y be a function. The following are equivalent.
(1) f is ws-continuous.

(2) fis w-continuous and (ws,w)-continuous

(3) fis weakly ws-continuous and co-weakly ws-continuous.

Proof. (1) & (2) It is an immediate consequence of corollary 4.17
(1)=-(3): Obvious.
(3)= (1): Let z € X and V € U(f(x)).

(z € X)(V eU(f(x)))

f is weakly wgs-continuous

} = (AW € wsO(X, 2))(f[W] € cl(V))(f(x) & Fr(V)) } N
f is coweakly ws-continuous
= W\ fHFr(V)] € wsO(X, 2))(f[W] C cl(V)) } N
U:=W\ fHFr(V)]
= (U € wsO(X,2))(f[U] C cl(V)). O

Definition 5.33. If a space X can not be written as the union of two nonempty disjoint
ws-open sets, then x is said to be ws-connected.

Theorem 5.34. If f : X — Y is a weakly ws-continuous surjection and X is ws-
connected, then Y is connected.

Proof. Suppose that Y is not connected.
(Y,0) is not connected = (U, V e a \ {0}HUNV =Q)(Y =UUV)

= EIU, Veon C(Y, O') } Theogm 4.9

Hypothesis
= (0 # f7HU] = we-int (fHUD)(0 # fH V] = ws-int(f7HV]) | _
(U = fHUD (V! := f7YHV])(f is surjection)

= U,V e wsOX)\{0HU' NV =0)(X =U'UV’)

This means that X is not ws-connected which is a contradiction. O

6. Conclusion

Undoubtedly, operators are one of the indispensible objects of general topology. In
this study, we have been introduced the Ws-operator. However, this operator has not
satisfy the property in Definition 2.2 [5]. In order to generate a topology finer than 75
[22] and wpO(X) [3], we needed an operator derived from W5 and satisfied the property
in Definition 2.2 [5]. For this aim, we introduced the Ws_;,,¢-operator and used this notion
to define the notion of Ws-set. Moreover, some of its properties and characterizations
have been obtained. The W5 topology and Ws-function have been introduced via Ws-sets.
It can be even more useful to enrich the continuous functions class.
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