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Abstract. Let (X, 1,I) be an ideal topological space. A subset A of X is said to
be 0-I-compact relative to X if for every cover U of A by 6-open sets of X, there
exists a finite subset Up of U such that A\ U Ug € I. We obtain several properties
of these sets. Moreover, for a function f : (X,7,I) — (Y,0) we define an ideal
Jy={B CY : f~Y(B) €I} and by using ideals f(I) [7] and J; on Y we obtain
several preservation theorems.

1. Introduction

In 1967, Newcomb [7] introduced the notion of compactness modulo an ideal. Ranéin
[9] and Hamlett and Jankovié¢ [2] further investigated this notion and obtained some
more properties of compactness modulo an ideal. The present authors [4] introduced
and studied compactness via ideals called 8-I-compactness. In this paper, we define a
subset A of an ideal topological space (X, 7,I) to be #-I-compact relative to X if for
every cover U of A by 6-open sets of X, there exists a finite subset Uy of U such that
A\ U Uy € I. We obtain several properties of these sets. And also, we define and
investigate two kinds of strong forms of ”#-I-compact relative to X”. Moreover, for a
function f : (X,7,1) — (Y,0) we define an ideal J; = {B C Y : f~Y(B) € I} and by
using ideals f(I) [7] and J; on Y we obtain several preservation theorms.

2. Preliminaries

The notion of ideals has been introduced in [6] and [10] and further investigated in

[5].
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Definition 2.1. A nonempty collection I of subsets of a set X is called an ideal on X
[6], [10] if it satisfies the following two conditions:

(1) A€ I and B C A implies B € 1,

(2) A€ and B €I implies AUB € 1.

A topological space (X, 7) with an ideal I on X is called an ideal topological space
and is denoted by (X, 7,1).

Lemma 2.2. [7] For a function f : (X,7) = (Y,0) and ideals I and J, the following
properties hold:

(1) if f is surjective and I is an ideal on X, then f(I) = {f(A) : A € I} is an ideal
on 'Y,

(2) if f is injective and J is an ideal on Y, then f=1(J) = {f~Y(B) : B € J} is an
ideal on X.

Lemma 2.3. Let (X, 7,I) be an ideal topological space, f: (X, 7,I) = (Y,0) a function
and J; ={B CY : f~Y(B) € I}. Then the following properties hold:

(1) Jr is an ideal on Y,

(2) if f is injective, then I C f~1(J;),

(3) if f is surjective, then Jy C f(I),

(4) if f is bijective, then Jr = f(I).

Proof. (1) (i) Let A,B € J;, then f~1(A), f~Y(B) € I and f~}(AUB) = f~}(A) U
f~1(B) € I. Therefore, AUB € I. (ii) Let A C B and B € Jy, then f~1(A) C f~1(B) €
I. Hence f~*(A) € I and A € J;. Therefore, J; is an ideal on Y.

(2) Since f is injective, for any A € I, f~1(f(A)) = A € I and f(A) € Jr. Therefore,
A€ fﬁl(J]) and I C fﬁl(‘][).

(3) For any B € Jy, f~Y(B) € I. Since f is surjective, B = f(f~1(B)) € f(I) and
hence Jr C f(I).

(4)The proof is obvious by (2) and (3). O

Let (X, 7) be a topological space and A be a subset of X. The closure of A is denoted
by Cl(A) and the interior of A is denoted by Int(A). A point x € X is called a 6-cluster
point of a subset A of X if CI(V)) NA # () for every open set V containing x. The set of
all f-cluster points of A is called the -closure of A and is denoted by Clg(A4). If A =
Clg(A), then A is said to be #-closed [11]. The complement of a 6-closed set is said to
be #-open. The union of all #-open sets contained in A is called the 6-interior of A and
is denoted by Intg(A). It is shown in [11] that Cly(V) = CI(V) for every open set V of
X and Cly(S) is closed in X for every subset S of X. For a topological space (X, 7),
the family of all f-open sets of (X, 7) forms a topology for X which is weaker than 7.
This topology is usually denoted by 9.

Definition 2.4. An ideal topological space (X, 7, ) is said to be 6-I-compact [4] if for
each cover {U, : a € A} of X by 6-open sets of X, there exists a finite subset Ag of A
such that X \ U{U, : @ € Ap} € I.

Definition 2.5. Let (X, 7) be a topological space. A subset A of X is said to be -
compact relative to X [3] if for each cover {U, : & € A} of A by #-open sets of X, there
exists a finite subset Ay of A such that A C U{U, : @ € Ag}.
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Definition 2.6. A topological space (X, 7) is said to be 8-compact [3] if the set X is
f-compact relative to X.

Definition 2.7. A function f : (X,7) — (Y, 0) is said to be

(1) quasi 6-continuous [8] if f~1(V) is f-open in (X,7) for every f-open set V in
(¥, 0),

(2) M-8-open [1] f(U) is #-open in (Y, o) for every f-open set U of (X, 7).

3. #-I-compact sets

Definition 3.1. Let (X, 7,T) be an ideal topological space. A subset A of X is said to
be 0-I-compact relative to X if for every cover {U, : o € A} of A by f-open sets of X,
there exists a finite subset Ag of A such that A\ U{U, : a € Ag} € I.

Remark 3.2. Let (X, 7, 1) be an ideal topological space. If I = {0}, then ”6-I-compact
relative to X7 coincides with ”#-compact relative to X”.

Theorem 3.3. Let (X,7,1) be an ideal topological space. For a subset A of X, the
following properties are equivalent:

(1) A is 0-I-compact relative to X;

(2) for every family {Fy : o € A} of O-closed sets of X such that AN (N{Fy : a €
A}) =10, there exists a finite subset Ag of A such that AN (N{F, : a € Ag}) € I.

Proof. (1) = (2): Let {F, : a € A} be a family of #-closed sets of X such that
AN(N{F, : « € A}) = 0. Then, wehave A C X\ (N{F, :a € A}) = U{X\F,:a € A}
Since X \ F, is f-open for each oo € A, by (1) there exists a finite subset Ag of A such
that A\ (U{X \ Fy : « € Ag}) € I. Therefore, we have

AN(N{Fy :a € Ap}) = ANX\NU{(X\Fo:a € Ag})] = A\N(U{X\Fy:a € Ag}) € 1.

(2) = (1): Let {Uy : a« € A} be any cover of A by #-open sets of X. Then
ANX\WU, : a € A}) = AN(N{X\U, : @« € A}) = 0. Since X \U, is 6-closed for each
a € A, by (2) there exists a finite subset Ag of A such that AN(N{X\U, : « € Ag}) € I.
Therefore, we have

AN(M{X\Uy:a€Ap}) =AN(X\WUy:a € Ag}) = A\U{U, : a € Ag} € 1.
This shows that A is #-I-compact relative to X. O

Corollary 3.4. (Theorem 2.1 of [4]) For an ideal topological space (X,7,I), the
following properties are equivalent:

(1) (X,7,1I) is 6-I-compact;

(2) for every family {F, : o € A} of f-closed sets of X such that N{F, : o € A} = 0),
there exists a finite subset Ay of A such that N{F, : @ € Ag} € I.

Definition 3.5. Let (X, 7,T) be an ideal topological space. A subset A of X is said to
be

(1) 0Ig-closed if Cly(A) C U whenever A\ U € I and U is #-open,

(2) Og-closed if Clg(A) C U whenever A C U and U is f-open.
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Theorem 3.6. Let (X, 7,I) be an ideal topological space and A, B subsets of X such
that A C B C Cly(A), then the following properties are hold:

(1) if A is 0-I-compact relative to X and 0Ig-closed, then B is -compact relative to
X,

(2) if B is 0-1-compact relative to X and 0g-closed, then A is 0-1-compact relative to
X.

Proof. (1): Suppose that A is 6-I-compact relative to X and 0Ig-closed. Let {U, : a €
A} be any cover of B by #-open sets of X. Then {U, : « € A} is a cover of A by #-open
sets of X. Since A is 6-I-compact relative to X, there exists a finite subset Ay of A
such that A\ U{U, : o € Ag} € I. Since A is 0Ig-closed, Clp(A) C U{U, : a € Ag}.
Since B C Clg(A), we have B C U{U, : a € Ag}. Therefore, B is #-compact relative to
X.

(2): Suppose that B is #-I-compact relative to X and fg-closed. Let {U, : o € A}
be any cover of A by #-open sets of X. Since A is fg-closed, we have B C Cly(A4) C
U{U, : @ € A}. Since B is §-I-compact relative to X, there exists a finite subset Ag of
A such that B\ U{U, : « € Ag} € I. Since A C B,A\U{U, : a € Ap} € I. Therefore,
A is 6-I-compact relative to X.

O

Corollary 3.7. Let (X,7,I) be an ideal topological space. If A is 6Ig-closed and
A C B C Clg(A), then the following properties are equivalent:

(1) A is #-I-compact relative to X;

(2) B is 6-I-compact relative to X.

Theorem 3.8. Let (X, 7,I) be an ideal topological space. If subsets A and B of X are
0-1-compact relative to X, then AU B is 0-1-compact relative to X.

Proof. Let U = {U, : a € A} be any cover of AU B by 6-open sets of X. Then U
is a cover of A and B by f-open sets of X. Since A and B are 6-I-compact relative
to X, there exist finite subsets A4 and Ap of A and subsets I4 and Ig of I such
that A C UW{Uy : @ € Ay} Uly and B € U{U, : « € Ag} U Ig. Hence we
have AUB C UW{U, : @ € AgUAp} U (14 UIp). Since I is an ideal, we have
(AUB)\U{U, : « € Ay UAp} € I. This shows that AU B is 6-I-compact relative to
X. O

Theorem 3.9. Let (X, 7,1) be an ideal topological space, and A, B be subsets of X. If
A is 0-1-compact relative to X and B is 0-closed, then AN B is 0-1-compact relative to
X.

Proof. Let {U, : @ € A} be a cover of AN B by #-open sets of X. Then A\ BC X\ B
and X \ B is f-open. Then {U, : « € A} U{X \ B} is a cover of A by f-open sets of
X. Since A is #-I-compact relative to X, there exists a finite subset Ay of A such that
AC (WUy € Ag})U{X \ B} U Iy, where Iy € I. Then we have

(AQB)C(U{UaﬂBZOéEAo})U(IoﬂB)CU{U(XZOCEA()}UI().

Therefore, (AN B) \ U{U,, : o € Ag} C Iy € I. This shows that AN B is #-I-compact
relative to X. ]
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Corollary 3.10. If an ideal topological space (X, 7, I) is -I-compact and B is 6-closed,
then B is #-I-compact relative to X.

Theorem 3.11. If f : (X, 7,1) — (Y, 0) is a surjective quasi 0-continuous function and
A is 0-I-compact relative to X, then f(A) is 0-f(I)-compact relative to Y.

Proof. Suppose that A is #-I-compact relative to X. Let {V,, : « € A} be any cover
of f(A) by 0-open sets of Y. Since f is quasi -continuous, {f~1(V,) : a € A} is
a cover of A by 6-open sets of X. Since A is #-I-compact relative to X, there exists
a finte subset Ag of A such that A\ U{f~1(V,) : @« € Ag} € I. Hence we have
AcC U{f Y (Vh) : a € Ag} Uy, where Iy € I and f(A) C U{V, : a € Ao} U f(Ip).
Therefore, we have f(A)\ U{V, : @ € Ag} € f(I). This shows that f(A) is 6-f(I)-
compact relative to Y. O

Corollary 3.12. (Theorem 2.8 of [4]) If f : (X,7,I) — (Y,0) is a surjective quasi
f-continuous function and (X, 7, I) is 6-I-compact, then (Y, o, f(I)) is 6-f(I)-compact.

Theorem 3.13. Let f: (X,7) — (Y,0,J) be an M-0-open bijective function. If B is
6-J-compact relative to Y, then f~1(B) is 0-f~1(J)-compact relative to X.

Proof. Since f~!: (Y,0,J) — (X, 7) is a quasi-continuous bijection, by Theorem 3.11
the proof is obvious. O

Corollary 3.14. (Theorem 2.10 of [4]) Let f : (X,7) — (Y,0,J) be an M-6-open
bijective function and (Y, o, J) is -J-compact, then (X, 7, f~1(J)) is - f ~1(J)-compact.

Theorem 3.15. If f : (X, 7,1) — (Y, 0) is an injective quasi 0-continuous function and
A is 6-I-compact relative to X, then f(A) is 6-Jr-compact relative to Y.

Proof. Let {V, : @ € A} be any cover of f(A) by f-open sets of Y. Then A C
FHf(A) € UW{fY(Va) : a € A} and f71(V,) is f-open in X for each a € A.
Since A is #-I-compact relative to X, there exists a finite subset Ay of A such that
A\NU{f Y (Va) @ € Ag} € I. Hence A C U{f"} (V) : a € Ao} U I, where Iy € I.
Therefore, we have f(A) C U{f(f~1(Va)):a € Aot U f(Iy) C U{Va :a € A} U f(Ip).
Since f is injective, f~1(f(Iy)) = Iy € I and f(Iy) € J;. Consequently, we obtain
FA\U{V, : « € Ag} € Jr. This shows that f(A) is 6-J;-compact relative to Y. O

4. Strongly 6-I-compact sets

Definition 4.1. Let (X, 7,I) be an ideal topological space. A subset A of X is said to
be strongly 0-I-compact relative to X if for every family {U, : a« € A} of f-open sets
of X such that A\ U{U, : @ € A} € I, there exists a finite subset Ay of A such that
A\NU{U, : € Ag} € 1.

Definition 4.2. An ideal topological space (X, 7, 1) is said to be strongly 6-I-compact
if the set X is strongly #-I-compact relative to X.

Theorem 4.3. Let (X, 7,I) be an ideal topological space. For a subset A of X, the
following properties are equivalent:

(1) A is strongly 6-I-compact relative to X ;

(2) for every family {Fy : o € A} of O-closed sets of X such that AN (N{Fy : o €
A}) € 1, there exists a finite subset Ao of A such that AN (N{Fy : @ € Ap}) € 1.
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Proof. (1) = (2): Let {F, : o € A} be a family of #-closed sets of X such that
AN({Fy, :a € A}) € I. Then AN\U{X\Fy:a e A}) = A\ (X\N{F, : a €
A}) = An(N{F, : « € A}) € I. Since X \ F, is f-open for each a € A and A is
strongly #-I-compact relative to X by (1), there exists a finite subset A of A such that
A\NU{X\ F, : a € Ap} € I. This implies that AN (N{Fy : a € Ap}) = A\ (X \ (N{Fy :
o€ A()})) :A\U{X\FQZCKGA()} el.

(2) = (1): Let {U, : a € A} be a family of f-open sets of X such that
A\NUW{U, : « € A} € I. Then {X\U, : @ € A} is a family of #-closed sets of X and also
A\WUy ra € A} = AN(X\U{U, : @ € A}) = AN(N{X\U, : a« € A}) € I. Thus by (2)
there exists a finite subset Ay of A such that AN (N{X \ U, : @ € Ag}) € I. Therefore,
we have A\U{Uy, : v € Ag} = AN(X\U{U, : @ € Ag}) = AN(N{X\Uy : v € Ag}) € 1.
This shows that A is strongly #-I-compact relative to X. O

Corollary 4.4. For an ideal topological space (X, 7,I), the following properties are
equivalent:

(1) (X, 7,1) is strongly 6-I-compact;

(2) for every family {F, : o € A} of f-closed sets of X such that N{F, : « € A} € I,
there exists a finite subset Ag of A such that N{F, : a« € Ap} € I.

Theorem 4.5. Let (X,7,1) be an ideal topological space. If A is 0Ig-closed and
A C B C Clyg(A), then the following properties are equivalent:

(1) A is strongly 6-I-compact relative to X ;

(2) B is strongly 0-I-compact relative to X.

Proof. (1) = (2): Suppose that A is strongly 6-I-compact relative to X. Let {U, : a €
A} be a family of 6-open sets of X such that B\U{U, : « € A} € I. Then A\U{U, : a €
A} € I. Since A is strongly 6-I-compact relative to X, there exists a finite subset Ag of
A such that A\ U{U,, : « € Ag} € 1. Since A is 6Ig-closed, Clp(A) C U{U, : a € Ag}.
Since B C Cly(A), we have B\ U{U, : @ € Ag} C Cly(A)\U{U, : « € Ag} =0 € 1.
Therefore, B is strongly 6-I-compact relative to X.

(2) = (1): Suppose that B is strongly 6-I-compact relative to X. Let {U, : o € A}
be any family of f-open sets of X such that A\ U{U, : « € A} € I. Since A is 6Ig-
closed, we have B C Clg(A) C U{U, : @ € A}. Since B is strongly 6-I-compact relative
to X, there exists a finite subset Ay of A such that B\ U{U, : a € Ag} € I. Since
A C B, A\U{U, : @ € Ap} € I. Therefore, A is strongly 6-I-compact relative to X. O

Theorem 4.6. Let (X, 7,I) be an ideal topological space. If subsets A and B of X are
strongly 0-I-compact relative to X, then AU B is strongly 0-1-compact relative to X .

Proof. Let {U, : @ € A} be any family of f-open sets of X such that (AU B) \ U{U, :
a € A} eI Then A\U{U, : « € A} € T and B\ U{U, : @« € A} € I. Since
A and B are strongly 6-I-compact relative to X, there exist finite subsets A4 and
Ap of A and subsets I4 and Ip of I such that A C U{U, : o € A} U I, and
B cCc U{U, :a € Ag}UIp. Hence we have (AUB) C U{U, : @« € Ay UAB}YU(I4UIp).
Since I is an ideal, we have (AU B)\U{U, : « € A4 UAp} € I. This shows that AU B
is strongly #-I-compact relative to X. O

Theorem 4.7. Let (X,7,1) be an ideal topological space, and A, B be subsets of X.
If A is strongly 0-1-compact relative to X and B is 0-closed, then AN B is strongly
0-I-compact relative to X .
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Proof. Let {U, : o € A} be a family of 6-open sets of X such that (AN B)\ U{U, :
a € A} € I. Then {U, : « € A} U{X \ B} is a family of 6-open sets of X such that
A\ [(X\B)U (U{U, : @« € A})] € I. Since A is strongly 6-I-compact relative to X,
there exists a finite subset Ay of A such that A C U{U, : o € Ag} U{X \ B}| U Iy,
where Iy € I. Then we have

(ANB) C[UW{UaNB:ae Ao} JUIyNB) C[U{Uy:a € Ao}t UI.

Therefore, (AN B)\ U{Uy : @ € Ag} C Iy € I. This shows that AN B is strongly
0-I-compact relative to X. ([

Corollary 4.8. If an ideal topological space (X, 1, I) is strongly 6-I-compact and B is
f-closed, then B is strongly -I-compact relative to X.

Theorem 4.9. If f : (X, 7,1) — (Y, 0) is a bijective quasi 6-continuous function and A
is strongly 0-I-compact relative to X, then f(A) is strongly 0-f(I)-compact relative to Y.

Proof. Suppose that A is strongly 6-I-compact relative to X. Let {V, : a € A}
be any family of f-open sets in Y such that f(A)\ U{V, : @ € A} € f(I). Then
f(A) c U{V, : a € A} U f(Ip) for some Iy € I. Since f is bijective, A = f~1(f(A)) C
U{f *(Va) : @« € A} U Iy and hence A\ U{f"}(V,) : @« € A} € I. Since f is quasi
f-continuous, {f~1(V,) : a € A} is a family of #-open sets of X. Since A is strongly
0-I-compact relative to X, there exists a finite subset Ag of A such that A\U{f~(V,) :
a € Ag} € I. Hence we have A C U{f~1(V,) : @ € A¢} U I4, where I4 € I and
fA) C U{V, : @ € Ap} U f(I4). Therefore, we have f(A)\ U{Vy : @ € Ao} € f(I).
This shows that f(A) is strongly 6-f(I)-compact relative to Y. O

Corollary 4.10. If f: (X, 7,I) = (Y, 0) is a bijective quasi -continuous function and
(X, 7, 1) is strongly 6-I-compact, then (Y, o, f(I)) is strongly 6-f(I)-compact.

Theorem 4.11. If f : (X, 7,1) — (Y, 0) is a quasi 8-continuous injective function and
A is strongly 0-1-compact relative to X, then f(A) is strongly 0-Jr-compact relative to Y.

Proof. Suppose that A is strongly 6-I-compact relative to X. Let {V,, : « € A} be any
family of #-open sets in Y such that f(A)\ U{V, : a € A} € J;. Then f(A) C U{V, :
a € A} U Jp for some Jy € J;. Then A C f7H(f(A)) C U{f 1 (Va):a € AYU f71(Jp)
and hence A\U{f~1(V,) : « € A} € I. Since f is quasi §-continuous, {f~1(V,) : « € A}
is a family of 6-open sets of X. Since A is strongly 6-I-compact relative to X, there
exists a finite subset A of A such that A\ U{f~1(V,) : a € Ay} € I. Hence we have
AcCU{f1(Va) : a € Ag} C Iy, where Iy € I and f(A) C U{V, : a € Ao} U f(Ip).
Since f is injective, we have f(A) \ U{V, : @ € Ap} € Jr and hence f(A) is strongly
0-Jr-compact relative to Y. O

Corollary 4.12. If f: (X, 7,I) — (Y, 0) is a bijective quasi -continuous function and
(X, 7,1) is strongly #-I-compact, then (Y, o) is strongly 6-J;-compact.

5. Super #-I-compact sets

Definition 5.1. Let (X, 7,I) be an ideal topological space. A subset A of X is said
to be super 0-I-compact relative to X if for every family {U, : o € A} of 6-open sets
of X such that A\ U{U, : @ € A} € I, there exists a finite subset Ay of A such that
ACU{U, : a € A}



86 S. Jafari, T. Noiri, and V. Popa

Definition 5.2. An ideal topological space (X, 7,I) is said to be super 0-I-compact if
the set X is super 6-I-compact relative to X.

Theorem 5.3. Let (X, 7,I) be an ideal topological space. For a subset A of X, the
following properties are equivalent:

(1) A is super 0-I-compact relative to X;

(2) for every family {F, : « € A} of 0-closed sets of X such that AN (N{Fy : a €
A}) € I, there exists a finite subset Ag of A such that AN (N{F, : a € Ag}) = 0.

Proof. (1) = (2): Let {F, : a € A} be a family of #-closed sets of X such that
AN(N{Fy:ae€ A})eI. Then {X\ F, : a € A} is a family of §-open sets of X. Then
ANU{(X\Fo):ae A} =AN[X\(X\N{Fa:aeAD]|=An(N{Fy:a € A}) eI
Since A\U{(X \ F,) : a« € A} € I, by (1) there exists a finite subset Ay of A such that
ACU{(X\ F,):a€ Ay} Thisimplies that AN ({F, : a € Ag}) = 0.

(2) = (1): Let {U, : @ € A} be a family of f-open sets of X such that
A\WU, : « € A} € I. Then {X \ U, : a € A} is a family of #-closed sets of
Xand AN(M{X\Uy:aeA}) = AN (X \U{U, : o € A}) € I. Thus by (2)
there exists a finite subset Ag of A such that AN (N{X \ Uy : @ € Ag}) = 0; hence
A CU{U, : a € Ag}. This shows that (X, 7, 1) is super 6-I-compact. O

Corollary 5.4. For an ideal topological space (X, 7,I), the following properties are
equivalent:

(1) (X, 7,1) is super 6-I-compact;

(2) for every family {F, : o € A} of f-closed sets of X such that N{F, : « € A} € I,
there exists a finite subset Ag of A such that N{F, : « € Ay} = 0.

Theorem 5.5. Let (X, 7,I) be an ideal topological space and A, B subsets of X such
that A C B C Clg(A), then the following properties are hold:

(1) if A is super 0-I-compact relative to X and 0g-closed, then, B is super 0-1-compact
relative to X,

(2) if A is strongly 0-I-compact relative to X and 01g-closed, then B is super 0-I-
compact relative to X,

(3) if B is 0-compact relative to X and A is 01g-closed, then A is super 6-I-compact
relative to X.

Proof. (1): Suppose that A is super -I-compact relative to X and fg-closed. Let
{Us : @ € A} be a family of f-open sets of X such that B\ U{U, : o € A} € I.
Then A\ U{U, : o € A} € I. Since A is super #-I-compact relative to X, there
exists a finite subset Ay of A such that A C U{U, : a € Ag}. Since A is Og-closed,
Clp(A) C U{U, : @ € Ag}. Since B C Clg(A), we have B C U{U,, : @ € A}. Therefore,
B is super 6-I-compact relative to X.

(2): Suppose that A is strongly #-I-compact relative to X and 0Ig-closed. Let
{Us : @ € A} be a family of f-open sets of X such that B\ U{U, : « € A} € I.
Then A\ U{U, : « € A} € I. Since A is strongly 6-I-compact relative to X, there
exists a finite subset Ag of A such that A\ U{U, : o € Ag} € I. Since A is 6Ig-closed,
Clg(A) C U{U, : @ € Ag}. Since B C Clg(A), we have B C U{U,, : o € A}. Therefore,
B is super 6-I-compact relative to X.

(3): Suppose that B is §-compact relative to X and A is 01g-closed. Let {U, : « € A}
be any family of 6-open sets of X such that A\U{U, : « € A} € I. Since A is 81g-closed,
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we have B C Clg(A) C U{U, : & € A}. Since B is §-compact relative to X, there exists a
finite subset Ay of A such that B C U{U, : @« € Ag}. Since A C B,A C U{U, : @ € Ag}.
Therefore, A is super #-I-compact relative to X. O

Corollary 5.6. Let (X,7,I) be an ideal topological space. If A is 6Ig-closed and
A C B C Clyg(A), then the following properties are equivalent:

(1) A is super 6-I-compact relative to X;

(2) B is super 6-I-compact relative to X.

Theorem 5.7. Let (X, 7,1) be an ideal topological space. If subsets A and B of X are
super 0-1-compact relative to X, then AU B is super 0-1-compact relative to X.

Proof. Let {Uy : @ € A} be any family of -open sets of X such that (AU B) \ U{U, :
ac A} € I. Then A\U{U, : « € A} € T and B\ U{U, : @« € A} € I. Since
A and B are super 6-I-compact relative to X, there exist finite subsets A4 and Ap
of A such that A C U{U, : @ € Aa} and B C U{U, : @« € Ag}. Hence we have
(AUB) C WU, : @« € AgUAg}. This shows that AU B is super #-I-compact relative
to X. (]

Theorem 5.8. Let (X, 7,1) be an ideal topological space, and A, B be subsets of X. If
A is super 0-1-compact relative to X and B is 0-closed, then AN B is super 0-1-compact
relative to X.

Proof. Let {U, : o € A} be a family of #-open sets of X such that (AN B)\ U{U, :
a € A} € I. Then {U, : @ € A} U{X \ B} is a family of 6-open sets of X such that
AC[(X\B)U(U{U, : @ € A})]U Iy, where Iy € I. Since A is super f-compact relative
to X, there exists a finite subset Ag of A such that A C [U{U, : a € Ag}]U{X \ B}.
Then we have (AN B) C W{Uy, N B :a € Ag} C U{U, : a € Ap}. This shows that
AN B is super #-I-compact relative to X. O

Corollary 5.9. If an ideal topological space (X, 7, ) is super #-I-compact and B is
f-closed, then B is super #-I-compact relative to X.

Theorem 5.10. If f : (X,7,1) — (Y, 0) is a bijective quasi 0-continuous function and
A is super 0-I-compact relative to X, then f(A) is super 0-f(I)-compact relative to Y.

Proof. Suppose that A is super #-I-compact relative to X. Let {V, : @ € A} be
any family of f-open sets in Y such that f(A) \ U{V, : a € A} € f(I). Then
f(A) CU{V, :a € A} U f(Ip) for some Iy € I. Since f is bijective, A = f~(f(4)) C
U{f"'(Va) : a € A} U Iy and hence A\ U{f"}(V,) : @« € A} € I. Since f is
quasi f-continuous, {f~1(V,) : a € A} is a family of f-open sets of X. Since A
is super f-I-compact relative to X, there exists a finte subset Ag of A such that
A Cc U{fY(Va) : @ € Ag}. Hence we have f(A) C U{V, : a € Ag} and hence
f(A) is super 6-f(I)-compact relative to Y. O

Corollary 5.11. If f: (X, 7,I) — (Y,0) is a bijective quasi #-continuous function and
(X, 7,1) is super 6-I-compact, then (Y, o, f(I)) is super 6-f(I)-compact.

Theorem 5.12. If f : (X, 7,I) — (Y, 0) is a quasi 8-continuous function and A is super
0-I-compact relative to X, then f(A) is super 6-Jr-compact relative to Y.
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Proof. Suppose that A is super #-I-compact relative to X. Let {V, : @ € A} be any
family of #-open sets in Y such that f(A)\ U{V, : @ € A} € J;. Then f(A) C U{V,:
a € A} U Jp for some Jy € Jr. Then A C f7H(f(A)) C U{f~ (Va) : € AU f71(Jp)
and hence A\ U{f7'(V,) : @« € A} C f~(Jo) € I. Since f is quasi -continuous,
{f~%(V,) : @ € A} is a family of #-open sets of X. Since A is super §-I-compact relative
to X, there exists a finte subset Ag of A such that A C U{f 1 (V,) : a € Ag}. Hence
we have f(A) C U{f(f~1(Va)):a € Ag} C U{V, : @ € Ag}. Therefore, f(A) is super
0-Jr-compact relative to Y. O

Corollary 5.13. If f : (X, 7,I) — (Y, 0) is a surjective quasi #-continuous function and
(X, 7,1) is super 6-I-compact, then (Y, o) is super #-J;-compact.

Remark 5.14. We have the following relationships:

super #-I-compact relative to X = strongly 6-I-compact relative to X

¢ 4

f-compact relative to X = #-I-compact relative to X
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