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Abstract. In the paper, with the aid of relaxed sharing hypothesis, we study the
uniqueness of meromorphic (entire) functions whose derivatives share a finite set.
The results in this paper will improve a number of theorems earlier obtained by
Meng-Hu [11] and Meng [10]. Two examples have been exhibited by us to show that
the conclusions in our results actually occur.

1. Introduction and Definitions

Let us denote by C = C U {co}. Throughout the paper by a meromorphic function
we shall always mean a meromorphic function in the complex plane C. We adopt the
usual notations of Nevanlinna theory as explained in [8]. By E and I we denote any set
of finite and infinite linear measure respectively of 0 < r < co. For any non-constant
meromorphic function h(z) we define S(r, h) by S(r,h) = o(T(r, h)) where r — co,r ¢
E.

Let f be a non-constant meromorphic function, a € C and p be a positive integer.
We denote by E(a, f) the set of zeros of f(z)—a(counting multiplicity) and by E,)(a, f)
the set of zeros of f(z) — a with multiplicity < p(counting multiplicity).

Let S C C. Set

E[))(Sv f) = U Ep)(a’7 f)
acs
Then for two non-constant meromorphic functions f and g we say that f, g share the set
S truncated p if Ep,) (S, f) = E,(S,g). If p = oo, we define £\ (S, f) = E(S, f) = E(S).

The inception of set sharing problem in the realm of the theory of meromorphic

function was due to the following famous “Gross Question” {see [7]}.
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Question A. Can one find two ( or possibly even one) finite sets S;(j = 1,2) such that
any two non-constant entire functions f and g satisfying E(S;, f) = E(S;,g) for j = 1,2
must be identical?

Yi [13] gave a positive answer to the Question A. He proved

Theorem A. [13] Let f and g be two non-constant entire functions, n > 5 a positive
integer and let S; = {z : 2™ = 1}, Sy = {a}, where a # 0 is a constant satisfying
a®™ # 1. Let E¢(S;) = Ey(S;) for j = 1,2, then f = g.

In course of time, on the basis of Question A, the set sharing problem was divided into
two categories. In one respect, researchers became involved to explore the sets for which
two meromorphic (entire) functions share the same becomes identical. On the other
hand, the sets, which do not satisfy this property, also got priority. For these second
category of range sets, the natural inquisition was to find out the possible forms of the
functions. This is an age old problem. Throughout this paper, our main investigations
will be oriented around the second aspect.

Next we give some definitions.

Definition 1.1. [1] Let p be a positive integer and a € C U {oo}.

(i) N(r,a; f |> p)(N(r,a; f |> p)) denotes the counting function (reduced counting
function) of those a-points of f whose multiplicities are not less than p.

(i) N(r,a; f |< p)(N(r,a; f |< p)) denotes the counting function (reduced counting
function) of those a-points of f whose multiplicities are not greater than p.

Definition 1.2. [1] For a € CU{oo} and a positive integer p we denote by N, (r,a; f) the
sum N(r,a; f) + N(r,a; f > 2) + ... + N(r,0; f |> p). Clearly Ni(r,a; f) = N(r,a; f).

Definition 1.3. [1] Let a € CU {oo} and let f and g be two non-constant meromorphic
functions. If 29 be an a-point of f with multiplicity p and an a-point of g with multiplicity
g, then we denote by Np(r,a; f) the counting function of those a-points of f and g,

where p > ¢, by Né) (r,a; f) the counting function of those a-points of f and g, where

p = q = 1 and by Ng(r, a; f) the counting function of those a-points of f and g,
where p = ¢ > 2, each points in this counting function is counted only once. In

the same way we can deﬁneﬁL(r,a;g),Né) (r,a;g) and Ng(r,a;g). We also define
N.(r,a; f,9) = Np(r,a; f) + Np(r,a;9).

In 2001, at the time of investigating Question A, Fang [6] proved the following series
of results.

Theorem B. [6] Let f and g be two non-constant entire functions, n(> 5), k be two
positive integers and let S; = {z : 2™ = 1}, So = {a,b,c}, where qa, b, ¢ are non-zero
finite distinct constants satisfying a® # be, b* # ac, ¢® # ab. Let Ef(S1) = E4(S1) and
Eg)(S2) = Ey(S2), then f = g.

Theorem C. [6] Let f and g be two non-constant entire functions, n(> 5), k be two

positive integers and let S; = {z : 2" = 1}, So = {a,b}, where a,b are two non-zero
finite distinct constants. Let Ey(S1) = Ey4(S1) and Esw) (S2) = Eyi (S2), then one of
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the following cases must occurs: (1) f = g; (2) b= —a, f = et g = te=**~? where c,
d, t are three constants, t* = 1 and (—1)*tc** = a?; (3) f = e**4 g = te=°*~¢ where
¢, d, t are three constants, " = 1 and (—1)*tc** = ab; (4) b= —a, f = —g.

Theorem D. [6] Let f and g be two non-constant entire functions, n(> 5), k be two
positive integers and let S = {z : 2" = 1}, S3 = {a}, where a # 0,00. Let
Ef(S1) = Ey(S1) and Eyw(S2) = Ey i (S2), then one of the following cases must
occurs: (1) f=g; (2) b= —a, f = T4 g =te °*~< where ¢, d, t are three constants,
t" =1 and (—1)*tc** = a2,

Next we require the following well known definition of weighted sharing of values or
sets appeared in 2001 in the literature.

Definition 1.4. [9] Let k be a non-negetive integer or infinity. For a € CU{oc0} we denote
by Ei(a, f) the set of all a-points of f, where an a-point of multiplicity m is counted m
times if m < k and k + 1 times if m > k. If E;(a,k) = Ey(a, k), we say f, g share the
value a with weight k.

We write f, g share (a, k) to mean that f, g share the value a with weight k. Clearly
if f, g share (a, k), then f, g share (a,p) for any integer p, 0 < p < k. Also we note that
f, g share a value a IM or CM if and only if f, g share (a,0) or (a,o0), respectively.
The definition implies that if f, g share a value a with weight k, then z; is an a-point of
f with multiplicity m(< k) if and only if it is an a-point of g with multiplicity m(< k)
and zp is an a-point of f with multiplicity m(> k) if and only if it is an a-point of g
with multiplicity n(> k), where m is not necessarily equal to n.

Definition 1.5. [9] Let S C C and k be a non-negative integer or co. We set E¢(S, k) =
Uqes Erla, k) we say that f,g share the set S with weight k if E;(S, k) = E4(S,k).
Clearly E¢(S) = Ef(S, 00).

In 2009, under the purview of more general shared sets and the notion of weighted
sharing, Meng-Hu [11] investigated Question A and improved the results of Fang [6] as
follows:

Theorem E. [11] Let f and g be two non-constant meromorphic functions, n, k be two
positive integers. Let S; = {z : 2" = 1}, Sy = {a1,aq9,...,an}, where aj,a2,...,am
are non-zero distinct constants. Let Ey(Si,u) = E,(S1,u) and Epu)(S2,00) =
E ) (S2,00). Further

(i)ifn>5and u=2or

(ii)ifn>5and u=1 or

(iii) if » > 8 and u = 0;

then one of the following cases must occurs: (1) f = tg, {a1,a2,...,am} =
t{ai,as,...,a,} where t is a constant satisfying t" = 1; (2) f = de®*, g = gte_cz,
{a,az,...,am} = (—l)kc%t{é, é, . i}, where ¢, d, t are non-zero constants and
t" =1.

In 2013, using the notion of truncated sharing, Meng [10] improved the above results
in the following manner.

Theorem F. [10] Let f and g be two non-constant meromorphic functions, n, k be two
positive integers. Let S;, i = 1,2 be given as in Theorem E. Let E,)(S1, f) = Ey)(S1,9)
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and Epx) (S2,00) = Ejx (S2,00). Further
(i)ifn >5and v =3 or

(i) if n > 5 and v = 2;

then the conclusions of Theorem FE holds

In this paper, we consider the case of meromorphic functions in the above results and
prove the following theorems which will improve all the stated results.

Theorem 1.1. Let f and g be two non-constant meromorphic functions, n, k be two
positive integers and r € C,r # 0. Let S; = {z: 2" = r} and Sy = {a1,a2,...,am},
where a1,as,...,a,, are non-zero finite distinct constants. Suppose Ef(Si,u) =
Ey(S1,u), Ep)(S2,00) = Ej) (S2,00) and let f, g share (00, 0). Further
(i)ifn>6and u=2or

(ii)ifn>7and u=1or

(iii) if » > 11 and u = 0;

then one of the following cases must occurs:

(1) f =sg, {a1,a9,...,am} = s{a1,as2,...,an} where s is a constant satisfying s™ = 1;
(2) f=de”, g="Le% {ar,a2,...,am} = (—1)’%2’%{&1—1, (712’ ..., =}, where ¢, d, t are

non-zero constants and " = r2.

With the notion of truncated sharing we also prove the following theorem analogous
to Theorem 1.1.

Theorem 1.2. Under the same situation as in Theorem 1.1, let E,(S1, f) = E,)(S1,9),
Ef) (S2,00) = Ej) (S2,00) and let f, g share (c0,0). Further
(i)ifn>6 and v =3 or

(i) if n > 7and v =2 or

(iii) if n > 10 and v = 1;

then one of the conclusions of Theorem 1.1 holds.

When m = 1, we can easily deduce the following Corollary from Theorem 1.1.

Corollary 1.1. Let f and g be two non-constant meromorphic functions, n, k be two
positive integers and r € C,r # 0. Let S; = {2z : 2" = r} and Sy = {a}, where a be
non-zero finite constant. Let Ey(S1,u) = Ey(S1,u), Esw (S2,00) = Eyw) (S, 00) and
let f, g share (c0,0). Further
(i)ifn>6,u=2o0r
(i)ifn>7,u=1or
(iii) if n > 11, u = 0;
then one of the following cases must occurs:
(1) f=g
(2) f =de*, g = Le=*, a = (—1)Fc*tL, where ¢, d, t are non-zero constants and
tn =2,

Again for m > 2 we have following Corollary from Theorem 1.1:
Corollary 1.2. Let f and g be two non-constant meromorphic functions, n, k be two
positive integers and r € C,r # 0. Let S;, i = 1,2 be given as in Theorem 1.1. Let

Ey(S1,u) = Eg(S1,u), Bt (S2,00) = Eyu) (S2,00) and let f, g share (c0,0). Further
(i)ifn>6,u=2o0r
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(i)ifn>7,u=1or

(iii) if n > 11, u = 0;

then one of the following cases must occurs:

(1) f=sg,s8 =1, wherel| nand | m;

(2) f =de”, g = Le % and one of the cases below occurs:

(1) b2 = (=1)kc?t, bobg = bybs = ... = byy_1by = (—1)Fc?¢, when m is odd, where
{b17 b27b3; ey bm} = {ala az,Aaz, ..., am}7

(II) b2 = (—1)k02kt = b% or b1b2 = (—1)k62kt and b3b4 = b5b6 = ... = bm_lbm =
(—1)*c?*t, when m is even, where {b1, by, b3, by, ..., by} = {a1,a2,a3,a4,...,am}.

Here ¢, d, t are non-zero constants and " = r2.
When m = 1 from Theorem 1.2 we have the following corollary:

Corollary 1.3. Under the same situation as in Corollary 1.1, let E,)(S1, f) = E,)(S1,9),
Et (S2,00) = By (S2,00) and let f, g share (o0,0). Further

(i)ifn>6,v=3or

(i)ifn>7,v=2o0r

(iii) if n > 10, v = 1;

then conclusion of Corollary 1.1 holds.

Again for m > 2 in Theorem 1.2 we have next corollary:

Corollary 1.4. Under the same situation as in Corollary 1.2, let E,)(S1, f) = E,)(S1,9),
E (S2,00) = E ) (S2,00) and let f, g share (o0,0). Further

(i)ifn>6,v=3or

(ii)ifn>7,v=2o0r

(iif) if n > 10, v = 1;

then conclusion of Corollary 1.2 holds.

Now we give an example which shows that case (1) in above corollaries holds.

Ezample 1. Let a,b be two non-zero complex constants. Let S; = {z : 2™ = a} and
Sy = {z : 2™ = b}. Let f(z), g(z) be any two meromorphic functions such that
f(z) = sg(z), where s' = 1, the integer I divides n and m. Since f* = s"g" = g"
and (f*)m = gm(g)m = (g™ then E;(S1,00) = Ey(S1,00) and Efu (92,00) =

Eg(k) (Sg, OO)

The next example shows that case (2) in above corollaries also holds. Here we have
27

assumed w = e .

Ezample 2. Let a, b be any two non-zero complex constants. Also let Sy = {z: 2" =r}
and when m be odd, choose

a a m—1

Sy = {,b01,a,b02,..., ,me—l7\/%;CiG(C\{O},Z':].,Q,...,} or
C1 Co 2

Cm—1
2

Cm—1
2

{a,bcl,a,bCQ,..., @ ,bcL_17—\/c%;cZ- 6@\{0}71':1,2,...,_};
C1 Co 2
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otherwise when m be even

-2
Se = {a,b01,a,bcg,... a4 ban?z,\/cT,\/(%;cie(C\{O},i1,2,...,m}

¢ o ’cmsz’ 2
a a a m
L ber, L by, - bemie; e C\fO),i=1,2,... 2
or {c1 c1 o Cs - Ccm;c \{0},4 2}
_yk=1)
Set f(z) = ﬁ eV=abz g(z) = \/(% e~ V=% Choosing ¢, d, t as stated
in the Corollary 1.2 as: ¢ = v/—ab, d = \/(_ai)(kil), t= (ab)(lk—U’ we have t" = r?; i.e.,

2 _ 1 - _ 1 L« . 1 _ 1 i0
Y= e e 7= + — Let us suppose — = = —
p (ab) (ab) [v/ (ab) |
—nm <0< .
i N S —J 1 i —
First choose r N CORG=E then S {|\/(ab)(—k’1)| enwl; j=0,1,...,(n 1)}

— 1 9 1. 1 V=—abz _

Let f(Z) = ‘W‘ en wp’ 0 S P S n 1, 1.e., \/m e abz

L eRur i V=ab: — V(zah®*Th o e 1_ (k—1) _
] e wQ; ie., e WGl enwPl. As 5 (ad)
(ab)E=1) |2 =5 w24 ¢ =0,1,...,(n — 1), we have

B G ) Y = M VA () Ll QU
9(z) = (—ab) D ¢ " (ab)*D e rw

| V (a’b)(k_l) | e—ﬁ 210 94 1 ﬁw(Zq—p).

nw_pe n (W - en

|V (ab) B0 2 | V/(ab) =) |

Clearly 1 —n <2q—p <2n—2.

. e 1 _ 1 Unt0) G _
Next suppose r = W,then&—{\/m e wl;j=0,1,...,(n 1)}
i(w+6)

Let f(z) =

wP; 0 < p <n-—1. 1In a similar manner as above

1
ab)Eo] ©

in this case also we can show that g(z) =

1—n <2¢—p<2n—2. We note that

1 i(m+6)
n

V@] ©

w9=P)  where as usual

witl if 0<j<n—1,
Wl — wi—(n=1), if n<j<2n-—1,
wi=@n=1), if 2n <j <3n-3.

It follows that, E¢(S1,00) = E4(S1,00).
For the sharing of the second set, we have g(¥)(z) = Ci, 1 = 1,2,..., M where

M = mTfl, when m is odd; or msz or 4, when m is even. So —v/—ab e~ V—abz — f,
ie., e"VTabz — _cm;—W; ie., e"VTabz — —Vb;ab; iff fF)(2) = /—ab eV~ = be;.
Similrly g% (2) = be; iff £ (2) = o Also g®) (2) = Vab or —Vab iff f¥)(2) = v/ab or

7\/(%. Therefore Ef(k) (SQ, OO) = Eg(k,) (SQ, OO)
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2. Lemmas

In this section we present some lemmas which will be needed in the sequel. Let F
and G be two non-constant meromorphic functions defined in C as follows

=L g-9 (2.1)
r r
Let H, V be the following functions:
F// 2F/ G// 2G/
F/ /
V= — ¢ (2.3)

FF-1) GG-1)

Lemma 2.1. [12] Let f be a non-constant meromorphic function and let

n

> axf*
R(f) = "5

2. b7

§=0
be an irreducible rational function in f with constant coefficients {ax} and {b;}where
an # 0 and b,, # 0. Then

T(r, R(f)) = dT(r, f) + S(r, f),
where d = max{n, m}.
Lemma 2.2. [3] Let E,(1,F) = E,)(1,G) and let H # 0, then
N(r,1;F|=1) < N(r,o0; H) + S(r, F) + S(r, G).

Lemma 2.3. [2] Let E,)(1, F) = E,)(1,G) and let F' and G share (oo, k). Also let H # 0.
Then

N(r,o0;H) < N(r,0;F[>2) +N(r,0:G |> 2) + N.(r,00; F, G)
+N(r,LF|>v+1)+ NG |>v+1)
+No(r,0; F') + No(r,0; G").

Lemma 2.4. Let F and G be two non-constant meromorphic functions and let
Ey(1,F) = E,(1,G), where 1 <v < oo. Then

N(r,1;F) + N(r,1;G) — N (r, 1; F)

+<;;) {N(r,;,F|>v+1)+N(r,1G[>v+1)} < %{N(r,l;F)+N(r,1;G)}.

Proof. The lemma can be proved in the line of proof of Lemma 2.2 [4]. So we omit the
details. O

Lemma 2.5. [13] Let H be defined as above. If H =0 and
lim sup N(r,0; F) + N(r, 0;G) + N(r,00; F) + N(r, 00; &)

<1, rel,
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where I is the set with infinite linear measure and T'(r) = maz{T(r, F),T(r,G)}, then
FG=1lor F=aG.

Lemma 2.6. [2] Let F and G share (00,0) and V = 0. Then F = G.
Lemma 2.7. [2] Let H be defined as above. If Esy(1, F) = FE3)(1,G) and F, G share

(00, k), then one of the following cases occurs:

()T(r,F)+T(r,G) < 2{Na(r,0; F)+ No(r,0;G) + N(r,00; F) + N(r,00; G)
+N.(r,00; F,G)} + S(r, F) + S(r,G),

(i) F =G,

(i) FG = 1.

Lemma 2.8. Let F' and G be defined as above and let E,(1,F) = E,)(1,G), where
1 <wv < oo. Then

N L F 2 0+1) < (N0 )+ N 050)} + 50,

Proof. The lemma can be proved in the line of proof of Lemma 2.4 [3]. So we omit the
details. d

Lemma 2.9. [5] Let F', G be two non-constant meromorphic functions such that they
share (1,u), (00,0) and H # 0. Now the following holds:

(i) if uw > 2 then
T(r,F) < Ny(r,0;F)+ Na(r,0;G) + N(r,00; F) + N(r,00; G) + N.(r,00; F, G)
+S(r, F) + S(r,G),
(ii) if w =1 then

1 _ _
T(r,F) < NQ(T,O;F)+N2(T,O;G)+§N(T,0;F)+2N(T,OO;F)+N(’I",OO;G)

+N.(r,00; F,G) + S(r, F) + S(r,G),
(iii) if w = 0 then
T(r,F) < Ny(r,0;F)+ Na(r,0;G) +2N(r,0; F) + N(r,0; G) + 3N (r,00; F)
+2N(r,00;G) + N.(r,00; F,G) + S(r, F) + S(r, G).
Lemma 2.10. [2] Let V' be defined as above and V' # 0. If F' and G share (00, k) and
E,(1,F) = E,(1,G), then

(nk+n—1)N(r,o0; f |>k+1)=(nk+n—1)N(r,o0; F |> nk+n)
< EEHN(r, 0. f) + N(r,059)] + 2N (r,00; f) + S(r, f) + S(r, 9).

Lemma 2.11. Let V be defined as above and V' # 0. If F and G share (1,u) and (o0, k),
then

(nk4+n—1)N(r,o0; f|>k+1)=(nk+n—1)N(r,o0; F' |> nk +n)

< EBIN( 05 f) + N(r,059)] + 35 N(r, 005 f) + S(r, f) + S(r, g).

Proof. In the line of proof of Lemma 2.10, we can prove the lemma. So we omit the
details. [l
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Lemma 2.12. [8] Let f be a non-constant meromorphic function, n be a positive integer
and ¥ be a function of the form v = f™ 4+ @, where @ is a differential polynomial of
degree < n — 1. If

N(r,00; f) + N(r,0;¢) = S(r, f)
then ¢ = (f+a)™, where « is a meromorphic function with T'(r, &) = S(r, f), determined
by the term of degree n — 1 in Q.

3. Proofs of the theorems

Proof of Theorem 1.1. From E¢(S1,u) = E4(S1,u), we deduce that F', G share (1, u)
and also we have F, G share (00,0). Now by Lemma 2.1, we get

T(r, F) =nT(r,f)+S(r, [), T(r,G) =nT(r,g) + S(r,9). (3.1)
Let H # 0. Since F, G share (00, 0), then N, (r,00; F,G) < N(r,00; F) and N(r,00; F) =

N(r,00; G). Now we consider the following cases:

Case-1.1. For u = 2, by (i) of Lemma 2.9, we have
T(r,F)+T(r,G)
< 2{Ny(r,0; F) + No(r,0; G) + 2N (r,00; F) + N(r,00; G)} + S(r, F) + S(r, G)
<4{N(r,0; F) + N(r,0;G)} + 6N (r,00; F) + S(r, F) + S(r, G)
S A{N(r,0; f) + N(r,0:9)} + 6N (r,00; f) + S(r, f) + S(r, g).

Since H # 0, then F # G. It follows from Lemma 2.6 that V # 0. So by Lemma 2.11
for kK =0 and u = 2, we have

(7= ) oo 1) < R 00) + 000} + (0. 1) + 5(0,9).
Hence from above and from (3.1), we get
n{T(r, f) +T(r,9)}

< 4N (r,0; ) + N(r.0:9)} + ——

5 N0 0: /) + N(r,0:9)} + S(r, f) + S(r, 9),

which contradicts n > 6.

Case-1.2. For u =1, by (ii) of Lemma 2.9, we have
T(r,F)+T(r,G)
< 2{Ny(r,0; F) + No(r,0; G)} + %{N(no; F)+ N(r,0;G)} + TN(r,00; F)
+S(r, F)+ 8(r,G)

< g{W(T,O;F) + N(r,0;G)} +TN(r,00; F) + S(r, F) + S(r,G)

< SONG0; )+ N(r,0:)} + TN (00 ) + 55, ) + 507,9).

Since F' # G we get by Lemma 2.6 that V # 0. Now by Lemma 2.11 for kK = 0 and
u = 1 we have

(n = 2) N(r,00: £) < 5 (N(1,0: ) + N(r,0:9)} + 5(r. ) + 5(r.9).



34 Abhijit Banerjee and Santanu Dhar

Hence using (3.1) we get from above,
n{T(r, )+ T(r,9)}
9 __ — 21
< g{N(T,O,f) +N(T,0,g)} +

2n_4{N(T70§f) +N(T7O;g)} +S(T7f) +S(’I’,g),

which contradicts n > 7.
Case-1.3. For u = 0, by (iii) of Lemma 2.9, we have

T(r,F)+T(r,G)

< 2{Ny(r,0; F) 4+ Na(r,0;G)} + 3{N(r,0; F) + N(r,0; G)} + 12N (r, 00; F')

+S(r, F)+ S(r,G)

<7{N(r,0; F) + N(r,0;G)} + 12N (r,00; F) + S(r, F) + S(r, G)

< T{N(r,0: f) + N(r,0:9)} + 12N (r, 00; f) + S(r, f) + S(r, 9)-
Since F' # G, we get by Lemma 2.6 that V' #£ 0. Hence by Lemma 2.11 for k = 0 and
u = 0 we have

(n —3) N(r,00; f) < 2{N(r,0; f) + N(r,0;9)} + S(r, f) + S(r, ).

Hence from above, using (3.1), we get

W{T(r, )+ T, 0)}
< TN, 05 ) + N, 0:)} + —= (N, 0: ) + N(7,05)} + S0, /) + 5(7,9),

which contradicts n > 11.

Therefore H # 0 can not be possible for all three cases. Thus by Lemma 2.5, we have
F =G or FG = 1, that is f = sg, where s is a constant satisfying s™ =1 or fg = t,
where t is a constant satisfying ¢” = r2. Next we consider the following cases:

Case-2.1. Let f = sg. Then f*) = s¢*). So by Eg) (S2,00) = E ) (S2,00), we
get
{a1,a2,...,am} = s{ar,a2,...,am}.

Case-2.2. Let fg =t. Since f, g share (00, 0), there exists an entire function h such
that f = e" and g = te~". Therefore

f(l) :aif and g(Z) :/Big7 1= 1a2a"'aka (32)
where a; = b/, 1 = —h' and a4, S respectively satisfy the following recurrence formulas
az:Oél]—"P(al)uBZ:ﬁi—"_Q(ﬁl)?Z:luQa7k7 (33)

where P(ay) is a differential polynomial in «; of degree k — 1 and Q(5;) is a differential
polynomial in 81 of degree k — 1.
Without loss of generality we assume that a; is not an exceptional value of f(*).
Suppose f*)(zy) = ay, then ailak(zo)ﬁk(zo) = g™ (2) = a; € Sy. Hence we can get
1,2

points z%,z%,...;z%,z%...;...;zp7zp... and values b1, b2,...,b, € S3, 1 < p < m such

that f(k)(zf) =ay, g(k)(zg) =b;,1=1,2,...,p; 7=1,2,.... Then

(;ak(zf)ﬁk(zf)—bi> =0, for i=1,2,...,p;j=12 ... (3.4)
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Suppose

t
(akﬁk _bi> Z0, for i=1,2,...,p.
ay
Then in view of Lemma 2.1 we get

N(T al?f(k))

Z Oékﬁk)

<

< pr<7~ axfh) + S(r, )

< p{T(r,ax)+T(r,Br)} + S(r, f)
S pk{T(T, 0‘1) + T(?“, Bl)} + S(T’ f)
< pk{T(r, f7) T %)} + S0 f)
< S(rf),

which is a contradiction. Hence we get

t
<ak6k — bl) =0, forsome i=1,2,...,p, (3.5)
a

which implies that ay B is a non-zero constant. If @y and 81 are not constants, then by
Lemma 2.12, we have

ai = (oq Jr’Yl)ka Br = (B +’Y2)ka (3.6)

where 71,72 are small functions of a; and (1, respectively. Since a3 = —f; = h/,
we conclude that aiBr can not be constant, which is a contradiction. Hence one
of oy and [ is constant. Thus h is a linear function. Therefore f(z) = de®* and

g(z) = tem°*, where ¢, d are non- zero constants. Now from Eyu) (S2) = E ) (S2), we
gje*; {ai,a9,...,am} = (—=1)Fc?t{ all I i} This completes the proof of Theoreg

Proof of Theorem 1.2. Here E,(S1, f) = E,)(S1,9) and F, G share (c0,0). Now we
consider the following cases:

Case-1.1. Let v = 3. Suppose F' # G. First we assume that (i) of Lemma 2.7 holds,
then

T(r,F)+T(r,G)

< 2{Ns(r,0; F) 4+ No(r,0;G) 4+ 2N (r,00; F) + N(r,00; G)} + S(r, F) + S(r, G)
<4{N(r,0;F)+ N(r,0;G)} + 6N (r,00; F) + S(r, F) + S(r,G)

< A{N(r,0; f) + N(r,0;9)} + 6N (r, 00; f) + S(r, f) + S(r, g).

Since F # G we get by Lemma 2.6 that V' # 0. Hence by Lemma 2.10 for k = 0 and
v = 3 we have

(7= ) Wi 1) < N R0.0) + W00} + 5. 1) + 5(0.9).
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Hence from Lemma 2.1 and from above,
n{T(r, f) +T(r,9)}

<4{N(r,0; f) + N(r,0;9)} + =

3n_5{N(T70§f) —‘rN(ﬁO;g)}-f—S(T,f) +S(7’7g),

which contradicts n > 6. Therefore we get by Lemma 2.7, FG = 1. Hence either F' = G
or FG =1.

Case-1.2. Let 1 < v <2 and let H # 0, then respectively by Lemmas 2.4, 2.2, 2.8
and 2.8, we have

%{T(r7 F)+T(r,G)}

< Ny(r,0; F) + No(r,0; G) + 3N (r, 00; F)

+ (g - i) {N(r,; F|>v+1)+ N, ;G |>v+1)}+ S(r, F)+ S(r,G)

< 2{N(r,0; F) + N(r,0; G)} + 3N (r,00; F) + (32_1}”> {N(r,0; )+ N(r,0;9)
+N(r,00; f) + N(r,00;9)} + S(r, F) + S(r, G).

Now we have the following subcases:

Subcase-1.2.1. Let v = 2, then from above
1
i{T(rv F) + T(T7 G)}

< N0 £) + N, 05)} + SN (005 )+ S0, ) + 5(7,0).

Since H # 0, then F' # G, we get by Lemma 2.6 that V # 0. So by Lemma 2.10 for
k=0 and v =2 we have

(n = 2) N (1,005 ) < S{N(r,0: ) + N(r,0:9)} + (1, 1) + S, ).
Hence from above and from Lemma 2.1,
ST )+ T(r.9))

< HV,0:0) + N, 05)} + 7

471—8{N(T70;f) —&-N(n();g)}—i—S(nf) +S(r,g),

which contradicts n > 7.

Subcase-1.2.2. Let v = 1, then from above
1
i{T(ﬁ F) + T(Ta G)}

< 3{N(r,0;f) + N(r,0;9)} + 5N(r, 00; f) + S(r, f) + S(r, 9).
Since F' # G we get by Lemma 2.6 that V #£ 0. So by Lemma 2.10 for k =0 and v =1

we have

(n—3) N(r,00; f) < 2{N(r,0; f) + N(r,0;9)} + S(r, f) + S(r, 9).
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Hence from above and from Lemma 2.1,
n
§{T(T7 f) +T(T7g)}
_ _ 10 — _
< 3{N(, 0 f) + N(1,039)} + ——={N(r, 0. f) + N(r, 0;9)} + S(r, f) + 5(r, 9),

which contradicts n > 10.

Therefore H = 0 for last two subcases. Hence by Lemma 2.5, we have F' = G or
FG=1.

Next we can prove the theorem in the line of proof of Theorem 1.1. O

Proof of Corollary 1.1. Let So = {a}. So by the conclusion (1) of Theorem 1.1 for
m =1, we have f = sg, Sy = $53; that is a = sa. Therefore s = 1. Hence f = g.

—Cz

Now by the conclusion (2) of Theorem 1.1, f = de®*, g = ée and since Sy contains

one element, hence a = (—1)’“02’%%. Thus the Corollary 1.1 is proved. ]

Proof of Corollary 1.2. Let m > 2. Now by conclusion (1) of Theorem 1.1, we get
f =sg, So = sS5. Then we have the following cases:

Case-1.1. Let a; = sa;, i =1,2,...,m. Therefore s = 1. Hence f = g.

Case-1.2. Let Sé = {b1,b2,b3,...,b;} C {a1,a2,...,am}. Then without loss of
generality we may assume that b; = sbg, by = sbs,...,bj_1 = sb;,b; = sby, where
2 <1 < m. Clearly we have s’ = 1. We now claim that, S, will be partitioned into
disjoint classes of subsets each containing exactly [ elements. Otherwise we get a class of
q elements, Sg = {c1,¢2,...,¢cq} of Sy, satistying ¢1 = sca,ca = sc3,...,¢cq—1 = SCq,Cq =
scy where g # 1. If ¢ < [, then noting that s? = 1, from S;, we get by = bgy1 which
is a contradiction. So we see that [ is the least value for which such a partition Sy of
Sy exists. If ¢ > [, then, since s' = 1, it follows that ! divides ¢q. Hence we can again
partition S; into subclasses each containing exactly [ elements. This means that every
partition of S5 contains [ elements and [ is the least value for a partition like Sé of
So. Hence [ divides m. Also as s™ = 1, [ can not be greater than n, since otherwise
by the same argument as above, we get by = b,,+1, a contradiction. Thus ! also divides n.

Again by the conclusion (2) of Theorem 1.1, we get f = de®*, g = ﬁe_cz and since
Sy = {a1,as,...,an,}, we have a; = (fl)kc%taij, 1 <i4,57<m. Leti#j #Ek,
where 1 < 4,5,k < m, if a; = (fl)kc%taij and a; = (fl)kc%ti, then a; = ag, a
contradiction. Hence if a; = (—1)’“02’“15&%, then the only possibility is a; = (—1)}“02’“15&%,
where 1 < 4,5 < m. Let {by,bo,b3,...,by} = {a1,a2,0as3,...,a,}. Then we consider
the following cases:

Case-2.1. Let m be odd. Then without loss of generality we consider b; = (—1)
and b; = (fl)kc%tﬁ where m > i > 2 and i is even, that means b? = (—1)*¢?*t and
b2b3 = b4b5 = ... = bm_lbm = (—l)kCth.

k,2ky 1
c tbl
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Case-2.2. Let m be even. Then also without loss of generality we consider
by = (—1)k02kt%, by = (—1)’“02’%% or by = (—1)’“02’%% and b; = (—1)k02ktﬁ where
m > i > 3 and i is odd, that means b? = b3 = (—1)kc**t or biby = (—1)*c*t and
bgb4 = b5b6 =...= bmflbm = (—1)kc2kt.

This completes the proof of Corollary 1.2. O

Proof of Corollary 1.3. The proof of the corollary is similar to that of Corollary
1.1. O

Proof of Corollary 1.4. The proof of the corollary is similar to that of Corollary
1.2. O
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