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Abstract. In this paper, we consider an iterative system of fractional order
boundary value problems with Riemann-Stieltjes integral boundary conditions. By
applying Krasnosellski’s cone fixed point theorem on a Banach space, we derive
sufficient conditions for the existence of denumerably many positive solutions to the
boundary value problem.

1. Introduction

Differential equations have wide applications in various engineering and science
disciplines. In general, modeling of the variation of a physical quantity, such as
temperature, pressure, displacement, velocity, stress, strain, current, voltage, or
concentration of a pollutant, with the change of time or location, or both would result
in differential equations. There are many techniques to solve a differential equations,
see [7,12,13,16-18] and references therein. On the other hand, fractional derivative
gives a perfect aid to characterize the memory and hereditary properties of various
processes and materials, therefore differential equations of fractional order are being
used in modeling of electrical and mechanical properties of various real materials, rock’s
rheological properties, and in many other areas [3]. In the qualitative theory of (classical
and fractional) differential equations, various theorems have been extensively deployed
by researchers in establishing the existence and uniqueness of solutions to both the initial
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and boundary value problems. For a detailed study on the existence and uniqueness of
solutions of fractional equations, see [1,2,4,5,8,10,11] and references therein.

In [15], Toyoda and Watanabe established the existence and uniquness theorem for
fractional order differentil equations with boundary conditions and two fractional order

DP, (D& a(t)) = £(t,z(t)), 0 < t < 1,

z(0) =0, z(1) =Dy x(0) =0, Dy z(1) =0
where 1 < o, 3 < 2,2 < e+ <4 and Dy, is the Riemann-Liouville fractional derivative
of order x € {«, B}.

Recently, Song and Cui [14] studied the following fractional differential equation with
the Riemann-Stieltjes integral boundary conditions

°D% DP, w(t) = £(t,x(t), D a(t),DP (t),0 < t < 1,

! (1.2)
z(0) =2/(0) =0, z(1) = /0 x(t)dA(t),

(1.1)

where °D is the left Caputo fractional derivative of order 1 < « < 2 and Dg+ is the

right Riemann-Liouville fractional derivative of order 0 < < 1, fo t)dA(t) is the
Riemann-Stieltjes integral of x with respect to A, A: [0,1] - R is a functlon of bounded
variation and dA is a signed measure and established existence of solutions by the method
of coincidence degree theory.

More recently, Prasad, Krushna and Wesen [9] studied the solvability of iterative
system of fractional order boundary value problem

DI x;(1)) + Aipi(D)gi(zig1(1) =0,0 <t <1,i=1,2,--- ,n,
.T,j+1(t) = Il(t), 0<t<l, (13)
i(0) = D3t 2;(0) = 0, x3(1) — C2}(&) = V}(&2), i =1,2,- -+ ,n,
where 2 < q; <3,0<q; <1,0 <& <& <1, (9 are positive constants and Df, is
a Riemann-Liouville fractional derivative of order * € {q1,92}, by Krasnoselskii’s cone
fixed point theorem on Banach space.
Inspired by the aforementioned works, in this paper we derive the sufficient conditions

for the existence of denumerably many positive solutions for the iterative system of
fractional order boundary value problems,

DM (D22i(t)) + a(t)gi(wisr (£) = 0,0 <t < 1,i=1,2,--- 4, L
zipa(t) = 21(t), 0 < t < 1, (1.4)

7;(0) =0, z;(1) =/ zi(s)dA(s), i =1,2,--- 0,
’ 1 (1.5)

D®2;(0) = 0, DOas(1) :/ 5(8)AN(s), i = 1,2, -+ 0,

0
where 0 < A,0 < 1,1 < A+ 6 < 2 and D*is a Riemann-Liouville fractional derivative
of order x € {A, 5} ( ) = [[j—, a;(t) and a;(t) € LP7[0,1](p; > 1) has a singularity
in (0,1/2), fo x;i(s ) denotes Riemann-Stieltjes integral of x;(s) with respect to
A, A 0,1 — R is a functlon of bounded variation and dA is a signed measure.
Moreover, the results of this paper extend and generalize several results existing in
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the literature [9,14,15] in some of the following aspects: iterative system, RS-integral
boundary conditions, singularities and denumerably many positive solutions.
Throughout the paper, we assume the following conditions hold:
(H1) g :[0,+00) — [0,+00) is continuous,
(Hs2) there exists a sequence {t,}°2; such that 0 < t,41 < ¢, < 1,
lim t. =t* < }, tlg? a;(t) =400, r=€N,j=1,2,3,--- ,n

r—00 2

and each a;(t) does not vanish identically on any subinterval of [0, 1]. Moreover,
there exists a > 0 such that

aj < a;(t) < oo a.e. on [0,1].
(H3) A is nondecreasing and bounded variation function such that 0 < A < 1 and
0 < As < 1, where

1
A, :/ s*LdA(s), x € {A,8}.
0

The rest of the paper is organized in the following fashion. In Section 2, we estimate
bounds for the kernel which are useful in our main results. In Section 3, we establish a
criteria for the existence of denumerably many positive solutions for the boundary value
problem (1.4)—(1.5) by applying Holder’s inequality and Krasnoselskii’s cone fixed point
theorem on a Banach space. In Section 3, as an application, we provide an example to
demonstrate our obtained results. Finally, we give concluding remarks of the paper.

2. Kernel and Its Bounds

In this section, we construct kernel to the homogeneous boundary value problem
corresponding to (1.4)—(1.5), and establish certain lemmas for the bounds of the kernel.

Lemma 2.1. Let y € C[0,1]. Then the boundary value problem
DY.aq(t) +y(t) =0, 0<t <1, (2.1)

21(0) = 0, #1(1) = /0 (1A (), (2.2)

has a unique solution

1
ni(t) = / R (t, D)y (T)d, (2.3)

where 51
Rs(t,7) = Ks(t,7) + 1 A Gs (1),
1 [ 1 -t (-t T<t,
Ks(t,1) = 5= 5—1 5—1
re) | #©-1ta1-1°-1t, t<nm,
and

1
Gs(1) = / Ks(t1,T)dA(T1).
0
Proof. Tt can be established by simple algebraic calculations, so we omit details here. [

Lemma 2.2. The function Ks(t,T) has the following properties:
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(i) Ks(t,T) is nonnegative and continuous on [0,1] x [0, 1],
(ii) Ks(t,1) < Ks(t,7T) for t,T €[0,1],
(iii) there exists o € (0,3) such that 0® " Ks(t,7) < Ks(t, 1) for t € [0,1 — 0], T €
[0,1].
Proof. Tt is easy to establish the result (i). It can be seen that s (¢, T) is decreasing with
respect to ¢ for T < ¢ and increasing with respect to ¢ for ¢ < s. So, by this monotonicity
of Ks(¢,T), we have
[t —7]'~°
I'(8)
This proves (ii). Now we prove (iii). For T < ¢, we have
Ks(t,t) 71 -1t —(t —1)>* N 3711 — 1)t

Ks(t,7) < Ks(t,7) = , te(0,1).

>1
Ks(t,7) -1 (1 —1)81 a1 -8l
and
Ks(t,7) _ t3=1(1 — 1)°-1 o o1 o g5
Ks(t,t) t°-1(1—1)%-1 = 78-1 =
This completes the proof. (Il

Lemma 2.3. Let G (1) = Ks(T,7T) + ﬁgs(ﬂ. The kernel Rs(t,T) has the following
properties:
(i) Rs(t,T) is nonnegative and continuous on [0, 1] x [0, 1],
(i) Rs(t,7) < Gi(T) fort,T e [0,1],
(iii) there exists o € (0,1) such that 0®~1G;(t) < Rs(t,7) fort € [0,1—0],T € [0,1].

Proof. (i) and (it) are obvious. To prove (iii), let o € (0,%) and T € [0,1]. Then from
Lemma 2.2, we have

5-1 5—1
N5 (t,T) = Ks(t,T) + Gs(T) > o® s (T, T) + Gs(1) = 0°71Gz (7). O

1-— A5 1- AS

Lemma 2.4. Let z € C[0,1]. Then the boundary value problem
DM(D®z1(t)) +2(t) =0, 0<t <1, (2.4)
1(0) = D°x1(0) =0,

1 (2.5)

x1(1) =D%2,(1) = / z1(T)dA(T)

0

has a unique solution

x1(t) = /1 N5 (L, T) {/1 Ny (T, s)z(s)ds] dt, (2.6)
0 0
where Rs(t,T) is defined in Lemma 2.1 and
A-1
1— A,
1 A T LA A S AR S
{ A1 — )AL t<nm,

Na(t, 1) = Ka(t,T) + Ga (1),
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and

%®=AKMmﬂMm)

Proof. Let y;(t) = D%z (t) for 0 < t < 1. Then the boundary value problem
DM(D%z1(t)) +2(t) =0, 0 <t <1,

D%21(0) = 0, DPzy(1) = /1 21 (1)dA(T)
0

is equivalent to the problem
DMy (t) +2(t) =0, 0 < t <1,

m@=&MU=£m@M®-

By Lemma 2.1, the boundary value problem (2.7) has unique solution

y1(t):/0 N\ (¢, T)z(T)dT.

(2.7)

That is 1
D%l(t)z/o Na (¢, T)2(T)dT. (2.8)

Again by Lemma 2.1, the differential equation (2.8) with boundary conditions

1
21(0) =0 and xl(l):/o 21 (T)dA(7)

has a unique solution

x1(t) = /01 N5 (L, T) {/01 N (T, s)z(s)ds] dr.

This completes the proof. ([

Lemma 2.5. The function KCx(t,T) has the following properties:
(i) Ka(t,T) is nonnegative and continuous on [0,1] x [0, 1],
(ii) Ka(t,t) < Ka(t,7) fort,T €[0,1],
(iii) there exists o € (0, %) such that 0® 'K (T,T) < Ka(t,7) for t € [0,1 — 0], T €
[0,1].
Lemma 2.6. Let G5(1) = Ka(T,7T) + ﬁgy\(”t). The kernel R (t,T) has the following
properties:
(i) Ra(t,T) is nonnegative and continuous on [0,1] x [0, 1],
(i) Na(t,7) < Gi(7) fort,T €[0,1],
(iii) there exists o € (0,%) such that 6®~1G5 (1) < W\ (t,7) fort € [0,1—0],T € [0,1].

We note that an ¢-tuple (z1, 22, -+ ,x¢) is a solution of (1.4)—(1.5) if and only if
1 1 1 1
ry(t) = / N5 (t,T1) {/ N (T1,T2)a(T2)g1 [/ N5 (T2,T3) [/ N (T3, Ta)a(Ta)g2 - -
0 0 0 0

1 1
gr—1 {/ Né(T%fZaT%fl) [/ NA(T2£717Tze)a(T%)ge($1(T2£))dT24 dtop—q---dta|dTy
0 0
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and

1 1
x;(t) = / Ns (¢, T) [/ N;\(T,s)a(s)gg(xgﬂ(s))ds} drv,1=2,3,-- 4,
0 0
$g+1(t) = Jfl(t), 0<t<l1.
We denote the Banach space C([0,1],R) by B with the norm ||z|| = max] |z(t)]. For

tel0,1
o € (0,1/2), the cone Py C B is defined by

Py = {x €B:z(t)>0, min xz(t)> 05*1||x||},

telo, 1—o0]

For any 1 € Py, define an operator .% : Py — B by

F0 = [ oo [ e [ v [ s

1 1
gea{/ NS(T2€—2;T2€—1)[/ N?\(TQZ—laT%)a(’f%)gf(zl(T%))d'f%} dvog_q -+ dta|dTy.
0 0

Lemma 2.7. For each 0 € (0,1/2), F#(Ps) C Py and F : Py — Pos is completely
continuous.

Proof. Let o € (0,1/2). Since g;(z;4+1(T)) is nonnegative for T € [0, 1], 1 € Ps. Since
N5 (,T), XA (¢, T) are nonnegative for all ¢,7 € [0, 1], it follows that .#(z1(¢)) > 0 for all
t €10,1], 1 € Py Now, by Lemma 2.3 and 2.6, we have

min }(ﬁxl)(t)

telo,l1—0

= min_ { / oo / (. malm)e | / ()| / (s Talee

8r—1 {/01 N5 (Tar—2, T2e-1) [/01 NA(T%*’T”)a(T”)gZ(mlﬁze))dﬁd dTae-1 - de]dTl}
>0 /O G ()| /0 N (11, )a(Ta)es /0 ()| [ RCEATCANS
1

1
gé—l[/ NS(TQZ—Q;TQZ—l)[/ N?\(TQZ—l;TQZ)G(T%)gZ(fCl(TQZ))dT%} d’f2e—1"‘dT2}dT1
0 0

t€[0,1]

> ¢®7! max {/01 R (t,T1) {/01 Ny (T1,T2)a(Te2)g1 {/01 N5 (T2,T3) {/01 NA(T3, Ta)a(Ta)g2 -

1 1
gea{/o NS(T%—Z;T%—l)[/O N?\(TQE—l;T%)G(T%)gé(zl(T2€))dT2£} dee—r"de}dﬁ}

> 07! max [Fxi(t)].
te[0,1]

Thus Z#(Ps) C Ps. Therefore, the operator Z is completely continuous by standard
methods and by the Arzela-Ascoli theorem. O
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3. Denumerably Many Positive Solutions

In this paper, we establish the existence of denumerably many positive solutions for
the boundary value problem (1.4)—(1.5) by utilizing following theorems.

Theorem 3.1 (Krasnoselskii’s [6]). Let & be a cone in a Banach space B and U1, Uy
are open sets with 0 € Wy, Uy C Uy, Let F : EN(Vo\Wy) — & be a completely continuous
operator such that

(@) || Fz| < ||lzll, x € ENOVy, and || Fz| > |lz||, x € ENOPq, or

(b) || Fz|| = ||lz||, z € EN IV, and | Fz|| < ||z, x € ENOPa.

Then F has a fized point in €N (Wa\Wy).

"1
Theorem 3.2. (Holder’s) Let f € LPi[0,1] withp; > 1, forj =1,2,--- ,n and E — =
— DPj
j=1

L. Then [] f; € L'[0.1] and Hmzl £

j=1

g9 € L>[0,1]. Then fg € L'[0,1] and ||fglly < [If]1]lglo-

L < H?:1 | filly,- Further, if f € L'[0,1] and

Consider the following three possible cases for a € LP[0,1] :
n n n
1 1 1
Slaylonyla
=1 Pi =1 Pi =1 Pi
n
Firstly, we seek denumerably many positive solutions for the case Z — < 1.
— by
j=1

Theorem 3.3. Assume that (H1) — (Hs) hold, let {o%}72, be such that ty41 < o <

te, k=1,2,3,--- . Let {R}32, and {rp}>, be such that
Rrpy1 < Gi_lrk < Lrp <Rg, k€N,
where
-1
n 1—o01 1-o0;
L =max{ |o0tr2 H a;/ Q;(T)dT[/ Gix(1)dt , 1
j=1 o1 o1

Further, assume that g; satisfies
(J1) gi(z(t)) < ARy for all 0 < z(t) <Ry, t € [0,1],

n 1
anere &1 < 1631 [Tl | Gs(oyte
j=1 0

(J2) gi(2(t)) > Lry for all 02 'ry < a(t) <1k, t € [Oh, 1 — O%).
Then the iterative system (1.4)—(1.5) has denumerably many solutions {(m[lk],x[f],~ .
-,xék])}iozl such that a?yc](t) >0on(0,1),i=1,2,---,¢ and k € N.

Proof. Consider the sequences {U; ,}7° ; and {¥3 ;}72 , of open subsets of B defined by
\Ijl,k = {I €eB: ||.TH < Rk}, \I/2,k = {l‘ eB: ||£E|| < I‘k}.
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Let {0}, be as in the hypothesis and note that t* < ty41 < op < tg < 1

5, for all
k € N. For each k € N, define the cone Py, by

Po, = {x € B:x(t) >0 and min  z(t) > (72_1”3:} .

telog, 1—oy]
Let 1 € P, N 6\1’1,k. Then,

1(T) <Ry = |1
for all T € [0,1]. By (J1) and 0 < Typ—2 < 1, we have

_/01 N5 (T2e—2,T20—1) {/01 NA(Tzefl,Tze)a(’fze)ge(ﬂh(Tzz))d’fze} dte 1
< /01 G5 (T20-1) {/01 g;(TZZ)a(TQZ)gZ(xl(TZZ))dT2€:| dtoe—1

1 1
< AIRk/ gg(Tzeq)[/ g;’i(Tzz)a(Tzz)dez} dtos_1.
0 0

1 1
There exists a q > 1 such that — + E — = 1. By the first part of Theorem 3.2, we
— Pj
j=1
have

1 1
/Ns(Tzzfz,Tzeq){/ NA(Tzzq,Tzz)a(Tze)ge(m(TQe))dez}dezq
0 0
1 1
<t [ G(rar)dra | [ Gi(ran)atrar)dea
0 0
1
< MR, / G (tae-1)dv2e11GRlq llall,
0

1 n
<k | Gilra el Gl ] ] ol < R
0 v,
j=1

It follows in similar manner (for 0 < Top—_4 < 1) that
1 1
/ N5<T2€74,T2€73)[/ N (T2—3, Tar—2)a(Tar—2)
0 0
1 1
X ng1[/ N&(’anﬁzea)[/ N)\(T2Z—1,Tze)a(Tze)ge(ﬂh(Tzz))d’fzz} dT2271}dT2£72]dT2273
0 0
1 1
S/ N5(72é—47T2€—3)[/ NA(T%—?”T2€—2)G(T2€—2)g€—1(Rk)dT%—Z} dta_3
0 0
1 1
< Ale/ gf{(Tzef?,)[/ G (Tae—2)a(Tor—2)dTor—o|dTos—3
0 0
1
<t | G (ras )1 |G ol
0

1 n
< [ G(rar)drat |Gl [ sl < R
0 .
Jj=1
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Continuing with this bootstrapping argument, we get

Fr0 = [ oo [ e [ v [

0
1 1
ng1{/ Ns(’fufz,’mfﬁ[/ NA(TzthT2z)a(’fzz)ge($1(Tzz))dee} dtoe—1---dta|dT1 < Rg.
0 0

Since Ry = ||z1|| for 1 € Py, N OV i, we get
[ Z x|l < [lza]]- (3.1)
Let t € [0g,1 — 0%]. Then,

rp = |z > 2 () > min 2(t) > o g > oy

t€[oy,1-0o%]

By (J2) and for Toy_o € [0, 1 — 0%], we have
1 1
/ N5 (Tor—2,T20—1) [/ NA(T2e—17T2£)a(T2z)gz($1(T2e))dT24 dTor—1
0

0
1 1

> op ! gg(Tzeq)[/ NA(Tzzq,Tze)a(Tu)ge(m(Tze))d’fzz} dtor_1
0 0

1—oy 1-0g
>of ! [ G| [ Giraatmangnteo (ran) v deaes

k k

170’k n
o0—1 A—1
> 0, 0} / g; (T%—l) |:er H a; /
O j:1 o
n 1-01
> et [

j=1 7o

170’)C

Q;(T%)d’fze} dtor_1
k

170’1

Gz (T2e—1)dT20—1 [/

01

Q}"\(Tze)d’fu} > T
Continuing with bootstrapping argument, we get

(Z0)(1) /OlNg(t,Tl){/OlNA(Tl,TQ)a(TQ)gl[AI Né(TQ,Tg)[/Ol N (T3, Ta)a(Ta)gs - - -

1 1
gz-1{/ Ns(TM—z,Tze—O[/ N?\(Tzé—laT2Z)G(T2Z)g2($1(726))d724 dtoe_q -+ -dra|dTty < 1p.
0 0
Thus, if 2; € P, N O¥s i, then
| F 1| > [J21]]- (3.2)

It is evident that 0 € Wy C Way C Wy 4. From (3.1),(3.2), it follows from Theorem
3.1 that the operator ¥ has a fixed point x[lk] € Po, N (V1,5\Vs ;) such that m[lk] (t)>0
on (0,1), and k € N. Next setting x,y; = 21, we obtain denumerably many positive

solutions {(J:[lk]7x[2k], RS wék])}zozl of (1.4)—(1.5) given iteratively by

1 1
x;(t) = / Ns(t,T) [/ NA(T, 8)gi(zi41(8))ds| dr, i =4, —1,--- 2,1
0 0
The proof is completed. O

For 377 | p%' = 1, we have the following theorem.
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Theorem 3.4. Assume that (H1) — (H3) hold, let {0}, be such that tp11 < of <
te, k=1,2,3,--- . Let {R}32, and {rg}32, be such that
Rp+1 < 62_1rk < Lrp <BRg, keN.

Further, assume that g; satisfies (J2) and

(J3) gi(x(t)) < AgRy for all 0 < x(t) <Ry, t € [0,1],
-1

n 1
where Ay < min Hg)*\HOOHHaijj/ g:(vdr| L
j=1 0

Then the iterative system (1.4)-(1.5) has denumerably many solutions {(:c[lk],x[f],- .

-,xyc])}io:l such that xEk](t) >0o0n(0,1),i=1,2,---,£ and k € N.

Proof. For a fixed k, let ¥y ;. be as in the proof of Theorem 3.3 and let z; € Py NoYy k.
Again

21(T) < Rpp = ||z,

for all T € [0,1]. By (J3) and Theorem 3.3,
1 1
/ Ns(he-zﬂ%-ﬂ{/ NA(T%—l,T2e)a(”f2e)ge($1(Tze))dT24 dtae—1
0 0
1 1
< [ Gitm)| [ Gi(ran)atear)ge(in (car) e aras-
0 0
1 1
< Asz/ g;(T%—l)[/ g;(Tze)a(T%)dT%}dTﬂq
0 0
1 1
< AQRk/ g;(Tzz—1)dT2e—1[/ g;\(T%)@(T%)dTQe}
0 0
1
< MRy / G (tae-1)d%ae1 1G5 o lall,
0

1 n
<tk | Gilra e |63 ] sl < R
0 N
Jj=1

Continuing with this bootstrapping argument, we get

Fn0 = [ wew| [ e [ N[ s

1 1
gi—1 [/ Ns(’fufz,’mfﬁ[/ NA(TzthT2z)a(’fzz)gz($1(Tzz))dee} dtoe—1---dta|dT1 < Rg.
0 0

Thus,
[ F 21 < llzall,

for 1 € Py, N OV . Now define Uy = {21 € B : ||z1|| < ri}. Let 1 € Po, NO¥2
and let T € [0}, 1 — 0]. Then, the argument leading to (3.2) can be done to the present
case. Hence, the theorem. O

For Z?Zl P%' > 1, we have the following theorem.
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Theorem 3.5. Assume that (H1) — (H3) hold, let {0}, be such that tp11 < of <
te, k=1,2,3,--- . Let {R}32, and {rg}32, be such that

Rp+1 < Gi_lrk < Lrp <Rg, ke N.

Further, assume that g; satisfies (J2) and
(J1) gi(z(t)) < AsRg for all 0 < z(t) <Ry, t €[0,1],
n 1 -1
where A3 < min |G| H ||aj||1/O Ggi(t)dt| ,L
j=1

(k] K]
1 »

Then the iterative system (1.4)—(1.5) has denumerably many solutions {(x] ", 5",

-,xék])},;";l such that x[k](t) >0o0n(0,1),i=1,2,---,¢ and k € N.

)

Proof. The proof is similar to the proof of Theorem 3.3. So, we omit details here. O

4. Example

In this section, we present an example to check validity of our main results.
Example 4.1. Consider the following fractional order boundary value problem,

D (D2x;(t)) + a(t)gi(zip1 () = 0,0 <t < 1,i=1,2, (43)
z3(t) =z1(t), 0 <t < 1, '
2;(0) =0, 2;(1) = | x;(s)dA(s), i = 1,2,
/0 (4.4)

1
Dhai(0) = 0. Dha(1) = [ i(s)aA(s), i = 1,2
0

180 x 1074, z € (107, +00),

53x10~(k+2) _180x10~%F (x _ 107419) + 180 x 1074;{7

10—(4k+2)71074k
= |}0—(4k-ﬁ~2)7 10—4k:| 7

g1(x) = ga2(r) = | 53 % 10~ (4k+2), € (L x 10~ (4k+2), 1o—<4’f+2>),

51/2

53x 10~ (4k+2) _180x 10— (4k+4) _(4k14 (4hd
L X 10~ (@RF2) 10~ @K+ ) (z — 10~(4F+D) 4 180 x 10~ (k+D)
5

= (10—(4k+4)’ 51% % 10—(4k+2):|’
0, =0,
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t, te0,1/2)U[2/3,5/6),
At =4 1, te1/2,2/3),
5 t €1[5/6,1].
Let
31 o 1
ty = — — _— = —(t t k=1.2.3....
k 64 ;4(’,‘_'_1)470—]6 2(k+ k+1)7 3 737 3
then
o5 1 15
1732 648 32
and )
thr1 < 0 <k, O > 5
Therefore,
1
5—1 _
> e k=123
It is easy to see that
15 1 1
fo= o <= b=t = j=1,2,3,--.
1 32<27 J Jj+1 4(]"‘2)47] 3 4y Iy
S il m dil ™ it follows that
ince — = — an — = —, it follows tha
£~ j4 90 e 52 6’
j=1 Jj=1
31 1 47 w1
t* = 1. t’r = — — —_— = — —_— 77
oo T 64 ; 4G+ 1% 64 360 5
* * 1
a,ag € LP[0,1] forall 0<p<2, so aj =a; =<
n 1—o0; 1-0y
o> 2 a3 / gg(w)dr[ / g;(T)dT} ~ 0.018975575,
j=1 o1 O1
-1
n 1—0, 1—o0,
L =max{ o2 H a;‘-/ gg(T)dT[/ g)*\(’t)d’t} , 1
j=1  Jo o1

= {52.69932393, 1} = 52.69932393.

and

1
|Gx |2 &~ 12.08024203, / Gz (T)dt ~ 3.216342800.
0

Next, let 0 < € < 1 be fixed. Then ay,as € L*T[0,1]. It follows that

1
45(14375)] 7
farlhse = |- EEEED]
g
1
3(1+279)]™
calhse = |-FEE2)
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So, for 0 < € < 1, we have
-1

n 1
190.3459262 < Hg;uanaijj/ Gi(T)dt
j=1 0

Taking A; = 190. In addition if we take
Ry = 1074}“, T = 107(4’”2),
then )
Re+1 = 10_(4k+4) < 751/2 X 10_(4k+2) < O'Z_lrk

<1 =102 <R, =107k,

Lr, = 52.69932393 x 10~ (*F*+2) < 190 x 10~** = ARy, k = 1,2,3,---, and g1 and gy
satisfies the following growth conditions:

g1(r) = go(2) <ARp = 190 x 1074 = € {0, 104’€]

_ 1 _ _
g1(z) = go(z) > Ly = 52.69932393 x 10~ 4F+2) | 4 [51/2 x 107 (4k+2) 1o~ (k+2) |
All the conditions of Theorem 3.3 are satisfied. Therefore, by Theorem 3.3, the boundary
value problem (4.3)—(4.4) has denumerably many positive solutions {z[*1}2° | such that
10~ @F+2) < |12*]|| < 107*F for each k =1,2,3,--- .

5. Conclusion

The research of fractional order differential equations with Riemann-Stieltjes integral
boundary conditions has become a new area of investigation. Moreover, in this paper
we considered iterative system with n-singularities. By the use of Krasnoselskii’s cone
fixed point theorem in a Banach space, sufficient conditions are derived for the existence
of denumerably many positive solutions for the problem. An example is presented to
illustrate the main results. The conclusion obtained in this paper will be useful in the
application point of view. Also, we expect to find some applications in more nonlinear
problems.

References

[1] S. Abbas, W. A. Albarakati, M. Benchohra, and J Henderson, Eristence and Ulam stabilities
for Hadamard fractional integral equations with random effects, Electron. J. Differ. Equ.,
25(2016), 1-12

[2] B. Ahmad, M. M. Matar, R. P. Agarwal, Emistence results for fractional differential equationsof
arbitrary order with nonlocal integral boundary conditions, Bound. Value Probl., 2015:220,
DOI:10.1186/s13661-015-0484-4.

[3] G. Akram and H. Tariq, Quintic spline collocation method for fractional boundary value
problems, J. Assoc. Arab Univ. Basic Appl. Sci., 23(2017), 57-65.

[4] R. A. C. Ferreira, Emistence and uniqueness of solutions for two-point fractional boundary value
problems, Electron. J. Differ. Equ., 202(2016), 1-5.

[5] B. H. Guswanto, T. Suzukis, Ezistence and uniqueness of mild solutions for fractional
semilinear differential equations, Electron. J. Differ. Equ., 168(2015), 1-16.



14

K. R. Prasad , M. Khuddush and P. Veeraiah

[6] D. Guo and V. Lakshmikantham: Nonlinear Problems in Abstract Cones, Academic Press,

San Diego, 1988.

[7] M. Inc et al., Dark-Bright Optical Soliton and Conserved Vectors to the Biswas-Arshed Equation

with Third-Order Dispersions in the Absence of Self-Phase Modulation, Front. Phys., 14 March
2019. https://doi.org/10.3389/fphy.2019.00028

[8] N. I. Mahmudov, M. M. Matar, Euxistence of mild solution for hybrid differential equations

with arbitrary fractional order, TWMS J. Pure Appl. Math., 8(2017), No.2, 160-169.

[9] K. R. Prasad, B. M. B. Krushna and L. T. Wesen, Ezistence results for positive solutions

to iterative systems of four-point fractional order boundary value problems in a Banach Space.

Asian Eur. J. Math., 13(4) (2020), 1-16.

[10] K. R. Prasad, M. Khuddush and D. Leela, Ezistence and uniqueness of solutions of system of

neutral fractional order boundary value problems by tripled fized point theorem, J. Inter. Math.
Virtual Inst., 10 (1) (2020), 123-137.

[11] K. R. Prasad, M. Khuddush and D. Leela, Ezistence of positive solutions for half-linear

fractional order BVPs by application of mized monotone operators, Creative Math. Inf., 29(1)
(2020), 65-80.

[12] S. Seminara, M. I. Troparevsky, Some remarks on Adomian Decomposition Method,

Poincare J. Anal. Appl. 2014(2) 2014, 63-70.

[13] S. Seminara, M. I. Troparevsky, Convergence of Adomian Decomposition Method for PDES,

Poincare J. Anal. Appl. 2016(1) 2016, 1-12.

[14] S. Song, Y. Cui: Ezistence of solutions for integral boundary value problems of mized fractional

differential equations under resonance, Bound. Value Probl., 2020 2020: 23.

[15] M. Toyoda, T. Watanabe, Existence and uniqueness theorem for fractional order differential

equations with boundary conditions and two fractional order., J. Nonlinear Convex Anal., 17(2)
(2016), 267-273.

[16] K. V. K. Viswanadh, K. N. Murty, Three Point boundary value problems associated with first

order matriz difference system existence and uniqueness via shortest and closest Lattice vector

methods, J. Nonlinear Sci. Appl., 12(11) (2019) 720-727.

[17] K. V. K. Viswanadh, Y. Wu and K. N. Murty, Ezistence of (¢ @) bounded solution of

linear first order Kronecker product of system of differential equations, Int. J. Sci. Eng. Res.,
11(6) (2020) 156-163.

[18] W. C. Xie, Differential equations for Engineers, Cambridge University Press, 2010.

(K. R. Prasad) DEPARTMENT OF APPLIED MATHEMATICS, COLLEGE OF SCIENCE &

TECHNOLOGY, ANDHRA UNIVERSITY, VISAKHAPATNAM, 530003, INDIA

E-mail address: rajendra92@rediffmail.com

(M. Khuddush) DEPARTMENT OF APPLIED MATHEMATICS, COLLEGE OF SCIENCE &

TECHNOLOGY, ANDHRA UNIVERSITY, VISAKHAPATNAM, 530003, INDIA

E-mail address, Corresponding author: khuddush89@gmail.com

(P. Veeraiah) DEPARTMENT OF APPLIED MATHEMATICS, COLLEGE OF SCIENCE &

TECHNOLOGY, ANDHRA UNIVERSITY, VISAKHAPATNAM, 530003, INDIA

E-mail address: veeraiah72@gmail.com



