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Abstract. In this paper, the author interpolate bT#-Hausdorff space and bTH# — T}
space as well as analysis some of its properties by utilizing the concepts of
bT#-Lindelof, bT*-normal, strongly bT*-regular space and bTH-compact in supra
topological spaces.

1. Introduction

The separation axioms of topological spaces are usually denoted with the letter T
after the German Trennung which means separation.The separation axioms that were
studied together in this way were the axioms for Hausdorff spaces, regular spaces and
normal spaces.The first step of generalized closed sets was done by Levine in 1970 [13]
and he initiated the notion of T/2-spaces in unital topology which is properly placed
between Ty-space and Ti-spaces by defining T /-space in which every generalized closed
set is closed.

It was Mashour.et.al[14] who first came up with the supra topology concept by
studying the S* continuous as well as S continuous. They create a root for studying
separation axioms and relations on supra topology. Motivation for supra topology come
from the demand to procure numerous examples that satisfies few properties on the finite
set, discrete topology is the only topology that fulfills 77-spaces on finite set, whereas
there are many different types of supra topology that make certain conditions of the
T} -spaces.

Takashi Noiri and Sayed [16] in their research focused on a method of introducing
supra b-continuity and b-open sets in the supra topology space in the year 2010 and
also elaborated the supra b-open as well as the continuous maps as well as its intercon-
nectivity. Taha [20] first person create a root of supra compactness in supra topological
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spaces. Bringing out the idea of supra b-compact spaces and supra b-Lindelof spaces by
Mustafa [4].

Later in [9], started bT#- compact spaces by the author in supra topological spaces. It
was Singal [19] who initiated the concept of Mildly normal spaces in topological spaces.
Almost regular space initiated by Singal and Arya [17] in topological spaces. Krishnaveni
and Vigneshwaran [5] newly initiated supra bT closed set along with analysed some of
its main properties.

The purpose of this article to initiate bT#-Hausdorff space and bT* — T7 space.
In this article, we discuss main properties of bT*-Hausdorff space manipulate bT*-
Lindelof space, bT*-normal space, bT*-compact, bT* homeomorphism, strongly bT*-
regular space along with bT*-continuous functions.

2. Preliminaries

Definition 2.1. [14, 16] A p of X is defined as supra topology on X, in case

(i) X, dpep

(i) if D; € p for every i € J then U D; € p.
The (X,u) pair is known as supra topological space. In (X,u) the elements of p are
known as supra open sets and its complement is supra closed set.

Definition 2.2. [14, 16]
() The notation cl*(D) is for supra closure of a set D as well as defined as N{E : E is
supra closed set and E 2 D} = cl*(D)

(#4) The notation int* (D) is for supra interior of a set D as well as defined as
U{FE :E is a supra open set and F C D} = int*(D)

Definition 2.3. [5] In supra topological space (X, u), D be subset defined as
bT*-closed set in case W D bcl#(D) at every time WD D and in (X,u), W is T*-open.

Definition 2.4. [5] A relation £:(X,7) —(Y, o) defined as bT*-continuous in case of
(X,7), f~H(C) is bT*-closed for each supra closed set C of (Y,0).

Definition 2.5. [8] A relation f:(X,7) —(Y, o) defined as contra bT*-continuous in case
of (X,7), f~1(C) is bT*-closed for each supra open set C of (Y,o).

Definition 2.6. [7] A relation f:(X,7) —(Y,0) defined as strongly bT*- continuous in
case of (X,7), f~1(C) is supra closed for each bT*-closed set C of (Y,o).

Definition 2.7. [7] A relation f:(X,7) —(Y,0) defined as perfectly bT*- continuous in
case of Y the inverse image of each bT#-closed is both supra closed as well as supra open
in X.

Definition 2.8. [12] A supra topological space X defined as co bT#-T; in case for every
pair of different points v as well as u of X, there be bT* clopen sets E as well as D
containing v as well as u such like veE, u¢E as well as v¢D, ueD.
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Definition 2.9. [12] A space X is said to be bT* locally indiscrete in case each bT#-
closed set in X is bT* open set of X.

Definition 2.10. [10] A space X defined as strongly d7*-normal in case for each pair
of disconnect bT"-closed sets D and E, there be disconnect bT*-open sets G as well as
H such like G D D as well as H DE.

Definition 2.11. [14] A relation f:(X,7) —(Y,0) defined as S* continuous in case of
(X,7), f~(C) supra closed for each supra closed set C of (Y,o).

Definition 2.12. [11] A space (X,7) defined as strongly bT*-regular space in case for
each bT#-closed set D as well as every point u¢D, there be disconnect bTH-open sets G
as well as H alike GDD as well as ueH.

Definition 2.13. [10] In a space, D subset defined as regular open in case int*(cl*(D))
= D as well as its complement is regular closed.

Definition 2.14. [9] A space (X,u ) defined as bT*-compact in case each bT*-open
cover of X has a finite subcover.

Definition 2.15. [9] A space (X,7) defined as b¥T*- Lindelof space in case each bT"-open
cover of X has a countable subcover.

Definition 2.16. [6] A bijection f:(X,7)—(Y,0) defined as bT* homeomorphism in case
f~1 along with f is both bT*-open map as well as bT*-continuous.

Definition 2.17. [14] A space (X,7) defined as S-T; in case that any pair of different
points u as well as v of X, there be supra open sets D and E such like u€D despite that
v¢D and VEE except u¢E.

Definition 2.18. [14] A supra topological space (X,7) is said to be S-Ty if whenever v
as well s u are different points of X, there exist disjoint supra open sets E as well as D
such like ueD as well as veE.

3. bT*-T space

Definition 3.1. A space (X,7) defined as bT#-T; in case any pair of different points v
as well as u of X, there be bT*-open sets E as well as D such like ueD despite that v¢D
as well as veE despite that u¢E.

Example 3.2.

(i) Let X={e, f, g} along 7= {X, ¢, {e},{f},{e, f}}. Let v = f as well as u = e be any
pair of different points in X. The bT* open sets are {X, ¢, {e}, {f},{e, f} {f, 9} {e,g}}
Let D = {e} and E = {f, g} such like ee {e} despite that {e} ¢ {f,g} as well as
{g} € {f, g} despite that g¢ {e}. Wherefore (X,7) is bT"- T;.

(#4) Let X={i,j,k}, ={X, ¢, {i},{j, k}}.The bT* open sets are { X, ¢, {i}, {i, 5} {i, k}}.
Let u= i and v = j be any pair of different points in X. Let D = {i} as well as E={i, j}.
Wherefore (X,7) unlike bT#-T1, being ueD as well as u€kE.

Remark

S—T1 — bTH-T4.
The converse of the above connection needn’t be correct as shown in the following
example.
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Example 3.3. Let X={e, f,g}, 7= {X,¢,{e},{f},{e,f}}. Assume v = g as
well as u = e be any pair of different points in X. The bT* open sets are
{X,o,{e} . {f}.{e; f}{f, 9} {e,g}}. Assume D = {e} as well as E = {f, g} such like
ec {e} despite that {e} ¢ {f, g} as well as {g} € {f, g} despite that g¢ {e}. Wherefore
(X,7) is bT*™- T; despite that no more S-T;.

Theorem 3.4. Each subspace of bT*-Ty is bTH-T;.

Proof. Assume (Y,7*) be subspace of (X,7) as well as (X,7) be bT#-T;. Assume va,
vy be two different points of Y. Since XDY, vo,v; are also different points of X. Being
(X,7) is bT*- Ty, there be bT* open sets D as well as E such like v; €D despite that
vo ¢ D as well as vo €E despite that vi ¢E. Next DNY = D; as well as ENY = E; are
T*-bT* open sets such like v; €D; despite that vo ¢D; as well as vo €E; despite that
v1 ¢E1. Wherefore (Y,7*) is bT#-T;. O

Example 3.5. Assume that Y =X = {e, f, ¢} and 7 = {X, ¢, {e},{e, g}, {f, g}}, (Y,7)
subspace of X as well as 7 = {Y, ¢, {e},{f,g}}.

The 7-bT* open sets are {X, ¢, {e},{g},{e,9},{e, f},{f,g}} as well as 7*- bT# open
sets are {Y, ¢, {e},{e,g},{e, f}}. Let vo = f as well as vi = g. Assume D = {e, g} as
well as E = {e, f}, v1 €D despite that vo ¢ D as well as vo €E despite that v; ¢E. Next
DNY =Dy = {e, g} N{e, f,9}={e, g} as well as ENY = E; = {e, f} N {e, f,g}={e, f}.
vi = g €D; despite that vo ¢D; as well as vo €E; despite that vi ¢E;. Wherefore
(Y,r*) is bTH-T).

Theorem 3.6. In case f:(X,7)—(Y,0) is bT"-continuous, injective as well as Y is S-Ty,
then X is bTH-Ty.

Proof. Assume v as well as u be any two different points in (X,7). Being f is injective, we
have f(v) and f(u) such like f(v)#f(u). Being Y is S-Ty, there be supra open sets D and
E in (Y,0) such like f(u)eD despite that f(v)¢D as well as f(v)€E despite that f(u)¢E.
so we have ue f~1(D) despite that v¢f~! (E) as well as u¢ f~1(E) despite that vef!
(E), f71(D) as well as f~1(E) are bT*-open subsets of (X,7) because f is bT#-continuous.
Wherefore (X,7) is bTH-T;. O

Remark
The converse needn’t be correct as shown in the following example.

Example 3.7. Assume X={e, f, g} along 7= {X, ¢, {e},{f},{e, f}} as well as
o=1{X,06,{f},{e, f}}. Assume f: (X,7)—(Y,0) bT#-continuous as well as f defined as
f(e) =e, {(f) =f and f(g) = g. Assume u = e and v = g be any pair of different points in
X. The bT* open sets of (X,7) are {X, ¢, {e},{f},{e, [} {f 9} {e,g}}. Assume D = {e}
as well as E = {f, g} such like e€ {e} despite that {e} ¢ {f, g} as well as {g} € {f, g}
despite that g¢ {e}. Wherefore (X,7) is bT*- T despite that (Y,o) never S-T.

Theorem 3.8. In case f:(X,7)—(Y,0) is strongly bT"-continuous, injective as well as
Y is bT*-Ty, then X is bT*-T,.

Proof. Assume v as well as u be any two different points in (X,7). Being f injective,
we have f(v) and f(u) such like f(v)#£f(u). Being Y bT#-T;, there be bT#-open sets D
as well as E in (Y,o) such like f(u)eD despite that f(v)¢D as well as f(v)€E despite
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that f(u)¢E. Thus we have ue f~!(D) despite that v¢f~! (D) as well as u¢ f~1(E)
despite that vef~! (E), f~1(D) as well as f~1(E) are supra open subsets of (X,7) being
f is strongly bT#-continuous function, we know that each supra open sets are bT#-open
sets. So f~1(D) as well as f~!(E) are bT#-open subsets of (X,7). Wherefore (X,7) is
bTH-T;. (]

Remark
The converse needn’t be correct as shown in the following example.

Example 3.9. Assume X={e, f, g} along 7= {X,¢,{e},{g},{e, f},{e,g}} as well as
o=A{X,0,{f},{e, f}}. Assume f: (X,7)—(Y,0) is strongly bT*-continuous as well as f
defined as f(e) = f, f(f) = e as well as f(g) = g. Assume v = g as well as u = e be some
pair of different points in X. The bT* open sets are {X, ¢, {e},{f},{e, f} {f, 9} {e,g}}
Assume D = {e, f} as well as E = {g} such like e€ {e, f} despite that {e} ¢ {g} as
well as {g} € {g} despite that g¢ {e, f}. Wherefore (X,7) is bT*- T; despite that never
(Y,o) is bT#-T).

Theorem 3.10. In case f:(X,7)—(Y,0) is contra bT"-continuous, injective as well as
X bT"-locally indiscrete as well as Y is S-Ty space, then X is bTH-T;.

Proof. Assume v as well as u be any two different points in (X,7). Being f injective, we
have f(v) as well as f(u) such like f(v)#f(u). Being Y is S-T, there be supra open sets
D as well as E in (Y,0) such like f(u)eD despite that f(v)¢D as well as f(v)€E despite
that f(u)¢E. So we have e€ f~1(D) despite that f¢f=! (D) as well as e¢ f~1(E) despite
that fef~! (E), f-1(D) as well as f~}(D) are bT*-open sets of (X,7). Wherefore (X,7)
is bT#-T}. U

Remark
The converse needn’t be correct as shown in the following example.

Example 3.11. Let X={e, f, f} along 7= {X, ¢, {e},{f,g}}, o= {X,0,{f},{e, f}}
as well as v = g, u = e be any pair of different points in X. The bT* open sets are

{X, 0. {ep {f}. {9}, {e, f1{f . g} {e, 9} Assume £ (X;7)=(Y,0) contra bTH-
continuous as well as f defined as e = f(e), { = {(f) as well as g = {(g).

Let {e} = D as well as {b,c} = H such like e€ {e} despite that {e} ¢ {f, g} as well as
{g} € {f, g} despite that g¢ {e}. Wherefore (X,7) is bT#- T despite that never S-Tj.

4. bT*-Hausdorff space

Definition 4.1. A space (X,7) defined as bT*-Hausdorff (bT#- T5) at any time v as
well as u are different points of X, there be disconnect bT#-open sets E and D such like
veE as well as ueD.

Example 4.2. Let X={e, f, g}, 7={X, ¢, {e},{f},{e, f}}, v="fas well as u =e be any
pair of different points in X.The bT* open sets are {X, ¢, {e},{f},{e, f}{f, 9} {e,g}}
Assume {e} = D, {f} = E as well as DNE = ¢. Wherefore (X,7) is bT#-T5.
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Remark
S-Ty — bTH- Ts.
The converse of the above connection needn’t be correct as in the following example.

Example 4.3. Let X={e, f, g}, 7={X,0,{e},{f}.{e, f}}, v=gaswell as u = e be any
pair of different points in X. The bT* open sets are {X, ¢, {e}, {f},{e, f} {f, 9} {e,g}}
Assume {e} = D as well as {f, g} = E such like e€ {e} as well as {g} € {f, g}. Wherefore
(X,7) is bTH- Ta.

Theorem 4.4. Each subspace of bT"-Ts is itself.

Proof. Assume Y non empty subset of X as well as (X,7) bT#-T5. Assume v,u be two
different points of Y. Then v,u are different points of X. Being (X,7) bT#-Hausdorff,
there be disconnect bT#- open sets E as well as D such like veE as well as ueD. Let
E; = ENY as well as DNY = D; are bT#-open subsets of (Y,7y). We know that veY,
veE connects that veYNE = E; as well as ueY, ueD connects that ueYND = Dj.
Therefore E;NDy = ¢ as well as ueDy, veE;. Wherefore (Y,7y) is bT#-Ts. O

Theorem 4.5. Fvery bTH-Ty is bTH-T; .

Proof. Assume v, u be any two different points of X. Being (X,7) bT#-Ty, there be
disconnect bT#-open sets E as well as D, veE as well as ueD such like END = ¢. This
connects that ve€E despite that u¢E as well as ueD despite that v¢D. Wherefore (X,7)
is bTH-Ty. d

Theorem 4.6. Every bT"-compact subset G of bT+-Ty X is bT-closed.

Proof. Assume ueD’. Being X is bT#-Ts, for each ueD there be disconnect bT#-open
sets E,, and D,, such like ueE,, as well as ueD,,. The collection {E, : u € D} bT#* open
cover of D. Being D is bT#-compact subspace of X, there be finitely number of points
uy, Ug,...,u, of D such like DC | {Eu]. ij = 1,2,...,n}. D. =N {DU]. =12 ,n}
and E, = {Eu]. =12, ..., n} Next E. as well as D, are disconnect bT#-open sets
such like eeD, and E. D D. Assume eeD’ be arbitrary as well as D, as well as E. be

as constructed above. Then the collection {De te € D'} bT* open cover of D'. Being

D' is bT*#-compact subspace of X, there be finitely many points ey, es,...,e;, of D’ such
like DC J{D., : j =1,2,...,m}. Assume N = N {E., : j = 1,2,...,m} as well as

M= {DEJ =12, ..., m} Next N as well as M are disconnect bTH open sets as well
as being DCM, we have DNM = ¢ which connects that McD'. This shows that D" is
bT# open. Wherefore D is bT#-closed. [l

Theorem 4.7. Let Y be bT"-T5 as well as X be bT*-compact space. Then each bijective
bTH-continuous of X onto Y is bT* homeomorphism.

Proof. Let £:X—Y be bT*-continuous as well as bijective. To show f is bT#
homeomorphism, it is enough to show that f(D) is bT*-closed in Y for each supra closed
set D in X. From(see[6, 9])theorems(3.11 and 4.3), let D be any supra closed in X. We
know that each supra closed set is bT* closed set. Next D bT* compact, being bTH
closed subset of bT* compact space X. Being f is ¥T* continuous, from(see[9]) theorem
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(3.8) f(F) is bT* compact in Y. Being Y is bT"-Ts, {(F) is bT* closed in Y (by previous
theorem). O

Theorem 4.8. Assume supra topological space (X,7). The following statements are
equivalent:-

(i) X is strongly bTH-regular space.

(i) For each bTH- open set D as well as for every point uc X of X there be bT*-open set
E of X such like E CD.

(#i7) For each bTH- closed set D not containing x as well as for every point u€X there be
bT*-open set E such like END = ¢.

Proof. (1)=-(ii)

Let D be any bT"-open set in X as well as ueX. Let X is strongly bT*-regular space.
Next X-D is bT*-closed subset of X. Being X is strongly bT*-regular space, there be
disconnect bT*-open sets E and F.

Now ENF = ¢, X-F D E.

that is E C X — F = X-F, being X-F is bT*-closed.

therefore VN W = ¢ .

Despite that EN(X — D) C ENF = ¢. Thus E CD.

(ii)=(iii)

Let D be bT*-closed set with u¢D as well as ueX. Next X-D is bT*-open set as well
as u€X-D. Wherefore by (ii), there be bT#-open set E such like E CX-D. Therefore
DNE = ¢.

(ii)=(i)

Let D be a bT* closed set in X with u¢D as well as ueX. Next by (iii), there be bT*
open set E such like END = ¢. Therefore DCX-E = F (say).

Now EC E, X-E CX-E

that is EN(X — F) C EN(X-E) = ¢

therefore EN F = ¢. Wherefore X is strongly bT* regular space. ([l

Theorem 4.9. A bT*-closed subspace of a bT*H-Lindelof space is bT*-Lindelof space.

Proof. Let D be bT*-closed subspace of bT*-Lindelof space as well as U = {U; : j € A}
be 7p bT* open cover of D. Next Uy = E; N A for some E; € 7.

Now {E;:j € A} is 7 — bT* open cover of D. Wherefore {E; : j € A} U{X — D} is
7 —bT" open cover for X. Being X is bT#-Lindelof space, we can extract from this cover
countable subcover of X, say {Ej1, Ej2 ... }. Accordingly {Uj1,Ujz- -} is 7p —bT* open
subcover of U. Wherefore (D,7p) is bT*-Lindelof space. O

Conclusion:

We have introduced bT#-Hausdorff space in supra topological spaces as well as
investigated some properties of bT*-Hausdorff spaces in supra topological spaces.
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