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Abstract. Paley-Wiener theorems for frames for Hilbert spaces, Banach frames,
Schauder frames and atomic decompositions for Banach spaces are known. In
this paper, we derive Paley-Wiener theorem for p-approximate Schauder frames
for separable Banach spaces. We show that our result gives Paley-Wiener theorem
for frames for Hilbert spaces.

1. Introduction

About a century old theorem of Paley and Wiener states that sequences which are
close to orthonormal bases for Hilbert spaces are Riesz bases (see Chapter 1, Theorem
13 in [21] and [1]). Since frames are generalizations of Riesz bases, we naturally ask
whether a sequence which is close to a frame is a frame? Recall that a sequence {7},
in a separable Hilbert space H over K (R or C) is said to be a frame for # if there exist
a,b > 0 such that

oo
allhl> < [(h )P < 0lIR)1%, VheH.
n=1
Constants a and b are called as lower and upper frame bounds, respectively [12]. First
Paley-Wiener theorem (also known as perturbation theorem) of a frame for a Hilbert
space is due to Christensen, in 1995, which states as follows.

Theorem 1.1. [8] Let {r,}n, be a frame for H with bounds a and b. If {wy,}n in H
satisfies

o0
c:= Z 70 — wnll? < a,
n=1
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then it is a frame for H with bounds a (1 — \/5)2 and b (1 + \/%)2 .

In a short time after the derivation of Theorem 1.1, Christensen himself generalized
Theorem 1.1 and obtained the following result.

Theorem 1.2. [9] Let {1}, be a frame for H with bounds a and b. If {wy}n in H is
such that there exist o,y > 0 with o + % <1 and

m m m %
ch(rnfwn) <a chTn +’Y<Z|Cn|2> , Yer,...,cm€Km=1,...,
n=1 n=1 n=1

2 2
then it is a frame for H with bounds a (1 —(a+ %)) and b (1 + (a+ %)) .

Casazza and Christensen extended the Theorem 1.2 further in 1997, and obtained
the next theorem.

Theorem 1.3. [6] Let {7}, be a frame for H with bounds a and b. If {wy}n in H is
such that there exist a, 8,y > 0 with max{a + %,ﬁ} <1 and

> entn +7<Zlcnlz> +5

n=1 n=1

m

Z cn(Tn - wn)

n=1

<«

b

m
g CnWn
n=1

Vey,.oooem €EKom=1,. ..

L\ 2 LN\ 2
then it is a frame for H with bounds a (1 — W) and b (1 + a+16+ﬂ\/3> .

After the developments of theories of Banach frames, Schauder frames and atomic
decompositions for separable Banach spaces (see [2-4, 14]) Paley-Wiener theorems
are derived for Banach frames, Schauder frames and atomic decompositions (see
[7,11,16,17,19,22]). In this paper, we derive Paley-Wiener theorem for p-ASFs (Theorem
2.6). We show that our result gives Theorem 1.3 for Hilbert spaces (Remark 2.7).

2. Paley-Wiener theorem for p-approximate Schauder frames

Let X be a separable Banach space and X* be its dual. In the sequel, {e, }, denotes
the standard Schauder basis for (?(N), p € [1,00). We now recall the definition of
approximate Schauder frames for separable Banach spaces.

Definition 2.1. [13,20] Let {7,}, be a sequence in X and {f,}» be a sequence in X'*.
The pair ({fn}n, {7n}n) is said to be an approximate Schauder frame (ASF) for X if

SpriX 2w Sppwi=Y folw)n €X (2.1)
n=1

is a well-defined bounded linear, invertible operator.

Following [18], real a,b > 0 satisfying

Z fnl@)Th
n=1

allz| < <blz|, VzxelX
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are called as lower ASF bound and upper ASF bound, respectively. There is a particular
case of ASFs studied by the authors of this paper which contains many important
properties of frames for Hilbert spaces (see [18]).

Definition 2.2. [18] An ASF ({fn}n, {7n}n) for X is said to be a p-ASF, p € [1, 00) if
both the maps
O : X > O0pz = {fn(x)}, € (P(N) and

0r : °(N) 3 {an}tn — Or{antn = Y  anmn € X

are well-defined bounded linear operators.

It is observed from the Definition 2.2 that the invertibility condition is not imposed
neither for the operator 6y nor for 0,. It may happen that both 6y and 6, are not
invertible but ({fn}n,{7n}n) is a p-ASF for X, which is illustrated in the following

example.

Example 2.3. Let p € [1,00), R : ?(N) — ¢P(N) be the right shift operator and
L : ¢?(N) — ¢P(N) be the left shift operator defined by

R(an)pZy = (0,a1,a2,...),  Llan)pZl, = (az,as,...).

Then LRx = z for all € ¢P(N). Let {e,}, denote the canonical Schauder basis for
¢P(N) and let {(y} denote the coordinate functionals associated with {e,},. Define

fon=CR, 7n:=Le,, VneN.

Then
S fa@)m =Y (CaR)(@)(Ley) = (Z Co(Rx)e ) = LRz =z, Yz P(N),
0r(P(N)) = {0¢(an)iZy : (an)nZ, € #(N)}

= {(fm(an)nzi)m=1 : (an)nzq € (P(N)}
= {(Gm(R(an)iZ1))m=1 : (an)nZy € F(N)}
= {(Gn(0,a1,a2,... )= : (an)nZy € F(N)}
={(0,a1,az,...) : (an)3Z, € /(N)}

and

Ker(0 oo €LP(N): 0, (an)p, =0}

={(a

{ o, €PN ZanTn—O}
{ann 1 €PN ZanLen—O}
{(a

- n 1 EgP( ) L(aﬂ)nZI_O}
—{(aOO O ta e K}

Therefore 0 is not surjective and 6 is not injective. Hence neither 6 nor 6, is invertible
operator but ({fn}n, {Tn}n) is a p-ASF for ¢7(N).



18 K. MAHESH KRISHNA AND P. SAM JOHNSON

It is clear that a p-approximate Schauder frame is an approximate Schauder frame.
The following example shows that the set of all p-approximate Schauder frames is strictly
contained in the set of all approximate Schauder frames.

Example 2.4. Let X = K. Define 7, = n%, fulx) = z,Vz € K, Vn € N. Then

S fulx)m = %zx, Vz € K. Therefore ({fn}n,{Tn}n) is an approximate Schauder
frame for X. Let # € K be non-zero. Then for every p € [1,00),

Z|fn )P =m|z|P - 00 as m — oco.

Thus {fn(x)}, ¢ #(N ) for any p € [1,00) and hence ({f,}n,{7n}n) is not a p-ASF for
any p € [1,00).

In order to derive Paley-Wiener theorem for p-ASFs, we need a generalization of
result of Hilding [15].

Theorem 2.5. [5, 6] Let X,Y be Banach spaces, U : X — Y be a bounded invertible
operator. If a bounded linear operator V. : X — Y is such that there exist a, 8 € [0,1)
with

Uz = Vz| < af|Uz| + B[|Vz], VzedX,
then V is invertible and

1—a
1

Ve e X
B 1
a U]

Theorem 2.6. Let ({fn}m {Tn}n) be a p-ASF for X. Assume that a collection {1},
in X and a collection {gn}n in X* are such that there exist r,s,t,co, B,y > 0 with
max{oz—i—'yHGfS;’iH,ﬁ,s} <1 and

1+6

lyll < IV=yll < 37— I llyll, vy €Y.

Z(fn—gn)(x)en <r an(x)en +tlz|| + s Zgn(x)en , YeeX m=1,...,
n=1 n=1 n=1
(2.2)
D en(mn—wn)|| <a||D caral[+v (ZI%I”) +8 7
n=1 n=1 n=1 n=1
Ver,..o,em EKom=1,.... (2.3)
Then ({gn}tn, {wn}n) is a p-ASF for X with bounds
1— (o + 700,552 1+a 147 t
(TS0 ) (Tl 1 ).
L+ B)IISE - B —s
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Proof. For m=1,..., for each x € X and for every cy,...,cnp € K,
> gn@en|| <D (o = gn)@en|[+ D fal@)en
n=1 n=1 n=1
<(1+r) an(a?)en t+s Zgn(a?)en + ¢/
n=1 n=1
and
chwn S ch(Tn - wn) + ZCnTn
n=1 n=1 n=1
1
<(1+a) chTn + (Z |cn|p> +8 chwn
n=1 n=1 n=1
Hence
;gn(x)en S nz::lfn(a:)en + 1_$||x||, Vee X,m=1,...
and
1
m 1+Ot m N m D
;ann Sm ;CnTn +]-_6<7LZ:1|CTL|:D> 5 Vcl,...,cmEK,mzl,....

Therefore 6, and 6, are well-defined bounded linear operators with
1+7r t 1+« ol
1 —

0, < 0 0, < ——16- e
60 < T2 0 + 7. 8l < T 08l +

Now Equation (2.3) gives

[e’e] [e'e] [ee] 3 [e'e]
D el —wn)|| <Y enmal| +7 (Z Icn,l”) + 8D cnwnl|s V{ealn € F(N).
n=1 n=1 n=1 n=1

That is,

[0-{cn}n — Ou{cntnll < allfr{cn}nll +v (Z |Cnp> + Bll0u{cntnll,  V{en}n € £P(N).
n=1
(2.4)
By taking {c,}n = {fn(S;ix)}n = @S;lx in Equation (2.4), we get

=

162057 12 — 0,07 Sy roll < 00,57 Lall + v (Z Ifn(Sf,iw)l”> +B10.0; S5 22|,

n=1

Ve X.
That is,
lz = Sg.wSy 1l < allzll + 1058712l + Bl Sg.w ST 2l
< (a+10sS72Dllell + BllSpuS71al, Vo€ .
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Since max{a + WHHfS;HL B} < 1, we can use Theorem 2.5 to get the operator S’g’waii
is invertible and
1 ” 1+ 5

T 1 (a+718rS711)
Hence the operator S, ., = (Sg’wS;i)Sf’T is invertible. Therefore ({gn}tn,{wn}n) is a
p-ASF for X. We get the frame bounds from the following calculations:

1(Sg.wS7.0)~

I1S7.711(1 +8)
(a + 116757 211)

14+« 147 t
< < — .
10 < 1000660 < (T5000 1+ 25 ) (55000 + 1)

I1Sgell < 18771118, S5

g’w|| <{o and

O

Remark 2.7. Theorem 1.3 is a corollary for Theorem 2.6. In particular, Theorems 1.1
and 1.2 are corollaries for Theorem 2.6. Indeed, let {7,,}, be a frame for H. We define

fa:H3hw fr(h) = (h,1,) €K, VnelN
Then 0y = 0, and ({fn}n, {Tn}n) is a 2-approximate frame for H. We also define
gn = fn, YneN.

Then condition (2.2) holds trivially. Theorem 2.6 now says that ({gn}n,{wn}n) is a
p-ASF for X. To prove Theorem 1.3, it now suffices to prove that {wy,}, is a frame for
H. Since ({gn}n, {wn}n) is a p-ASF for X, it follows that 6, is surjective. Theorem
5.4.1 in [10] now says that {wy,}, is a frame for H.

Corollary 2.8. Let g be the conjugate index of p. Let ({fn}n,{7n}n) be a p-ASF for
X. Assume that a collection {7,}, in X and a collection {g,}, in X* are such that

220:1 | fr = gnll < oo and

>\ - n n q

1— Al/Pnafs

Then ({gn}n,{wn}n) is a p-ASF for & with bounds B =l and (0] +

AUPY0f I+ 3202 1 = gnll)-

Proof. Take 1 = 0,5 = 0,t = >0 ||fu — gnl,a = 0,8 = 0,7 = AP, Then
max{oz—l—’yHGfSJZ’lH,ﬁ,s} <1 and

D (fa—gn)@ (an gn||> o] < tllzl, VeeX,m=1,...,
< (Z |70 — wnq> (Z Icn|p> <7 (Z |Cn|p> )
n=1 n=1 n=1

n=1
Ve, oo oem €Kim=1,....

m
> el
n=1

By using Theorem 2.6 we now get the result. O



PERTURBATION OF P-APPROXIMATE SCHAUDER FRAMES 21

We next derive stability result which does not demand maximum condition on
parameters o and 7.

Theorem 2.9. Let ({fn}n, {Tn}n) be a p-ASF for X. Assume that a collection {1, }n

in X and a collection {gn}n in X* are such that there exist r,s,t,a, B,y > 0 with
max{f,s} <1 and

<r +t||z] + s

> (fa -

Z fn($>en

VeeX m=1,...,

ichn + v (i |Cn|p> P +ﬁ

n=1 n=1

Zgn(m)e

m
<a E CnWn

n=1

Cn('rn - wn) 9

It

Ver,.ooo,em e Kim=1,....
Assume that one of the following holds.
(1) oy (e = galllS7 27l + lgallll Sy 7 (7 = wn)l) < 1.
(2) o1 (1fn = gulll Sy rwnll + [ fallllST 7 (70 = wa)) < 1.
(3) o1 (1(fn = 9u) ST lITall + 1l9n ST 7 70 — wnll) < 1.
(4) o1 (1(fn = gn) Sy rlllwnll + 1 S5 7 — wall) < 1.
Then ({gn}tn, {wn}n) is a p-ASF for X. Moreover, an upper bound is

1+« 147 t
(T5500n 1+ 25) (T + 1)

Proof. Following the initial lines in the proof of Theorem 2.6, we see that 6, and 6., are
well-defined bounded linear operators. We now consider four cases.
Assume (1). Then

x—z (T SfTan

n=1

SpaTn = Z 9n ()5 0n

”fn( )Sf_,ql—Tn - gn(x)S;-}—wnH

“h()h%%QWﬁ%H¥%@ﬁﬁ%%@ﬂﬁ%@

MgﬁpﬂgﬁMx

{mn—%mwgmww%w@ﬂm—%m}

Il
-

g<§jwwwwwﬁmumnwgm—%mew
n=1

Therefore the operator S]?ng,w is invertible.
Assume (2). Then
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SaTn = Z 9n(@) Sz

x—z (T SfTwn
n=1
Z ()7 170 — gn<x>sgiwn||
sz{m S fula )S;iwn||+fn<x>s;1wngn<x>5;1wn|}

{ Ifula a1 = 90057}

(Z 1FallllSF 7 (7n = wr)ll + Il.fn —gnllllsf,lwnll}> 1]

Therefore the operator S 1S, is invertible.
Assume (3). Then

x — i n(SjTim)w

n=1

- Z gn(S :
n=1

”fn( ) Tn _gn(SEix)wnH

Mg

3
Il
-

<y {Ilfn (7300 + 10 73007, = gn(57 bl |
-3 { P07+ la (5730~ wnl |

(i Frlllall + 1l9nS7 2 M7 — wnll}> |-

Therefore the operator S 57 . ¢ is invertible. Assume (4). Then

Z fn(S;ix)Tn - Z gn(Sﬁiw)w
n=1 n=1

z— Z gn(SJTIx)w

=1

Z £ (S772)Tn = gn(SF 1 2)wnll

> {Ilfn = SRl (7 ) = an(57 el

IN

{Ilfn o)+ 1 — gn><s;ix>wn|}

||F|ﬁ8 i
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< (Z {57

n=1

7 = wnll + 1(fn = gn)Sf,iIIIIwnll}) [l]]-

Therefore the operator Sg,wS;i is invertible.
Hence in each of assumptions we get that ({gn }n,{wn}n) is a p-ASF for X. O
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