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Abstract. The aim of this paper is to introduce and characterize the concepts of a-
open sets and their related notions in ideal generalized topological spaces. Moreover,
we obtain the decomposition of (g, g’)-continuity in ideal generalized topological
space.

1. Introduction

In [1], Csaszar introduced the notions of generalized neighborhood systems and
generalized topological spaces. He also introduced the notions of continuous functions
and associated interior and closure operators on generalized neighborhood systems and
generalized topological spaces. In the same paper he investigated characterizations of
generalized continuous functions ( = (g, ¢’)-continuous functions). A subfamily g of
the power set P(X) of a nonempty set X is called a generalized topology [1] on X if
and only if ) € g and G; € g for i € I # () implies G = .gl G; € g. We call the

K3

pair (X, g) a generalized topological space (briefly GTS) on X. The members of g
are called g-open sets [1] and the complement of a g-open set is called a g-closed set.
The generalized closure of a set S of X, denoted by gCl(A), is the intersection of all
g-closed sets containing A and the generalized interior of A, denoted by gInt(A), is the
union of g-open sets included in A. The concept of ideals in topological spaces has been
introduced and studied by Kuratowski [4] and Vaidyanathasamy [6]. An ideal Z on a
topological space (X, 7) is a nonempty collection of subsets of X which satisfies (i) A €
Z and B C A implies B € Z and (ii) A € Z and B € Z implies A U B € Z. The aim of
this paper is to introduce and characterized the concepts of g-a-Z-open sets and their
related notions in ideal generalized topological spaces.
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2. Preliminaries

Definition 2.1. Given a generalized topological space (X, g) with an ideal Z on X (for
short, IGTS) and if P(X) is the set of all subsets of X, the generalized local function of A
with respect to g and Z, is defined as follows: for A C X, A*(9,Z) ={xr € X : ANU ¢ T
for every g-open set containing x}. When there is no ambiguity, we will write Ay for
A*(g,T).

Definition 2.2. Let (X

,9,T) be an IGTS. The set operator gCl* is called a g-*-closure
and is denoted as gC1*(A)

=AUA; for AcC X.

We will denote by g*(Z, g) the generalized topology generated by gCl*, that is g*(Z, g)
={U C X : gCI"(X\U) = X\U}. Clearly, g*(Z, g) is finer than g. The elements of
9*(Z, g) are called g-*-open sets and the complement of g-*-open set is a called g-*-closed
set. Also, gInt*(A) denotes the interior of A in ¢g*(7).

Definition 2.3. A subset A of an IGTS (X, g,7) is said to be
(i) g-R-Z-open if A = gInt(gCI*(A)).

)

) g-pre-Z-open [2] if A C gInt(gCl*(A)).

(iv) g-b-Z-open if A C gInt(gCl"(A)) U gCl*(gInt(A)) .
)

(vi) g-0-Z-open if gInt(gCl*(A)) C gCl*(gInt(A)).

The complement of a g-pre-Z-open (resp. g-semi-Z-open, g-3-Z-open) set is called a
g-pre-Z-closed (resp. g-semi-Z-closed, g-8-Z-closed) set.

Lemma 2.4. Let (X,9,Z) be an IGTS. Then
(i) A subset A is g-pre-I-closed if and only if gCl(gInt*(A)) C A [2];
(ii) A subset A is g-B-I-closed if and only if gInt(gCl(gInt*(A))) C A.

Definition 2.5. The union of all g-pre-Z-open (resp. g-semi-Z-open) sets of (X, g,7)
containing A is called the g-pre-Z-interior [2] (resp. g-semi-Z-interior [3]) of A and is
denote by gpZInt(A) (resp. gsZInt(A)).

Definition 2.6. The intersection of all g-pre-Z-closed (resp. g-semi-Z-closed) sets of
(X,9,7) contained in A is called the g-pre-Z-closure [2] (resp. g-semi-Z-closure [3]) of
A and is denote by gpZCIl(A) (resp. gsZCl(A)).

Lemma 2.7. Let (X,9,7) be an IGTS and A C X. Then the following hold
(i) gsZInt(A) = AN gCl'(gInt(A)).
(ii) gsZCl(A) = AU gInt* (gCI(A)).
(iii) gpZInt(A) = AN gInt(gCIl'(A)).
(iv) gpZCYA) = AU gCl(gInt*(A)).

Definition 2.8. A function f: (X,9,Z) — (Y, g’) is said to be

(i) (g,9')-pre-Z-continuous [2] if the inverse image of every g’-open set of Y is
g-pre-Z-open in X.

(ii) (g,¢')-semi-Z-continuous [3] if the inverse image of every g’-open set of Y is
g-semi-Z-open in X.
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(iii) (g, g")-b-Z-continuous if the inverse image of every g’-open set of Y is g-b-Z-open
in X.

(iv) (g,¢’)-B-Z-continuous if the inverse image of every ¢g’-open set of Y is g-8-Z-open
in X.

(v) (g,9")-0-Z-continuous [3] if the inverse image of every g’-open set of Y is g-9-Z-
open in X.

(vi) strongly (g,¢')-8-Z-continuous if the inverse image of every g’-open set of Y is
strongly g-£-Z-open in X.

3. (g9,¢')-a-Z-open sets
Definition 3.1. A subset A of an IGTS (X, g,Z) is said to be g-a-Z-open if and only
if A C gInt(gCl*(gInt(A))).
The family of all g-a-Z-open sets of (X, g,Z) is denoted by aZO(X, g). Also, The family
of all g-a-Z-open sets of (X, g,Z) containing = is denoted by aZO(X, g, z).

Remark 3.2. Let Z and J be two ideals on X. If Z C J, then aJO(X,g) C
aZO(X,q").

Proposition 3.3. (i) Every g-open set is g-a-Z-open.
(ii) Every g-a-Z-open set is g-semi-Z-open.
(iii) Every g-a-Z-open set is g-pre-Z-open.
Proof. Follows from the definitions. (I

Corollary 3.4. (i) Every g-a-Z-open set is g-b-Z-open.
(ii) Every g-a-Z-open set is g--Z-open.

The following examples show that the converses of Proposition 3.3 is not true in
general.

Example 3.5. Let X = {a,b,¢,d}, g = {0,{a},{c,d},{a,c,d}, X} and T = {0, {b}}.
Then the set A = {b,¢,d} is g-a-Z-open but not g-open.

Example 3.6. Let X = {a,b,c}, g = {0,{a,b},{b,c}, X} and Z = {@}. Then the set
{a,c} is g-a-Z-open but not g-open. Also, the set {b} is g-pre-Z-open but not g-a-Z-
open.

Example 3.7. Let X = {a,b,c}, g = {0,{a}, {b},{a,b}, X} and Z = {0,{a}}. Then
the set {b, ¢} is g-semi-Z-open but not g-a-Z-open.

Proposition 3.8. Let A be a subset of an IGTS (X, ¢,Z). If B is a g-semi-Z-open set
of X such that B C A C gInt(gCl*(B)), then A is a g-a-Z-open set of X.

Proof. Since B is a g-semi-Z-open set of X, we have B C gCl*(gInt(B)).
Thus, A C gInt(gCl*(B)) C gInt(gCl*(gCl*(gInt(B)))) = gInt(gCl*(gInt(B))) C
gInt(gCl* (gInt(A))), and so A is a g-a-Z-open set of X. O
Proposition 3.9. Let (X, g,Z) be an IGTS. Then a subset of X is g-a-Z-open if and
only if it is both g-d-Z-open and g-pre-Z-open.
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Proof. Let A be a g-a-Z-open set. Since every g-a-Z-open set is g-semi-Z-open, by
Proposition 3.3 A is g--Z-open. Now we prove that A C gInt(gCl"(A)). Since A
is a g-a-Z-open, we have A C gInt(gCl*(gInt(A))) C gInt(gCl*(A)). Hence A is
g-pre-Z-open. Conversely, let A be a g-6-Z-open and g-pre-Z-open set. Then we
have gInt(gCl1"(A)) C gCl*(gInt(A)) and hence gInt(gCl*(A)) C gInt(gCl*(gInt(A))).
Since A is g-pre-Z-open, we have A C gInt(gCl*(A)). Therefore, we obtain that
A C gInt(gCl*(gInt(A))); hence A is g-a-Z-open. O

Theorem 3.10. A subset A is g-a-L-open if and only if it is g-semi-Z-open and g-
pre-L-open.

Proof. Let A be g-semi-Z-open and g-pre-Z-open. Then, A C gInt(gCl*(A4)) C
gInt(gCl* (gCl* (gInt(A)))) = gInt(gCl*(gInt(A))). This shows that A is g-a-Z-open.
The converse is obvious. (]

Corollary 3.11. The following properties are equivalent for subsets of an IGTS
(X,9,1):

(i) Every g-pre-Z-open set is g-semi-Z-open.

(ii) A subset A of X is g-a-Z-open if and only if it is g-pre-Z-open.

Proof. (i)= (ii): Let A be a g-pre-Z-open subset of X. Then by (i), A is g-semi-Z-open,
by Theorem 3.10, it is g-a-Z-open.

(ii)= (i): Let A be a g-pre-Z-open subset of X. Then by (ii), A is g-a-Z-open, by
Theorem 3.3, it is g-semi-Z-open. O

Corollary 3.12. The following properties are equivalent for subsets of an IGTS
(X,9,2):

(i) Every g-semi-Z-open set is g-pre-Z-open.

(ii) A subset A of X is g-a-Z-open if and only if it is g-semi-Z-open.
Proof. ()= (ii): Let A be a g-semi-Z-open subset of X. Then by (i), A is g-pre-Z-open,
by Theorem 3.10, it is g-a-Z-open.
(ii)= (i): Let A be a g-semi-Z-open subset of X. Then by (ii), A is g-a-Z-open, by
Theorem 3.3, it is g-pre-Z-open. (I
Proposition 3.13. Let A be a subset of an IGTS (X, g,Z). If A is g-pre-Z-closed and
g-a-Z-open, then it is g-open.
Proof. Suppose A is g-pre-Z-closed and g-a-Z-open. Then by Lemma 2.4
gCl(gInt*(A)) € A and A C gInt(gCl*(gInt(A))). Now gCl(gInt(A)) C gCl(gInt(A)) C
gCl(gInt*(A4)) € A and so A C gInt(gCl*(gInt(A)) € A C gInt(A). Therefore, A is
g-open. O

Lemma 3.14. If A is any subset of an IGTS (X, g,Z), then gInt(gCI*(A)) is g-R-I-
open.

Proposition 3.15. Let A be a subset of an IGTS (X,¢,Z). If A is g-a-Z-open and
g-B-I-closed, then it is g-R-Z-open.

Proof. Let A be g-a-Z-open and g-S-Z-closed. We have by Lemma 2.4, A
gInt(gCl* (gInt(A))) and gInt(gCl*(gInt(A))) C gInt(gCl(gInt*(A))) C A; hence A
gInt(gC1*(¢gInt(A))). Thus, by Lemma 3.14, A is g-R-Z-open.

ol n
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Lemma 3.16. Let A be a subset of an IGTS (X,g,Z). Then A is g-open and g-closed
if and only if it is g-a-L-open and g-pre-L-closed.

Proof. Let A be g-a-Z-open and g-pre-Z-closed. We have A C gInt(gCl"(gInt(A)))
and gCl*(gInt(A)) C A and hence A C gInt(gCl"(gInt(A))) C gInt(gCl(gnt*(A4))) C
gCl(gInt*(A)) C A. Thus, A = gInt(gCl*(gInt(A))) = gCl(gInt*(A)); hence A is g-open
and g-closed. O

Remark 3.17. The intersection of two g-a-Z-open sets need not be g-a-Z-open in
general. Let (X, g,Z) as in Example 3.6. Then the sets {a, c} and {b,c} are g-a-Z-open
sets of (X, g,Z) but their intersection {c} is not an g-a-Z-open set of (X, g,Z).

Theorem 3.18. If {A,}acq be a family of g-a-T-open sets in (X,g,T), then |J Aq
ac)
is g-a-Z-open in (X,g,T).

Proof. Since {4, : a € Q} C g-aZO(X), then A, C gInt(gCl*(gInt(A,))) for
every a € §2. Thus, N A, C UQgInt(gCl*(gInt(Aa))) C gInt(gCI*( UQgInt(Aa))
(¢S aE ac
= gInt(gC1*(gInt( U A,)). Therefore, we obtain U A, C glnt(gCl*(gInt( U A,)).
aEeQ a€f agQ)
Hence any union of g-a-Z-open sets is g-a-Z-open. O
Definition 3.19. In an IGTS (X,¢,Z), A C X is said to be g-a-Z-closed if X\ A is

g-a-Z-open in X.
The family of all g-a-Z-closed sets of (X, g,7Z) is denoted by aZC (X, g).

Theorem 3.20. If A is a g-a-Z-closed set in an IGTS (X,g,Z) if and only if
gCl(gInt*(gCl(A))) C A.

Proof. Follows from the definitions. O

Theorem 3.21. If A is a g-a-Z-closed set in an IGTS (X,9,I), then
gCl(gInt(gCI'(A))) C A.

Proof. Since A € oZC(X,g), X\A € aZO(X,g). Hence, X\ A C gInt(gCl*(¢gInt(X\A)) C
gInt(gCl(gInt(X\A4))) = X\gCl(gInt(gCl(A))) C X\(gCl(gInt(gCl*(A))). Therefore,
we obtain gCl(gInt(gCl*(4)) C A. O

Proposition 3.22. Let (X,g,Z) be an IGTS. If a subset of X is g-f-Z-closed and
g-6-Z-open, then it is g-a-Z-closed.
Proof. Follows from the definitions. O

Theorem 3.23. Arbitrary intersection of g-a-Z-closed sets is always g-a-I-closed.
Proof. Follows from Theorems 3.18 and 3.21. O

Definition 3.24. Let (X, g,Z) be an IGTS, S a subset of X and z be a point of X.
Then
(i) z is called an g-a-Z-interior point of S if there exists V € aZO(X, g) such that
zeVcCs.

ii) the set of all g-a-Z-interior points of S is called g-a-Z-interior of S and is denoted
by gaZInt(S).
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Theorem 3.25. Let A and B be subsets of (X,g,Z). Then the following properties
hold:
(i) gaZlnt(A) = U{T:T C A and A € aZO(X,g)}.
(ii) gaZInt(A) is the largest g-a-T-open subset of X contained in A.
(iii) A is g-a-T-open if and only if A = gaZInt(A).
(iv) gaZlnt(gaZlnt(A)) = gaZInt(A).
(v) If A C B, then gaZInt(A) C gaZIn¥(B).
(vi) gaZInt(AN B) = gaZlnt(A) N gaZlnt(B).
(vii) goZInt(AU B) C goaZInt(A) U gaZlni(B).

Proof. (i). Let € U{T : T C A and A € oZO(X,g)}. Then, there exists
T € oZO(X,g,x) such that v+ € T C A and hence z € gaZInt(A). This shows
that U{T : T C A and A € aZO(X,g9)} C gaZInt(A). For the reverse inclusion,
let € gaZInt(A). Then there exists T € aZO(X, g, z) such that x € T C A. we obtain
zeU{T: T C Aand A € aZO(X,g)}. This shows that gaZInt(4A) C U{T : T C A and
A € aZO(X,g)}. Therefore, we obtain gaZInt(A) =U{T : T C Aand A € 0«ZO(X,g)}.
The proof of (ii) — (v) are obvious.

(vi). By (v), we have gaZInt(A) C gaZlnt(A U B) and gaZInt(B) C gaZlnt(A U B).
Then we obtain gaZInt(A) U gaZlnt(B) C gaZlnt(A U B) Since gaZInt(A) C A and
gaZInt(B) C B, we obtain gaZlnt(A U B) C gaZlnt(A) U gaZlnt(B). It follows that
gaZInt(A N B) = gaZlnt(A) N gaZlnt(B).

(vii). Since ANB C Aand AN B C B, we have gaZInt(A N B) C gaZInt(A) and
goZInt(ANB) C gaZlnt(B) . Therefore, gaZInt(A) U gaZlnt(B) C gaZlnt(ANB). O

Theorem 3.26. If (X,g,Z) is an IGTS, then gaZInt(A) = AN gInt(gCT (gInt(A)))
holds for every subset A of X.

Proof. Since ANgInt(gCl*(gInt(A))) C gInt(gCl*(gInt(A))) = gInt(gInt(gCl* (gInt(A))))
= gInt(gCl"* (gInt(A))N(gInt(gCl* (gInt(A)))) C gInt(gCl* (gInt(A)NgInt(gCl* (9Int(A)))))
= gInt(gCl* (gInt (A N gInt(gC1* (gInt(A)))))), AN glnt(gCl*(gInt(A))) is an g-a-Z-open
set contained in A and so A N gInt(gCl*(gInt(A4))) C gaZlnt(A). Since g-aZInt(A) is
g-a-Z-open, g-aZInt(A) C gInt(gCl* (gInt(gaZInt(A)))) C gInt(gCl*(gInt(A))) and so
gaZInt(A) € AN gInt(gCl* (Int(A))). Hence gaZInt(A) = AN Int(gCl*(gInt(4))). O

Theorem 3.27. If (X,g,7) is an IGTS, then goZCI(A) = ANgCl(gInt*(gCI(A))) holds
for every subset A of X.

Proof. Follows from Theorem 3.26. O

Theorem 3.28. If (X,g,Z) is an IGTS, then gaZInt(A) = gpZInt(A) holds for every
g-0-Z-open subset A of X.

Proof. Since every g-a-Z-open set is g-pre-Z-open, gaZlnt(A) C gpZInt(A). By
Theorem 3.26, gaZInt(A) = A N gInt(gCl*(gInt(A4))). Since A is g-6-Z-open,
gaZInt(A) D AN glnt(gInt(gCl*(A))) = A N glnt(gCl*(A)) = gpZInt(A) by Lemma
2.7 and so gaZInt(A) D gpZInt(A). Therefore, gaZInt(A) = gpZInt(A). O

Definition 3.29. Let (X, g,Z) be an IGTS, S a subset of X and z be a point of X.
Then

(i) z is called an g-a-Z-cluster point of S if VNS # 0 for every V € aZO(X, g, ).
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(ii) the set of all g-a-Z-cluster points of S is called g-a-Z-closure of S and is denoted
by gaZC1(S).

Theorem 3.30. Let A and B be subsets of (X,g,Z). Then the following properties
hold:
(i) g-aZCl(A) = {F:ACF and F € oZIC(X,9g)}.
(i) gaZCI(A) is the smallest g-a-I-closed subset of X containing A.
(iii) A is g-a-I-closed if and only if A = goaZ CI(A).
(iv) gaZCl(gaZCl(A) = gaZCl(A).
(v) If A C B, then gaZCl(A) C goZCl(B).
(vi) gaZCl(AU B) = gaZ CIl(A) U gaZ Cl(B).
(vii) gaZCl(AN B) C gaZCl(A) N goZCYB).

Proof. (i). We shall only proof (i) as the proofs of the other statements are obvious.
Suppose that = ¢ gaZCl(A). Then there exists V € aZO(X, g)} such that VN A # (.
Since X\V is g-a-Z-closed set containing A and = ¢ X\V, we obtain z ¢ N{F : AC F
and F € aZC(X,g)}. Then there exists F € aZC(X,g) such that A C F and = ¢ F.
Since X\V is g-a-Z-closed set containing z, we obtain (X\F)N A = (). This shows that
x ¢ goZCl(A). Therefore, we obtain gaZCl(A) = N{F : AC F and F € o«ZC(X,9)}.
(]

Theorem 3.31. Let (X,9,Z) be an IGTS and A C X. A point © € goZCI(A) if and
only if UNA# D for every U € aZO(X, g, x).

Proof. Suppose that z € gaZCl(A). We shall show that U N A #  for every
U € aZO(X,g,x). Suppose that there exists U € aZO(X,g,z) such that U N A = (.
Then A C X\U and X\U is g-a-Z-closed. since A C X\U, gaZCl(A) C gaZClX\U).
Since & € gaZCl(A), we have x € gaZCl(X\U). Since X\U is g-a-Z-closed, we have
x € X\U; hence x ¢ U, which is a contradiction that € U. Therefore, U N A # {.
Conversely, suppose that U N A # ) for every U € aZO(X,g,z). We shall show that
x € goZCl(A). Suppose that x ¢ gaZCl(A). Then there exists U € aZO(X, g, ) such
that U N A = (). This is a contradiction to U N A # 0; hence z € gaZCl(A). O

Theorem 3.32. Let (X,g,Z) be an IGTS and A C X. Then the following propeties
hold:

(i) gaZInt(X\A) = X\gaZCl(A);

(i) gaZCI(X\A) = X\gaZInt(A).

Proof. (i). Let x € X\gaZCl(A). Then, there exists V € aZO(X,g,z) such that
VN A # ); hence we obtain z € gaZInt(X\A). This shows that X\gaZCl(A) C
g-aZInt(X\A). Let z € gaZInt(X\A). Since gaZlnt(X\A) N A = @), we obtain = ¢
gaZCl(A); hence x € X\gaZCl(A). Therefore, we obtain gaZInt(X\A) = X\aZCIl(A).
(7). Follows from (3). O

Definition 3.33. A subset B, of an IGTS (X, g, Z) is said to be an g-a-Z-neighbourhood
of a point x € X if there exists an g-a-Z-open set U such that © € U C B,.

Theorem 3.34. A subset of an IGTS (X,g,Z) is g-a-Z-open if and only if it is an
g-a-L-neighbourhood of each of its points.
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Proof. Let G be an g-a-Z-open set of X. Then by definition, it is clear that G is
an g-a-Z-neighbourhood of each of its points, since for every x € G, v € G C G
and G is g-a-Z-open. Conversely, suppose G is an g-a-Z-neighbourhood of each of its
points. Then for each & € G, there exists S, € aZO(X, g) such that S, C G. Then
G = J{S: : = € G}. Since each S, is g-a-Z-open, G is g-a-Z-open in (X, g,7). d

4. (g,9')-a-I-continuous functions

Definition 4.1. A function f : (X, g,Z) — (Y, ¢’) is said to be (g, ¢')-a-Z-continuous if
the inverse image of every g’-open set of Y is g-a-Z-open in X.

Proposition 4.2. (i) Every (g,¢’)-continuous function is (g, ¢’)-a-Z-continuous

but not conversely.
(ii) Every (g,¢')-a-Z-continuous function is (g,¢’)-semi-Z-continuous but not

conversely.
(iii) Every (g,¢’)-a-Z-continuous function is (g,g’)-pre-Z-continuous but not
conversely.
Proof. Follows from Proposition 3.3 and Examples 3.5, 3.6 and 3.7. (|
Corollary 4.3. (i) Every (g, ¢’)-a-Z-continuous function is (g, ¢’)-b-Z-continuous

but not conversely.
(ii) Every (g, ¢')-a-Z-continuous function is (g, ¢’)-8-Z-continuous but not conversely.

Theorem 4.4. A function f : (X,9,Z) — (Y,q') is (9,9 )-a-Z-continuous if and only
if it is (g, 9g')-semi-I-continuous and (g, g')-pre-I-continuous.

Proof. This is an immediate consequence of Lemma 3.10. O

Theorem 4.5. For a function f : (X,9,Z) — (Y,q'), the following statements are
equivalent:
(i) f is (9,9")-a-I-continuous;
(ii) For each point x in X and each ¢'-open set F in'Y such that f(x) € F, there
is a g-a-Z-open set A in X such that x € A, f(A) C F;
(iti) The inverse image of each g'-closed set in'Y is g-a-I-closed in X;
(iv) For each subset A of X, f(gaZCl(A)) C ¢'CI(f(A));
(v) For each subset B of Y, gaZCI(f~*(B)) C f~1(¢' Ci(B));
(vi) For each subset C of Y, f=1(g'Int(C)) C gaZInt(f~*(C)).
(vii) gCl(gInt*(gCl(f~*(B)))) C f~1(g' CUB)) for each subset B of Y.
(viii) f(gCl(gInt*(gCi(A)))) C ¢’ Cl(f(A)) for each subset A of X.

Proof. (i) = (ii): Let x € X and F € ¢’ containing f(z). By (i), f~1(F) is g-a-Z-open
in X. Let A= f~1(F). Then z € A and f(A) C F.

(i1) = (i): Let F € ¢’ and let x € f~1(F). Then f(z) € F. By (ii), there is a g-a-Z-open
set U, in X such that x € U, and f(U,) C F. Then x € U, C f~'(F). Hence f~!(F)
is g-a-Z-open in X.

(i) & (i4i): This follows due to the fact that for any subset B of YV, f~1(Y\B) =
X\f1(B)

(iii) = (iv): Let Abeasubset of X. Since A C f~1(f(A)) wehave A C f~1(g'CI(f(A))).
Now, g'CI(f(A)) is g’-closed in Y and hence gaZCl(A)) C f~(g'Cl(f(A))), for gaZCl(A)



Title 239

is the smallest g-a-Z-closed set containing A. Then f(gaZCl(A)) C ¢'Cl(f(A)).

(iv) = (iti): Let F be any g'-closed subset of Y. Then f(gaZCl(f~1(F))) C

g Cl(f(f~Y(F))) = ¢'CI(F) = F. Therefore, goaZCI(f~1(F)) C f~1(F). Consequently,

f7YF) is g-a-Z-closed in X.

(iv) = (v): Let B be any subset of Y. Now, f(gaZCl(f~1(B))) C ¢'Cl(f(f~1(B))) C

g'Cl(B). Consequently, goZCl(f~1(B)) C f~1(g'Cl(B)).

( ) (iv): Let B = f( ) where A is a subset of X. Then, gaZCl(A) C gaZCl(f~1(B))
“1(g'CUB)) = f~1(g'CI(f(A))). This shows that f(gaZCl(A)) C g'Cl(f(A)).

( ) (vi): Let B € ¢'. Clearly, f~!(¢'Int(B)) is g-a-Z-open and we have f~1(g'Int(B))

C gaZlnt(f~(¢'Int(B))) C gaZlnt(f~1B).

(vi) = (i): Let B € ¢’. Then ¢'Int(B) = B and f~1(B)\f~!(¢'Int(B)) C gaZInt(f~(B)).

Hence we have f~'(B) = gaZInt(f~'(B)). This shows that f~!(B) is g-a-Z-open in

X.

(zzz) (vii): Let B be any subset os Y. Since ¢’Cl(B) is ¢g'-closed in Y, by (iii),

F~1(¢g'ClI(B)) is g-a-I-closed and X\ f~1(¢'Cl(B)) is g-a-Z-open. Then X\ f~1(¢’C1(B))

C gInt(gCl* (gInt(f~1(g'CI(B))))) = X \gCl(gInt*(gC1(f~1(g'Cl(B))))). Hence we ob-

tain gCl(ghnt" (9CL(f 1 (B)))) € £ (¢/CI(B)).

(vii) = (viii): Let A be any ubset of X. By(iv), we have gCl(¢gInt*(gCIl(A))

gCl{gTnt* (gCU(J " (F(A))))) C f~'(¢/CIU(f(A))) and hence f(gCl(gInt"(gCL(A))))

JCI(f(A)).

(viii) = (i): Let V € g'. Then by (v), f(gCl(gInt*(gCl(f~1(Y\V))))) C

gCIf(f~HY\V)) C (Y\V) =  Y\V. Therefore, we have

gCl(gInt*(gCl(f_l(Y\V)))) c fYY\V) c X\fY(V). Consequently, we obtain

F~Y(V) C gInt(gCI*(gInt(f~(V)))). This shows that f~!(V) is a-Z-open. Thus, f

is a-Z-continuous. u

-
C

Corollary 4.6. Let f:(X,9,Z) — (Y,¢',Z) be an g-a-Z-continuous function, then

(i) f(gCI"(U)) C ¢'CIl(f(U)) for every g-pre-Z-open set U of X,
(i) gCI"(f~1(V)) C f~1(g'CL(V)) for every ¢'-pre-Z-open set V of Y.

Proof. (1). Let U be any g-pre-Z-open set of X, then U C g¢Int(gC1*(U)). There-
fore, by Theorem 4.5, we have f(gClI*(U)) C f(gCl(U)) C f(gCl(gInt(gCI1*(U)))) C
f(gCl(gInt™(gCL(V)))) C g'CL(f(U)).

(2). Let V be any ¢’-pre-Z-open set of Y. By Theorem 4.5, gC1*(f~1(V)) C gCl( tv))
C  gClf (¢ It(g'Cl(V)))) < gCl(gInt(gCl"(gInt(f*(g'Int(g 'Cl( ))))))))
< gCl(gInt" (gCL(S " ("It (g’ CL(V)))))) € £~ (¢/Cllg'Tnt(g'CIV)))) € £} (g’ CUV)).
O
Theorem 4.7. Let f : (X,9,Z) — (Y,¢') be a (g,9")-a-Z-continuous function. Then
for each subset V of Y, f=Y(g'Int(V)) C gCI*(f~1(V)).

Proof. Let V be any subset of Y. Then ¢g'Int(V) is g’-open in Y and so f~!(¢'Int(V))
is g-a-Z-open in X. Hence f~(g'Int(V)) C gInt(gCl*(gInt(f~1(¢'Int(V))))) C
gCL (F1(V)). 0

Theorem 4.8. Let f : (X,9,Z) — (Y, g') be a bijective. Then f is (g, g')-a-Z-continuous
if and only if ¢'Int(f(U)) C f(gaIInt( )) for each subset U of X.
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Proof. Let U be any subset of X. Then by Theorem 4.5, f~1(¢'Int(f(U))) C
gaZlnt(f~1(f(U))). Since f is bijection, ¢'Int(f(U)) = f(f 1 (¢'Int(f(U))) C
f(gaZInt(U)). Conversely, let V be any subset of Y. Then ¢'Int(f(f~*(V))) C
flgaZInt(f=1(V))). Since f is bijection, ¢'Int(V) = g¢Int(f(f~4(V))) C
f(gaZInt(f=1(V))); hence f~1(¢'Int(V) C gaZlnt(f~1(V)). Therefore, by Theorem
4.5, f is (g, g')-a-Z-continuous. O

Definition 4.9. A subset K of an IGTS (X, g,7) is said to be g-a-Z-compact relative
to X, if for every cover {U) : A € A} of K by g-a-Z-open sets of X, there exists a finite
subset Ay of A such that K\ |J{Ux : A € Ag} € Z. The space (X, g,7Z) is said to be
g-a-Z-compact if X is g-a-Z-compact subsets of X.

Definition 4.10. A subset K of an IGTS (X, g,Z) is said to be countably g-a-Z-
compact relative to X, if for every cover {Uy : A € A} of K by countable g-a-Z-open
sets of X, there exists a finite subset Ag of A such that K\ |J{Ux : A € A¢} € Z. The
space (X, g¢Z) is said to be countably g-a-Z-compact if X is countable g-a-Z-compact
subset of X.

Definition 4.11. A subset K of an IGTS (X, g,Z) is said to be g-a-Z-Lindelof relative
to X, if for every cover {Uy : A € A} of K by g-a-Z-open sets of X, there exists a finite
subset Ao of A such that K\|(J{Ux : A € Ag} € Z. The space (X,g,7) is said to be
g-a-Z-Lindelof if X is g-a-Z-Lindelof subset of X.

Lemma 4.12. [5] For any function f: (X,7,Z) — (Y,0), f(Z) is an ideal on Y.

Theorem 4.13. If f : (X,9,Z) — (Y,¢') is a (g,9")-a-Z-continuous surjection and
(X,9,7) is g-a-Z-compact,then (Y, ¢, f(T)) is g'-f(Z)-compact.

Proof. Let {Vy : A € A} bea g’-open cover of Y. Then {f~1(Vy) : A € A} is ag a-Z-open
cover of X and hence, there exist a finite subset Ag of A such that X\ UJ{f~*(V)): A €
Ao} € Z. Since f is surjective, Y\ U{Vx : A € Ao} = fF(X\U{f1(Va) : X € Ap}) € T.
Therefore, (Y, ¢, f(2)) is ¢'-f(Z)-compact.

]

The proofs of the next two Theorems follows from that of Theorem 4.13 and therefore
we omit them.

Theorem 4.14. If f : (X,9,7) — (Y7 !
(X,9,I) is g-a-I-Lindelof, then (Y, ¢, f(Z

is a (g,9)-a-I-continuous surjection and

) is g'- f’(I)—Lindelof.

)
)
Theorem 4.15. If f : (X,9,Z) — (Y,¢') is a (g,9")-a-Z-continuous surjection and
(X,9,7) is countadly g-a-T-compact, then (Y, d', f(Z)) is countably ¢'-f(Z)-compact.

Definition 4.16. An GTS (X, g) is said to be g-connected if it cannot be expressed as
the union of two nonempty disjoint sets g-open sets.

Definition 4.17. An IGTS (X,g,Z) is said to be g-a-Z-connected if it cannot be
expressed as the union of two nonempty disjoint g-a-Z-open sets.

Theorem 4.18. Let [ : (X,9,7) — (Y,q') be a (g,9")-a-I-continuous surjective
function and (X, g,T) is a g-a-I-connected space, then (Y,g') is a g’-connected space.
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Proof. Suppose Y is not g’-connected, Then Y = AU B where ANB=0, A# (), B+
and A, B € ¢'. Since f is (g, ¢')-a-Z-continuous f~1(A), f~ ( ) € SIO(X ) such that
f‘l(A) #£0, f7Y(B)# 0 and f~1(A) N fY(B)=0and f~1(A)U f~1(B) = X, which
implies that X is not g-a-Z-connected. O

5. Decomposition of (g, ¢')-continuity

Definition 5.1. For an IGTS (X, g,Z), we define
(i) ¢-Z-D(a,p) = {A C X : gaZInt(A) = gpZInt(A)}.
(ii) g-Z-D(a,s) = {A C X : gaZInt(A) = gsZInt(A)}.

Definition 5.2. A subset A of (X, g,7) is said to be g-Z-D(a, p)-set if A € g-Z-D(«, p)
(resp. g-Z-D(a, s)-set if A € g-I-D(a, 5))

Proposition 5.3. [3] A subset A of an IGTS (X, g,7) is g-semi-Z-open if and only if
gCI"(A) = gCl* (gInt(A)).

Theorem 5.4. For an IGTS (X,g,T), the relation STO(X,g) C g-Z-D(a,p) holds.

Proof. Let A € STO(X,g). Then by Proposition 5.3, gClI"*(A) = ¢gCl*(gInt(A)).
Then g¢Int(gCl*(A)) = g¢Int(gCl"(gInt(A))). We have A N gInt(gCl*(4)) = AN
gInt(gCl* (gInt(A))). Hence gpZInt(A) = gaZlnt(A) by Theorem 3.26 and Lemma 2.7.
Therefore, A € g-Z-D(a, p). O

The following example shows that the reverse inclusion of Theorem 5.4 is not true in
general.

Example 5.5. Let X = {a,b,c} g ={0,{a},{b},{a,b}, X} and Z = {0}. Then the set
{a‘} € g'I'D(a7p) but {a’} ¢ SIO(X7 g)

Theorem 5.6. For an IGTS (X,9,T), oZO(X,g) = PIO(X,g) N g-Z-D(a,p) holds.
Proof. Let A € PIO(X,g) N g-Z-D(a,p). Then A = gpZInt(A) and gaZlnt(A4) =
gpTInt(A). Hence A = gaZlnt(A). Therefore, A € aZO(X,g). Conversely, let

A € oZO(X,g). Then A = gaZlnt(A) C gpZInt(A). But gpZInt(A) C A.
Therefore, A € gpZInt(A) and hence we have A = gaZInt(A) = gpZInt(A). Hence

A € g-T-D(a, p). O
Theorem 5.7. For an IGTS (X,9,7), «ZO(X,g) = SIO(X, g) N g-Z-D(«, s) holds.
Proof. The proof is similar to the Theorem 5.6. (|

Definition 5.8. For an IGTS (X, g,Z), we define
(i) g-Z-D(g,a) = {A C X : gInt(A) = gaZInt(A)}.
(ii) g-Z-D(g,s) = {A C X : gInt(A) = gsZInt(A)}.
(i) ¢g-Z-D(g,p) = {A C X : gInt(A) = gsZInt(A)}.
Theorem 5.9. For a subset A of (X,g,T), the following statements are equivalent:
(i) A€ g-I-D(g,p).
(ii) gInt(A) = AN gCl*(gInt(A)).
Proof. (i) = (ii): Let A € ¢-Z-D(g,p).Then we have gInt(A) = g¢sZInt(A) =
AN gCl*(gint(A)) by Lemma 2.7. (iz) = (i): Let gInt(4) = A N gCl*(gInt(A)). Then
by Lemma 2.7, gInt(A) = gsZInt(A). Therefore, A € g-Z-D(g, p). O
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Proposition 5.10. For each x € (X,g,7), {z} € g-Z-D(g, s).

Proof. Let x € X and {z} € g¢g. Then glnt({z}) = {z} = {z} N gCI"({z}) =
{z} NgCl*(gInt({z})). Therefore, by Theorem 5.9, {z} € g-Z-D(g, s). Now, let {z} ¢ g.
Then gInt({z}) = 0 = {z} N0 = {z} N gCl"(gInt({z})). Therefore, by Theorem 5.9,
{z} € g-I-D(g, s). O

Theorem 5.11. Let (X,g9,Z) be an IGTS and AC X. If A€ g, then A € g-Z-D(g, s

)
Proof. Let A € g. Then gInt(A) = A= AN gCl"(A) = AN gCl*(gInt(A)) = gsZInt(A)
Hence A € g-Z-D(g, s) by Lemma 2.7. O

Theorem 5.12. Let (X,g,Z) be an IGTS and AC X. If A€ g, then A € g-I-D(g, ).

Proof. Let A € g. Then gInt(A) = A = glnt(AN gCl*(4)) = AN glnt(gCl* (gInt(A))) =
AN gInt(gCl* (gInt(A))) = gaZInt(A). Hence A € g-Z-D(g, ). O

Theorem 5.13. For an IGTS (X, g,Z), the following relations hold:
(Z) g'I'D(ga S) C g'I'D<ga Oé)
(it) g-Z-D(g,p) C g-Z-D(g, )

holds.

Proof. (i). Let A € g-I-D(g,s). Then gInt(A) = gsZ(A) D gaZ(A). But glnt(A) C
goZ(A) and hence we have gInt(A) = gaZ(A). Therefore, A € g-Z-D(g, ). The proof
of (i) is similar to (). O

Remark 5.14. The converses of the Theorem 5.12 and 5.13 are not true in general. Let
(X,9,7) as in Example 3.6. Then {b} € g-Z-D(g, @) but {b} ¢ g and {b} ¢ ¢-Z-D(g,p).
Let (X, g,7) as in Example 3.7. Then {b, ¢} € g-Z-D(g, o) but {b} ¢ g-Z-D(g, s).

Example 5.15. g-semi-Z-open sets and g-Z-D(g, s) sets are independent of each other.
Let (X, g,7) as in Example 3.7. Then {a,c} € STO(X, g) but {a,c} ¢ g-Z-D(g, s). Also
{c} & g-Z-D(g, s) but {a,c} € STO(X,g)

Example 5.16. g-pre-Z-open sets and g-Z-D(g, p) sets are independent of each other.
Let (X,g¢,7) as in Example 3.6. Then {b} € PZO(X,g) but {b} ¢ g-Z-D(g,p). Also
{a} & g-Z-D(g,p) but {a} € PIO(X, g)

Example 5.17. g-a-Z-open sets and ¢g-Z-D(g, «) sets are independent of each other.
Let X = {a,b,c}, g = {0,{c},{b,c},X} and T = {0}. Then {a,c} € aZO(X,g) but
{a,¢} ¢ ¢-I-D(g, ). Also {a} € ¢-I-D(g, ) but {a} ¢ aZO(X,g).

Theorem 5.18. For a subset A of (X,9,7), the following statements are equivalent:
(i) Ae€g.
(i) A is g-a-I-open and a g-I-D(g, ) set.
(iii) A is g-pre-Z-open and a g-Z-D(g,p) set.

Proof. The implication (i) = (i7) is obvious.

(5 = (#i): Let A be g-a-Z-open and a ¢-Z-D(g,«) set. Then A €
PIO(X,g9) N SIO(X,g) and gaZInt(A) = g¢Int(A). By Lemma 3.26, we have
A N gInt(gCl*(gInt(A))) = gInt(A) and subsequently A N gInt(gCl*(A)) = gInt(A).
Now by Lemma 2.7, we have gpZInt(A) = gInt(A). Therefore, A is a g-Z-D(g, @) set.
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(ii1) = (i): Let A be g-pre-Z-open and a ¢g-Z-D(g,p) set. The by Definition A =
gpZInt(A) and gInt(A) = gpZInt(A); hence A € g. O

Theorem 5.19. For a subset A of (X,g,T), the following statements are equivalent:
(i) Aeg.
(ii) A is g-a-Z-open and a g-I-D(g,s) set.
(iii) A is g-semi-I-open and a g-I-D(g, s) set.
Proof. Similar to the proof of Theorem 5.18. O
Definition 5.20. A function f: (X,g,Z) — (Y, ¢’) is said to be:

!

, p)-Z-continuous if f~ € ¢-Z-D(a, p) for every V € g .

(Y,
L)

, 8)-I-continuous if f~Y(V) € g-Z-D(a, s) for every V € ¢'.
H(V)

)-D(a
(i) (9,9')-D(a
(iii) (g, 9")-D(g, @)-Z-continuous if f~ € g-I-D(g, «) for every V € ¢'.
(iv) (g,9')-D(g, s)-Z-continuous if f=*(V) € g-Z-D(g, s) for every V € ¢'.
(v) (g,9")-D(g,p)-Z-continuous if f~*(V) € g-Z-D(g,p) for every V € ¢'.

Theorem 5.21. A function f: (X, 9,Z) — (Y,¢') is (g, g')-continuous if and only if

(i) it is (g,9")-a-Z-continuous and (g,g')-D(g, a)-I-continuous.
(i) it is (g,9')-pre-I-continuous and (g,g’) D( p)-I-continuous.
(iii) it is (g, g")-a-I-continuous and (g,g')-D(g, 8)-I-continuous.
(i) it is (g, g')-semi-I-continuous and (g,g") D( g, 8)-I-continuous.

Proof. Follows from Theorems 5.18 and 5.19. O

Theorem 5.22. A function f:(X,9,Z) = (Y,¢') is (g9,9")-a-Z-continuous if and only
if
(i) it is (g,g')-semi-I-continuous and (g, g’)-pre-I-continuous.
(i) it is (g,9')-pre-I-continuous and (g, 9’)-D(a, p)-I-continuous.
(iii) it is (g,g")-semi-I-continuous and (g, g’ )-D(«, s)-I-continuous.

Proof. Follows from Theorems 3.10, 5.6 and 5.7. (]

6. Conclusion

The work in this paper is a step forward to strengthen the theoretical foundation of
generalized open set in ideal generalized topological space, fuzzy generalized topological
space and soft generalized topological space. The theoretical developments studied in
this paper may be focused on the applications in image processing, data mining, medical
diagnosis etc. The sets studied in this work may be very helpful in applied field and
many other new types of sets can be formed from these sets which may be very helpful
in applied field of research work.
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