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Abstract. The main goal of this paper is to introduce and study a new type of
contra continuity called contra we*-continuity via we*-open sets defined by us.
We obtain several characterizations and some fundamental properties of contra
we*-continuous functions. Moreover, we investigate the relationships between
contra we*-continuous functions and other related strong and weak forms of contra
continuity. Furthermore, we introduce the concepts of we*-compactness and
strongly contra we*-closed graphs to look into some different properties.

1. Introduction

Some forms of open sets such as -open sets [1], a-open sets [10], e*-open sets [13]
and w-open sets [5] play important role in general topology. The same way the notion
of continuity is now a vital concept in topology and applications. By using these sets
many authors introduced and studied various types of generalizations of continuity. For
instance, the concept of w-continuity [15] were introduced by Hdeib in 1989. Contra
continuity [7] were introduced and investigated by Dontchev in 1996. Next, in 2007,
Al-Omari and Noorani were introduced contra w-continuity [2], in 2008, Ekici were
introduced contra e*-continuity [12], in 2009, Ekici were introduced e*-continuity [13].
Recently, Aljarrah et. al. were introduced and studied contra wp-continuity [3] in 2014.

In this paper, we define and study the notion of contra we*-continuity which is weaker
than both the notion of contra continuity [7] defined by Dontchev and the notion of
contra e*-continuity [12] defined by Ekici. Also, we obtain several characterizations of
contra we*-continuous functions and investigate some of their fundamental properties.
Moreover, we investigate the relationships between contra w/f-continuous functions and
separation axioms and we*-compactness and contra we*-closedness of graphs.
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2. Preliminaries

Throughout this present paper, X and Y represent topological spaces. For a subset
A of a space X, cl(A) and int(A) denote the closure of A and the interior of A,
respectively. The family of all closed (resp. open, clopen) sets of X is denoted
C(X)(resp. O(X),CO(X)). The co-countable topology on X, 7..; the topology whose
open sets are the empty set and complements of subsets of X which are at most
countable. In this paper, a space X is called locally indiscrete if every open set is
closed in X. We recall the following definitions which will be used throughout this
paper.
Definition 2.1. A subset A of a space X is called:

(1) regular open [20] if A = int(cl(A)). The complement of a regular open set is
called regular closed. A point € X is said to be the d-cluster point [22] of
A if int(cl(U)) N A # 0 for each open neighbourhood U of . The set of all
d-cluster points of A is called the d-closure of A and is denoted by d-cl(A). If
A = 0-cl(A), then A is called d-closed [22], and the complement of a d-closed
set is called d-open. The set {z|(3U € O(X, z))(int(cl(U)) C A)} is called the
d-interior of A and is denoted by d-int(A).

(2) B-open [1] if A C cl(int(cl(A))). The complement of a -open set is called /-
closed. The intersection of all S-closed sets containing A is called the S-closure
of A and is denoted by -cl(A). The union of all S-open sets of X contained in
A is called the S-interior of A and is denoted by S-int(A).

(3) a-open [10] if A C int(cl(d-int(A)). The complement of an a-open set is called
a-closed [10]. The intersection of all a-closed sets containing A is called the
a-closure [10] of A and is denoted by a-cl(A). The union of all a-open sets of X
contained in A is called the a-interior [10] of A and is denoted by a-int(A).

(4) e*-open [13] if A C cl(int(d-cl(A)). The complement of an e*-open set is called
e*-closed [13]. The intersection of all e*-closed sets containing A is called the
e*-closure [13] of A and is denoted by e*-cl(A). The union of all e*-open sets of
X contained in A is called the e*-interior [13] of A and is denoted by e*-int(A).

The family of all open (resp. closed, a-open, a-closed, e*-open, e*-closed, regular
open, regular closed) subsets of X is denoted by O(X) (resp. C(X), aO(X), aC(X),
e*0(X), e*C(X), RO(X), RC(X)). The family of all open (resp. closed, a-open, a-
closed, e*-open, e*-closed, regular open, regular closed) sets of X containing a point x
of X is denoted by O(X, z) (resp. C(X,z), aO(X, ), aC(X,z), e*O(X, ), e*C(X, ),
RO(X,x), RC(X,x)).

Definition 2.2. Let A be a subset of a space X. The intersection of all open sets in X
containing A is called the kernel [18] of A and is denoted by ker(A).

Lemma 2.3. [18] The following properties hold for subsets A and B of a space X.
(1) z € ker(A) if and only if ANF # 0 for any F € C(X,x).

(2) A C ker(A).

(3) If A is open in X, then A = ker(A).

(4) If A C B, then ker(A) C ker(B).

Lemma 2.4. [6] Let X be a topological space. Then the intersection of an a-open set
and an e*-open set is e*-open.
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Definition 2.5. A subset A of a space X is said to be w-open [5] (resp. wfB-open [4])
if for every x € A there exists an open (resp. [-open) set U containing z such that
U\ A is countable. The complement of an w-open set (resp. wB-open set) is said to be
w-closed (resp. wpB-closed).

Definition 2.6. A function f: X — Y is said to be contra continuous [7] (resp. contra
w-continuous [2]) if f~1[V] is closed (resp. w-closed) in X for every V € O(Y).

3. we*-open sets

Definition 3.1. Let A be a subset of a space X. A is said to be we*-open (resp. wa-
open) if for every x € A, there exists an e*-open (resp. a-open) set U containing 2 such
that U\ A is countable. The complement of an we*-open (resp. wa-open) set is called an
we*-closed (resp. wa-closed). The family of all we*-open (resp. wa-open) sets of X will
be denoted by we*O(X) (resp. waO(X)). The family of all we*-open (resp. wa-open)
sets of X containing a point x of X will be denoted by we*O(X, z) (resp. waO(X, x)).

Remark 3.2. From Definition 2.5 and Definition 3.1, we have the following diagram.

open — [-open — ¢e*-open
\ 1 \:

w-open — wf-open — we*-open < wa-open

Example 3.3. Consider the real numbers R with usual topology. The set of rational
numbers Q is we*-open but it is not wa-open.

Lemma 3.4. Let X be a topological space. Then the following properties hold.
(1) The union of any family of we*-open sets is we*-open.
(2) The intersection of an wa-open set and an we*-open set is we*-open.

Proof. (1) Let x € |J A.
P EUAZ BN R) | BV € c0an(u\ (UA) < U\ Al < o).
(2) Let A € waO(X), B € we*O(X) and x € AN B.
r€ANB= (z € A)(x € B) }é
(A € waO(X))(B € we*O(X))
= (AW € aO(X,z))([W \ A| < No)(FV € e*O(X,2))(|V \ B| < Ny) Lemma 2.4
U=WnV
= (A € erOX,2))([U\ (AN B)[ = [(U\N AU U\ B)[ < [(W\A) UV B)| <Ro).

Definition 3.5. Let A be a subset of a space X. The union of all we*-open subsets of
X contained in A is called the we*-interior of A and is denoted by we*-int(A).

Theorem 3.6. Let A be a subset of a space X. Then the following properties hold:
(1) we*-int(A) C A,
(2) we*-int(A) € we*O(X),
(3) x € we*-int(A) if and only if there exists U € we*O(X, x) such that U C A,
(4) AC B = we*-int(A) C we*-int(B),
(5) we*-int(A) Uwe*-int(B) C we*-int(AU B),
(6) we*-int(AN B) C we*-int(A) Nwe* int( ),
(7) A € we*O(X) if and only if A = we*-int(A),
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(8) we*-int(we*-int(A)) = we*-int(A).
Proof. Straightforward.

Definition 3.7. Let A be a subset of a space X. The intersection of all we*-closed
subsets of X containing A is called the we*-closure of A and is denoted by we*-cl(A).

Theorem 3.8. Let A be a subset of a space X. Then the following properties hold:
(1) A Cwe*-cl(A),

) we* cl( ) € we*C(X),

) x € we*-cl(A) if and only if ANU # 0 for every U € we*O(X, z),

) AC B = we*-cl(A) Cwe*-cl(B),

) we*-cl(A) Uwe*-cl(B) C we*-cl(AU B),

) we*-cl(AN B) Cwe*-cl(A) Nwe*-cl(B),

) A cwe*C(X) if and only if A= we*-cl(A),

) we*-cl(we*-cl(A)) = we*-cl(A),

(9) we*-cl(X \ A)=X \ we*-int(A).

Proof. Straightforward.

(2
(3
(4
(5
(6
(7
(8

4. Contra we*-continuous Functions

Definition 4.1. A function f : X — Y is said to be contra we*-continuous (resp.
contra wa-continuous) if f~1[V] is we*-closed (resp. wa-closed) in X for every open set
VofY.

Remark 4.2. From Definition 2.6 and Definition 4.1 we have the following diagram.
The converses of these implications need not be true in general as shown by the following
example.

contra continuous —  contra w-continuous — contra w/fB-continuous

1

contra wa-continuous — contra we*-continuous

Example 4.3. Consider the real numbers R with usual topology and let Y := {a, b}
with the topology 7 :={0,Y, {b}}.
(a) Define the function f : R — Y by
a zeQ

f(x):{ b, z€R\Q
Then the function f is contra we*-continuous but not contra wa-continuous.
(b) Define the function g : R — Y by

R

Then g is contra we*-continuous but g is not contra w-continuous.

Theorem 4.4. Let f : X = Y be a function. Then the followings are equivalent:

(1) f is contra we*-continuous;

(2) fLF] is we*-open in X for every F € C(Y);

(3) For every x € X and every F € C(Y, f(x)), there exists U € we*O(X, z) such
that flU] C F
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(4) [we -cl(A )] ker(f[A]) for every subset A of X;
(5) we*-cl(f~1[B]) C f~t[ker(B)] for every subset B of Y.

Proof. (1) = (2) : Let F' € C(Y).

F ) = } = \f7HF] = 7L \F] € werC(X)
= f71[F] € we*O(X).
(2) = (3): Let x € X and F € C(Y, f(x)).

FeC(y, f(r))

Hypothesis )1(’ z)

—[F]
3)= (4 ) Let AC X and z ¢ f~ker(f[A])].
x ¢ [T ker(fIAD] = f(2) ¢ ker(f[A]) = (FF € C(Y, f(2)))(F N f[A] = 0) }:>

b po Mo s wewox i cp)

Hypothesis

= (3U € werO(X, 2)) (U] N f[A] € F 11 f[4] = 0)
= (U € we*O(X, z))(f[U N A] C f[U] N f[A] = 0)
= (AU e we*O(X,z))(UN A =0)
=z ¢ we*-cl(A).
(4) = (5): Let BC Y.
BeY= nygo]thCeSﬁ } = flwe*-cl(f~' [B])] C ker(f [f~ [B]]) C ker(B)

= we*-cl(f~1[B]) C f~![ker(B)].
(5) = (1): Let Ac O(Y).
AeOY)=ker(A)=A
Hypothesis

= f71[A] € we*C(X).

} = we-cl(f1[A]) C f [ker(A)] = 1 [A]

Theorem 4.5. Let f : X — Y be a contra we*-continuous function. Then the followings
hold:

(1) f is we*-continuous if Y is regular.
(2) f is we*-continuous if we*-int(f~[cl(V)]) C f=[V] for every V € O(Y).

Proof. (1) Let x € X and V € O(Y, f(x)).

Ve Oy, f(z))
Y is regular } = oW f6 1sngngr(a 21))2( c(()I/IIl/’;)lnio‘fli } =
= (U € we*O(X,2))(f [U] C (W) C V).
(2) Let V € O(Y).

Veoy)=dV)e o) } s

f is contra we*-continuous

Hel(V)] € we*O(X) } N
Hypothesis

= VI C fHel(V)] = we-int(f~Hcl(V)]) € f7H[V]

— wer-int(f 1 V]) = f1[V]

= f7HV] € we*O(X).

Definition 4.6. A space X is said to be an we*-space (resp. locally we*-indiscrete
space) if every we*-open set is open (resp. closed) in X.
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Theorem 4.7. Let f : X = Y be a contra we*-continuous function. Then the following
properties hold:
(1) If X is an we*-space, then f is contra continuous and contra w-continuous.
(2) If X is locally we*-indiscrete, then f is continuous.
(3) If X is an we*-space and f is a closed surjection, then Y is locally indiscrete.

Proof. (1) Clear.
(2) Let V € O(Y).

vV eo) } = V] € werC(X)

is contra we*-continuous . ..
! X is locally we*-indiscrete

} = V] € O(X).

(3) Let V € O(Y).
VeOo() }

—1 *
f is contra we*-continuous = [V € werC(X) } =

X is an we*-space
= [Tl[V] € C(X)
f is a closed surjection

}:» fFI VI = V e O(X).

Definition 4.8. A function f: X — Y is said to be slightly we*-continuous if f~1[V]
is we*-open in X for every clopen sets V of Y.

Remark 4.9. It is clear that every contra we*-continuous is slightly we*-continuous
but the converse is not true in general as shown by the following example.

Example 4.10. Let (R, 7o) and Y := {1,2} with the topology 7 := {0,Y,{1}}. Let
f (R, Teoe) = (Y, 7) be the function defined by
1, zeR\Q
flw) = { 2, zeQ °
Then f is slightly we*-continuous but neither contra we*-continuous nor contra w/-
continuous.

Theorem 4.11. Let Y be a locally indiscrete space. A function f: X — Y is contra
we* -continuous if and only if f is slightly we*-continuous.

Proof. (=) :Let V€ CO(Y).
Veoow)=vVellW) | iy e peorx).
f is contra we*-continuous
(<) : Let Y be locally indiscrete and V € C(Y).

Vecly) }

Y is locally indiscrete = vV eCo(y)

f is slightly we*-continuous

} = f7HV] € we*O(X).

Definition 4.12. A function f : X — Y is said to be weakly we*-continuous if for every
x € X and every V € O(Y, f(z)), there exists U € we*O(X, x) such that f[U] C cl(V).

Theorem 4.13. If a function f : X — Y is contra we*-continuous, then f is weakly
we™* -continuous.
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Proof. Let x € X and V € C(Y, f(x)).

Ve C(Y, f(IZ?)) =V = CZ(V) Theorem 4.4(3) «

f is contra we*-continuous = (U € werO(X, z))(f[U] € el(V)).
Definition 4.14. The we*-frontier of a subset A of a space X, denoted by we*-Fr(A),
is defined by we*-Fr(A) := we*-cl(A) \ we*-int(A).

Theorem 4.15. Let f : X — Y be a function. The set of all points x € X at which
f: X =Y is not contra we* -continuous is identical with the union of all the we*-frontier
of the inverse images of closed sets of Y containing f(x).

Proof. Let A:= {xz € X|f is not contra we*-continuous at z} and z € A.
xr €A = fisnot contra we*-continuous at x
= (@F €O, f(2))(VU € we"O(X, 2))(f[U] £ F)
= (3F € C(Y, f(2))(VU € we*O(X,z))(U N (X \ f71[F]) #0)
= (z € fUF)(z € we*-cl(X \ f7LF]) = X \ we*-int(f~1[F]))
= 1z €we*-Fr(f~1[F))
Then we have

AC U{we*-Fr(fF)IF € C(Y, f(2)} ... (1)
Let © ¢ A.

v EAT S contn e O ) } ~ (3U € we*O(X, 2))(f[U] € F)

= (U € we*O(X,2))(U C f~1[F))
=z € we*-int(f~[F))
=z ¢ we*-Fr(f~[F ])
= ¢ J{we-Fr(fF)|F € C(Y, f(2))}

Then we have
U {we-Fr(fHF)IF e CY, f)} CA...(2)

(1), (2) = A=U{we-Fr(fF)IF € C(Y, f(2))}.

Lemma 4.16. Let f : X — Y be a function and g : X — X x Y the graph function of
f, defined by g(x) := (z, f(x)) for every x € X. If g is contra we*-continuous, then f
is contra we*-continuous.

Proof. Let U € O(Y).
UeOY)=XxUeO(XxY) }:>

—1 _ -1 *
g is contra we*-continuous (X x Ul =7 U] € werC(X).

Theorem 4.17. Let f,g: X — Y be two functions. If f is contra we*-continuous, g is
contra wa-continuous and Y is Urysohn, then E := {z|f(x) = g(z)} € we*C(X).

Proof. Let x ¢ E.
v ¢ E= f(x)#g(x)
Y is Urysohn
= (3V € O(Y, f(2)))(FW € O(Y, g(x)))(cl(V) N cl(W) = 0) } N
f is contra we*-continuous and ¢ is contra wa-continuous
= (M := fel(V)] € we*O(X,z))(N := g t[cl(W)] € waO(X, z)) } Lemma 3.4(2)
U:=MnNN
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= (U € werO(X,2)) (fIU] N g[U] € fIM] N g[N] € cl(W) N el(V) = 0)

= (U e we*O(X,2))(UNE =0).
Definition 4.18. The graph G(f) of a function f : X — Y is said to be contra we*-
closed if for each (z,y) ¢ G(f), there exist U € we*O(X,z) and V € C(Y,y) such that
U xV)NnG(f)=10.
Lemma 4.19. The graph G(f) of a function f : X — Y is contra we*-closed if and
only if for each (z,y) ¢ G(f), there exist U € we*O(X,z) and V € C(Y,y) such that
flUINV =90.

Proof. Straightforward.

Lemma 4.20. Let f : X — Y be a function. If f is contra we*-continuous and Y 1is
Urysohn, then G(f) is we*-closed in X x Y.

Proof. Let (z,y) ¢ G(f).
e $OU) =y
Y is Urysohn
= (3M € O(Y, f(2)))(3N € O(Y,y))(cl(M) N cl(N) = )
f is contra we*-continuous
= (U € we*O(X,2))(cl(N) € C(Y,y))(fIU]Ncl(N) Cc(M)Necl(N)=0)
V :=cl(N) } =
= (U € we*O(X,x))(3V € C(Y,y))(f[UINV =0).
Lemma 4.21. [11] Let G(f) be a graph of a function f : X — Y, for any subsets A C X
and B CY, we have f[A]N B =0 if and only if (A x B)NG(f) = 0.

Theorem 4.22. Let f : X — Y be an we*-continuous function. Then the following
properties hold:

(1) If Y is Ty, then G(f) is contra we*-closed in X XY,

(2) IfY is Tw, then G(f) is contra we*-closed in X x Y.

Proof. (1) Let (x,y) ¢ G(f).

(@) ¢ G = # /(@) ) } @w e OlZu{e( Dy & 1) } N

= (U € we*O(X,2))(fIlU] CW)(y e Y \ W)

V=Y \W

= (U € we*O(X,z))(V € C(Y,y))(flUINV =0).
(2) It follows from (1).

Definition 4.23. A space X is said to be we*-T} space if for every pair of distinct
points z and y of X, there exist U € we*O(X,x) and V € we*O(X,y) such that y ¢ U
and x ¢ V.

Theorem 4.24. Let f: X — Y have a contra we*-closed graph. If f is injective, then
X is we*-Ty.

Proof. Let x,y € X and x # y.

f is injective

=

y) = (=, f(x)) ¢ G(f) } N

(
G(f) is contra we*-closed
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= (U € we*O(X,x))(3F € C(Y, f(2)))(f[UINF =0) } N
V= fF]
= (U € we*O(X,2))3V € we*O(X,y))(y ¢ U)(x ¢ V).

Remark 4.25. The composition of two contra we*-continuous function need not be
contra we*-continuous as shown by the following example.

Example 4.26. Let (R, 7c.) and Y := {a,b} with the topology o := {0,Y,{a}} and
p:=1{0,Y,{b}}. Let f: (R, Teoc) = (Y, 0) be the function defined by
[ b, zeR\Q
ro={0 TSy
and g : (Y,0) — (Y, p) be the identity function. Then f and g are contra we*-continuous,
but g o f is not contra we*-continuous.

Definition 4.27. A function f : X — Y is said to be we*-irresolute if the inverse image
of every we*-open set in Y is we*-open in X.

Theorem 4.28. Let f: X — Y and g: Y — Z be two functions. Then the following
properties hold:

(1) If f is contra we*-continuous and g is contra continuous, then g o f is contra
we* -continuous.

(2) If f is contra we*-continuous and g is continuous, then g o f is contra we*-
continuous.

(3) If f is we*-irresolute and g is contra we*-continuous, then g o f is contra
we™ -continuous.

Proof. Straightforward.

Definition 4.29. A function f : X — Y is said to be we*-open if f[V] is we*-open in
Y for every we*-open set V of X.

Theorem 4.30. Let f: X — Y be an we*-irresolute surjection and we*-open function
and let g : Y — Z be a function. Then go f is contra we*-continuous if and only if g
s contra we*-continuous.

Proof. (=) : Let F € C(Z).
FeC(2) }

g o f is contra we*-continuous

= (go f)7'[F] € we*O(X) }
f is an we*-open surjection
= g '[F] = f[f g7 [F]l] € we*O(Y).
(«):Let FeC(2).
FeC(Z) }

g is contra we*-continuous

= g '[F] € we*O(Y) } N

f is we*-irresolute
= (go f)7'F] = f~g7 ! [F]] € we*O(X).

Definition 4.31. A function f : X — Y is said to be perfectly we*-continuous if the

inverse of every open set in Y is we*-clopen in X.

Theorem 4.32. Let f: X — Y be a function. Then the followings are equivalent:

(1) f is perfectly we*-continuous;
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(2) f is we*-continuous and contra we*-continuous.

Remark 4.33. We have the following diagram from definitions given above.

contra continuous — contra w-continuous —  contra w/f-continuous
contra e*-continuous = — contra we*-continuous < perfect we*-continuous
slightly we*-continuous < weakly we*-continuous <« we*-continuous

5. Some Fundamental Properties

Definition 5.1. A space X is said to be we*-connected if X can not be expressed as
the disjoint union of two non-empty we*-open sets.

Theorem 5.2. Let f: X — Y be a contra we*-continuous surjection. If X is we*-
connected, then Y is connected.

Proof. Suppose that Y is not connected.
Y is not connected = (U, V e OY)\{0H(UNV =0)(UUV =Y) }
f is contra we*-continuous surjection
(fHUL V] € wer CO)N\NAOH(fHUNV] = 0)(fHUUV] = X)
(fHOL V] € wer CXONAOH (S UIN FH VI = D) (fHUTU fHV] = X)
= (f71UL fHV] € werOONAOH(fHUIN fH VI = 0)(fHUTU fH V] = X)

This means X is not we*-connected which is a contradiction.

=
=

Theorem 5.3. If every contra we*-continuous function from a space X into any Tp-
space Y is constant, then X is we*-connected.

Proof. Suppose that X is not we*-connected and every contra we*-continuous func-
tion from X into any Tp-space Y is constant. Since X is not we*-connected, there
exists a proper nonempty we*-clopen subset A of X. Look at the example 4.26, f is
not constant and f is contra we*-continuous such that Y is Tj. This is a contradiction.
Hence X must be we*-connected.

We recall that a space X is called hyperconnected if the closure of every nonempty
open set is the entire set X. It is well known that every hyperconnected space is
connected but not conversely.

Remark 5.4. A contra we*-continuous surjection do not necessarily preserve
hyperconnectedness as shown by the following example.

Example 5.5. Let X := R with the topologies 7 := {0,X} and ¢ := {A|0 €
A} U{0}. Let f : (X,7) — (X,0) be the identity function. The space (X,7) is a
hyperconnected space and the function f is contra we*-continuous surjection but (X, o)
is not hyperconnected.

Definition 5.6. A topological space X is said to be:
(1) we*-Ty if for every two distinct points = and y in X, there exist U € we*O(X, z)
and V € we*O(X,y) such that UNV = .
(2) weakly Hausdorft [21] if each element of X is an intersection of some regular
closed sets of X.
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(3) ultra normal [17] (resp. we*-normal) if each pair of non-empty disjoint closed
sets can be seperated by disjoint clopen (resp. we*-open) sets.
Theorem 5.7. Let f : X — Y be a contra we*-continuous injection. Then the following
properties holds:
(1) If Y is weakly Hausdorff, then X is we*-Ty,
(2) If Y is a Urysohn space, then X is we*-Ty,
(3) IfY is ultra normal and f is closed, then X is we*-normal.

Proof. (1) Let z,y € X and x # y.
R N i)

1 is injection Y is weakly Hausdorff
= (341 C RO(Y, f(2))({f(2)} = NA1)(BA2 € RC(Y, f(y)){f(y)} = N A2)
= (A € RC(Y, f(2)))(3B € RC(Y, f(y)))(ANB = 9) }
f is contra we*-continuous
= (f7'A] € weO(X, 2))(f~'[B] € we*O(X,y))(f~'[A]
(U = fHAN(V == f71[B])
= (U e we*O(X,2))(V € we*O(X,y))(UNV = 0).
(2) Let z,y € X and = # y.

(z,y € X)(z #y)
f is injection } = YJ.C (igs:)Uny; (()%)n
= (3L € O(Y, f(2)))(3F € O(Yff( ) (cl(E) ﬁcl( )=10) } N
is contra we*-continuous

= (f7Hc(B)] € we*O(X,2))(f~[cl(F)] € we*O(X, y))( Hel(B)]N f Hel(F)] =
(U = fHUEB))V = fH(F)

= (U € we*O(X,2))(V € we*O(X,y))(UNV = 0).

(3) Let E,F € C(X) and ENF = 0.

(E,FeCX)(ENnF=0) _
f is a closed injection } = (fIE] fIF] € C(Y))é}ﬂl?ugléx[i]o;ng)l } =
= (3A € CO(Y, f(E)))(3B € CO(Y, f(F))) (AN B =0) } N
f is contra we*-continuous
= (f7'A] € we*O(X, E))(f~1[B] € we*O(X, F))(f A N f~ 1[ I =0) }:>
(U = fHANV = f~
= (U e we*O(X, E))(V e we*O(X, F))(UNV = 0)
6. Covering Properties

Definition 6.1. A topological space X is said to be:

(1) strongly S-closed [7] if every closed cover of X has a finite subcover,
(2) we*-compact if every we*-open cover of X has a finite subcover,
(3) mildly we*-compact if every we*-clopen cover of X has a finite subcover.

A subset A of a space X is said to be we*-compact relative to X if for any cover
{Ui]i € I} of A by we*-open sets of X, there exists a finite subset Iy of I such that
A ULUi € Lo},
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Theorem 6.2. Let f: X =Y be a contra we*-continuous surjection and T C X. If T
is we*-compact relative to X, then f[T] is strongly S-closed in'Y .

Proof. Let A C C(X) and f[T] C |J A.

(A CO)ST] € UA) } = (Bi= {fV[A]|A € A} C werO(X))(T € UB)
f is contra we*-continuous . N . =

T is we*-compact relative to X
= (3B" C B)(|B"| < Ro)(I' € UB")
(A* .= {f[B]|B € B*})(f is surjective)
Definition 6.3. A subset A of a space X is said to be we*-regular open if A =

we*-int(we*-cl(A)). The complement of an we*-regular open set is called an we*-regular
closed set.

} S (A" C AY(AT] < R)(FIT] € UA).

Definition 6.4. An open cover {U;|i € I'} of a space X is called an we*-regular cover
if for every i € I, there exist a non-empty we*-regular closed subset C; of X such that
C; CU; and X = |J;; we*-int(C;).

Definition 6.5. A topological space X is said to be weakly we*-regular Lindeldf if
every we*-regular cover {U;|i € I} of X has a countable subset {i,|n € N} C I such
that X = we*-cl (U, en Uiy, )-

Theorem 6.6. Let (X, 7) and (Y,0) be two topological spaces and let f : X — Y be
a function. If (X, 1) is weakly we*-regular Lindeldf space and f is both contra we*-
continuous and continuous, then (f[X],ox)) is Lindeldf.

Proof. Let B C oyx) and f[X]=JB.
(BCosx)) (fFIX]=UB) N
f is contra we*-continuous and continuous
= (A:={f"1B]|B € B} Cwe*CO(X)) (X =UA) N
(X, 7) is weakly we*-regular Lindelof
= (3A* C A)(JA*| < Ng) (X = we*-cl (Upeu A)) N
B* :={B|f~'[B] € A*}
= (UB* € 7)(B* € B)(|B*| < Ro) (X = we*-cl (Ugep- [ [B]) =we*-c (f~+[UB*])) N
f is contra we*-continuous
= (B* C B)(IB*| < Ro)(X = we~cl(fH [UB*]) = f~ [UB*])
= (B* C B)(I1B*| < Ro)(f[X] =UB").
Theorem 6.7. Let f : X — Y be a function. Then the following properties hold:
(1) If f is a contra we*-continuous surjection and X is we*-compact, then Y is
strongly S-closed.

(2) If f is a perfectly we*-continuous surjection and X is midly we*-compact, then
Y is strongly S-closed.

Proof. (1) Let ACC(Y)and Y =J A

AcCc)Y=UA) (1 " _
f is contra we*-continuous } = (B:={f"AAc A C we}?g?;)e(’g—(c;mgagcz } =
= (3B" C B)(|B*| < Ro)(X =B")

(A* .= {f[A]|A € B*})(f is surjective) } = (A" C (AT < Ro) (Y = UAY).
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(2)Let ACC(Y)and Y = A.
(Acc)Y=UA)
f is perfectly we*-continuous
= (B:={f'[A]|A € A} C we*CO(X))(X =UB) }
X is midly we*-compact
= (3B" C B)(|B"| < Ro)(X =UB") N . e
(A* = {f[A]|A € B*})(f is surjective) } = (AT C (AT < Ro) (Y = U.AY).

7. Strongly contra we*-closed graphs

Definition 7.1. The graph G(f) of a function f: X — Y is said to be strongly contra
we*-closed if for each (z,y) ¢ G(f), there exist U € we*O(X, z) and V € RC(Y,y) such
that (U x V)N G(f) = 0.

Lemma 7.2. The following properties are equivalent for a graph G(f) of a function
f: X-=>Y:
(1) G(f) is strongly contra we*-closed;
(2) For every point (z,y) ¢ G(f), there exist U € we*(X,z) and V € RC(Y,y)
such that flUINV =0.
Proof. (1) = (2) : Let (z,y) ¢ G(f).
(xﬁ?pftfe(ii } ~ (AU € werO(X,2))(3V € RO(Y.))(U x V)N G(f) = 0)
= (U € werO(X,2))(3V € RC(Y,y))(flU]NV = ).
(2) = (1) : Let (z,y) ¢ G(f).

<wHy;p¢tf<f> = (AU € we*O(X,2))(3V € RC(Y,y))(flU]NV =0)

= (U € we*O(X,2))(3V € RCY,y))(U x V)N G(f) = 0).

Theorem 7.3. Let f: X — Y be a function such thatY is a Urysohn space. Then the
following properties hold:

(1) If f is weakly we*-continuous, then G(f) is strongly contra we*-closed in X XY,
(2) If f is contra we*-continuous, then G(f) is strongly contra we*-closed in X XY .

Proof. (1) Let (x,y) ¢ G(f).
(z,y) ¢ G(f) =y # f(x)
Y is Urysohn
= (AM € O(Y,y))(3N € O(Y, f(x)))(cl(M) Necl(N) = 0)
f is weakly we*-continuous
= (IM € O(Y,y))(3U € we*O(X,z))(f|U] C c(N))(cl(M) Necl(N) = 0) } N
V i=c(M)
= (U € we*O(X,x))(V € RO(Y,y))(f[UINV =0).
(2) This is obvious from the fact that every contra we*-continuous function is weakly
we*-continuous.

Theorem 7.4. If the collection of all we*-open sets form a topological space on X and
G(f) is contra we*-closed, the inverse image of a strongly S-closed subspace K of Y is
we*-closed in X.
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Proof. Let x ¢ f~'[K].
o ¢ J7K) = (k€ K)((w8) ¢ G(P) }
G(f) is contra we*-closed
= (U € we*O(X,2))(3Vi € RC(Y, k) (f[Ux] NV = 0)
= (AU € we*O(X, )3V € C(Y, k))(f[ N (VeNK)=10)
(VkﬂKEC(K O'K)( kEK(Vka) K) =
K is strongly S-closed
= (3Ko € K)(|Ko| < Ro)(K C Upex, Vi)
U= Miexo Ur = fIUl = f [Niex, Ur] € Niex, U ¢ =
we*O(X) is a topology on X
= (U € werO(X,2)) (flUINK C (Nier, FIU) N (Uiex, Vi) =0)
= (U € we*O(X,z))(UN f~HK] =0)
=z ¢ we*-cl(f1K)).
[

Lemma 7.5. [7] Strong S-closedness is open hereditary.

Theorem 7.6. LetY be a strongly S-closed space. If the collection of all we*-open sets
form a topological space on X and a function f : X — Y has the contra we*-closed
graph, then f is contra we*-continuous.

Proof. Let U € O(X).
UeOX) hemmg 7.5 (U, 1) is strongly S-closed Theorgm 74 ¢ U] € werC(X).
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