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Abstract. Let Q be a bounded domain in R™ with smooth boundary 99. In
this paper, we will study the spectral properties of degenerate non- selfadjoint
elliptic systems of differential operator P acting in Hilbert space Hy, = L2(Q)£
and defined by (Pu)(z) = =37, (p2a(:1:)a”(x)Q(x)u’T1(:1:));, with Dirichlet-
type boundary conditions, indeed this paper was written in Con{cinuing on earlier
our papers [10], [14], the paper is sufficiently more general than the paper [10].
Here c|s|]? < Yric1ai(@)sis; (s = (s1,...,8n) € C", z € Q), plz) =
dist{z,0Q}, aij(z) = aji(z) € C?(Q), 0 < a < 1. Suppose that Q(z) €
C?(Q, End C*) such that for each € Q the matrix function Q(z) has non-zero
simple eigenvalues u;(z) € C2() (1 < j < ¢) arranged in the complex plane such
that: p1(x),...,ue(z) € C\®, where ® = {2 € C: |arg 2| < ¢}, » € (0, 7).

1. Introduction

Let Q be a bounded domain in R™ with smooth boundary 9Q (i.e., 00 € C*).
We introduce the weighted Sobolev space H = W3 () as the space of complex value
functions u(z) defined on Q with the finite norm:

" 1/2
fuls = (Z | @, )P+ | |u<a:>|2dx) .

We denote by H the closure of C§°(€2) in H with respect to the above norm. i.e., H is
the closure of C§°(Q) in W3 ,(€2). The notion C§°(£2) stands for the space of infinitely
differentiable functions with compact support in €2. In this paper, we investigate the
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40 R. Alizadeh and A. Smeripour

spectral properties, in particular we estimate the resolvent of a non-selfadjoint elliptic
differential operator of type

(Pu)(x) = — Z (pzo‘(x)aij (2)Q(x)ul, (x))xj (1.1)

acting in Hilbert space H, = L2(€)" with Dirichlet-type boundary conditions. Here
p(z) = dist{z,00Q}, 0 < a <1, aj(z) = a(z) (i,7 =1,...,n), a;j(z) €
C?(Q) (¢, = 1,...,n), and the functions a;;(z) satisfies the uniformly elliptic
condition, i.e., there exists ¢ > 0 such that:

cls|* < Z a;j(2)s;5; (s=(s1,...,5,) €C", z€Q).

ij=1

Furthermore, suppose that Q(x) € C?(Q, End C*) such that for each x € Q the matrix
function @(x) has non-zero simple eigenvalues p;(z) € C%(Q) (1 < j < ¢) arranged in
the complex plane in the following way:

Nl(f)v s 7#5(1.) € C\(Da

where ® = {z € C: |arg z| < ¢}, ¢ € (0,7). (i.e., the eigenvalues p;(z) of Q(x) lie on
the complex plane and outside of the closed angle ®).

For a closed extension of the operator P with respect to space
H = W3 ,(Q) above, we need to extend its domain to the closed domain

D(P) =4y €He NW3 1V : Y (*ai;Qy's,), € Heyp
ij=1

(see [8]) where the local space W3 ;,.(2) is the functions u(z) (z € Q) in this form

W3 16.(Q2) = {u(z) : Z?:o [, [u(2)]?dz < 0o, J C Q, open}. Here, and in the
sequel the value of the function arg z € (—w, ], and ||T|| denotes the norm of the
bounded operator T': H — H.

To get a feeling for the history of the subject under study, refer to our earlier papers
[10], [14]. Indeed this paper was written in continuing on earlier our papers, the paper
is sufficiently more general than earlier our papers, which here, we obtain the resolvent
estimate of the operator P, that satisfying the special and general conditions, The paper
consists of four sections. Section 1 is devoted to introduction. In Section 2, we have
Theorem 2.1 on the resolvent estimate of the differential operator P, acting in H in
the certain case (i.e., in this case, we will study Theorem 2.1 under assumption (2.2)).
In Section 3, we have Theorem 3.1 the resolvent estimate of the differential operator
P, acting in H in the general case (i.e., in this case, we will study Theorem 3.1 in
contrast to Theorem 2.1. in other words, Theorem 3.1 does not include assumption
(2.2) of Theorem 2.1). In Section 4, we have Theorem 4.1 on the resolvent estimate of
the differential operator in Hy.
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2. The Resolvent Estimate of Degenerate Elliptic Differential Operators in
H in Some Special Cases

Theorem 2.1. Let A = P in (1.1), i.e., assume that the operator A acting in Hilbert
space H = L?(Q) with Dirichlet-type boundary conditions, and the sector ® be defined
as in Section 1. Let the complex function q(x) satisfies the following conditions

g(z) € C(Q), q(x) € C\2, (Vo € Q), (2.1)
larg{a(e)q @)} < . (¥ 2122 € Q). (22)

Then, for sufficiently large in modulus A\ € ®, the inverse (A — \I)~1 exists and is
continuous in H, and the following estimates are valid

(A= AD) 7Y < Ma|A[™P (A €D, A > Ca), (2.3)
0 _ 1
0% 5~ (A=ADT| < M'a]A"2 (A€ @, ]A| > Ca), (2.4)
fori=1,...,n

where Mg, Ce > 0 are sufficiently large numbers depending on ®.

Proof. Here, to establish Theorem 2.1, we will first prove the assertion of Theorem 2.1
together with estimate (2.3). So, as in Section 1 for a closed extension the operator A
(for more explain see chapter 6 of [8]), we need to extend its domain to the closed set

D(A)={ueH NW3,.(Q): AucH}.

Let the operator A, now satisfy (2.1), (2.2). Then there exists a complex number Z € C
(noticed that we can take Z = €7, for a fix real v € (—m,7]), such that:

d < Re{Zq(z)}, N <—-Re{Z)\}, >0NzeQ, \ed). (2.5)

In view of the uniformly elliptic condition, we have
n

cls |2—CZ|82|2 Z a;j(2)s;5;, (¢>0, s=(s1,...,5,) €C", z € Q)

1,5=1

take s; = y/,, implies that ¢ Y |/, (2)]* < > ai;j(@)y/,, (2)y,, (). From this, and
i=1 ij=1
according to ¢’ < Re{Zq(z)} in (2.4), we then multiply these two positive relations with
each other implies that
n
612 1Y, (@)* < ReZq(x) ) ayj(@)y), (2)ys, (2);y € D(A).

1,0=1

Multiply both sides of the latter relation by the positive term p?>*(z), and then integrate
from both sides, we will have

clz/ (z)]?dz < ReZ Z/ 2(z)a;;()q(x)y, (@)Y, (z)d.

3,7=1
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Now by applying the integration by parts, and using Dirichlet-type condition, the right
sides of the latter relation without multiple ReZ becomes:

Z / ai; (@)a(@)y}, (0)y5, (@)dx

_— 2 / 2 (2)ags (@)a(w)yh, (), T2
= (- Z (0**(@)asj()a(@)ys, ()5, » y(@)) = (Ay,y). (2.6)
Notice that (Ay)(z) = — 21 ( “(2)aij(v)q(x)y,, (x))lxj-

Here, the the symbol (,) denotes the inner product in H.

Notice that the above equality in (2.6) obtains by the well known theorem of the
m-sectorial operators which are closed by extending its domain to the closed domain
in H. These operators are associated with the closed sectorial bilinear forms that are
densely defined in H (for more explanation see the well known Theorem 2.1, chapter 6
of [8]). This why we extend the domain of the operator A to the closed domain in space
‘H above. Therefore

clz/ (x)]*dr < ReZ(Ay , y)

from (2.4) we have: /|A\| < —Re{Z\}, ¢/ > 0, VA € ®. Multiply this inequality by
Jo ly(@)? de = (y , y) = |lyl|* > 0. It follows that

¢ /Q (@) dt < —Re{ZA}(y , v)-

From this and the above inequality we will have

Cln 2o¢x IYIQI c 129:_ e ) — ,

;/Qp @)y, (z)["dz + MI/Q\y( Wde < Re{Z(Ay,y) — Z\(y,y)}
= Re{Z((A—)y,y)}
< NZIlyllII(A = AL)y]|

ylII(A = ADyll; (2.7

ie.,
0 3 [Pl @R+ D [ @R b < 101 = 3Dl

Since ¢; ZZ 1fQ p**(@)|y, (x)[Pdx is positive. We will have either ¢|M|[ly(z)||* =
Al fo ly(@)|? dz < Jly[ll[(A — A D)yl Or

Allly(@)l] < Mal|(A = A Dyl|. (2.8)
This inequality ensures that the operator (A — X I) is one to one, which implies
that Ker(A — X I) = 0. Therefore the inverse operator (A — AI)~! exists, and its
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continuity follows from the proof of the estimate (2.3) of Theorem 2.1. To prove (2.3),
we set y = (A—X)"1f, f € H, (2.8) implies that

Il /Q (A =AD" f2dz < Mg H(A - M)*lfH H(A DA - M)*lfH .
Since (A — A)(A—XI)"'f = I(f) = f. Then
[ 14 = a7 s < 0o (4= a7 11

So
Alfja = an- H <M¢HA AD | 1A

Which this implies that |A| H (A=)~ H < Mg ||f||. Because we know that A # 0

then H (A=)~ (f)H < Mo A"V |If|l; ie.y [|(A = AD"Y| < Ma|A|~". This estimate

completes the proof of the assertion of Theorem 2.1 together with the estimate (2.3).
Now, we start to prove the estimate (2.4) of Theorem 2.1. As in the above argument,
we drop the positive term ¢/|A| [, [y(2)|? da from

- [ P @l @ e W [ @l de <l 14— 2 Dyl
It follows that
012 [ A < ol A= A0l

Equivalently

" ? :
allp® (A= AD TP <yl (A = A Dyl

Set y = (A—MI)~1f, f € H in the latter relation, and proceeding by similar calculation
as in the proof (2.3) we then obtain:

allp™5 0 oz, A= AD” P < IA=ADTHNIA = AD(A =MD

Since (A — /\I)(A—)\I) Lf =1I(f) = f, then

0 _ _
“ o (A=A LIPS A= ADTHAIP,
z;
consequently, by (2.3) this implies that
0 _ _
crllp® 5= (A= AD TP < Mo A 7HIf]?
z;

to this end we will have

o O _ 1
696'(14—)\]) Yl < MEIN 2. (2.7)

Thus, here the proof of the estimate (2.4) is finished; i.e., this completes the proof of
Theorem 2.1. (]

Now let the condition (2.2) does not hold. Then we will have the following statement:
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3. The Resolvent Estimate of Some Classes of Degenerate Elliptic
Differential Operators in H

In this section, we will derive a new general theorem by dropping the assumption
(2.2) from Theorem 2.1 in Section 2.

Theorem 3.1. As in Section 1, let ® be some closed sector with vertex at 0 in the
complex plane (for more explain see [8]), let the complex function q(x) satisfies

q(z) € CH(Q), q(z) € C\®, (Vx € Q). (3.1)

Then, for sufficiently large in modulus A € ®, the inverse
(A —MI)~! exists and is continuous in H, and the following estimates holds:

[(A=ADTH < Ma|AI™Y, (A€ @, [A] > Ca) (3.2)
where Mg, Cy > 0 are sufficiently large numbers depending on ®.

Proof. Let us (2.2) does not satisfy. To prove the assertion of theorem 3.1, we construct
the functions
e1(x), ..., om(x), q1(x),...,qn(x) so that each one of the functions

@1(z), ..., qgm(x) (x € Q), as the function ¢(x) in Theorem 2.1 satisfies (2.2). Therefore,
let

e1(), - om(@), @(@), ... am(z) € CF°(Q),
satisfy

0<o.(x), T=1,...,m, ap?(:r)—i—...—i—gofn(;v)zl (r €Q)
d
%@T(x) € CSO(Q)a qr(x) = Q(I)ﬂ Vo € SUpp @r

¢ (x) €C\®, (Vzx€Q), r=1,...,m.

_ T
|arg{g-(z1)q, *(22)}] < 3 (Vz1,20 € supp @), 7=1,...,m.

In view of Theorem 2.1, and by (2.3), and (2.4), set A, = A in the definition of the
differential operator, implies that

Apu(z) == > (p*(2)ay;(x)q, (x)ul, () acting in H where
Q=1
D(A;) ={u € H NW5 1,.(Q): Awue H}.

Due to the assertion of Theorem 2.1, for 0 # A € ® the inverse (A, — AI)™" exists and
is continuous in space H = L? (Q2), and satisfies

_ - o O _ _1
(A = AD) Y < MaA 7 lp g (Ar = ADTH < Mg 72 (A € @, [\ > Ca),
(0# X € ). (3.3)

Let us introduce

G =Y (A =AD"y, (34)
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Here ¢, is the multiplication operator in H by the function ¢, (z). Consequently, easily
we will have

(A= ADG(\) = I+ p* Y Zﬁr (A, =AD"

@) 22 (@)

=1 r=1

Yo, (3.5)

where 8,.,7;. € Loo(Q) , supp S, and supp ~;, are contained in supp ¢,
First we prove that G(A\)u € D(4,), (Yu € H). Now from the definition of D(A,)
it follows that

o

er(Ar— N o €U NWE 14(Q),  (r=1,2,...,m).
Therefore from this implies that G(A\)u € D(A,.);
(A= XHGMNu = A(G()\) ) = AG(N)u

—ijm 2)ai; (2)gr(x)(GNu),, Ve, — AG(A)u

7.]1

= *Z{pm )aij(z)qr ()

7,7=1

(Z er(Ar — )‘I)il‘Pru);l};j —AG(Au

L3 S @y () (1) () (Ar — AT

i,j=1r=1
)}, = AG(\u

- Z Z {p**(x) z)ai;(x)gr () ((Ar — AI)71)¢TU)),mi}/xj~

i,j=1r=1

We write the second term as

n m

L1+ Ly =— Z Z{anaijQTQOT((AT - /\I)_lSOTU);;i}/wj

ij=1r=1

where

- Z Z{Sor}gzi{/’maijqr((/lr - AI)71¢TU);i}a

ij=1r=1
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and
Ly = - ﬁ:l i{wr}-{pmawqr((&- = M) 7o) ),
_ i{%}'(_ ﬁjl{pmaijqr(mr A e 1)
= i{sﬁr}(Ar{(Ar — )" ppu})
_ il{m«Ar S D) +AD{(Ar — AD pyu})
= f‘;{%}ﬂpru + /\iwr(& — M)l = is@fu +AGNu = u+AG(A)u.

Thus, we have

(A=ADGNu = - Z Z{p%‘ )ai; (x)gr (x)(r)y,

i,7=1r=1

(A, = X)L, w)},, + L1+ Ly = A\G(N)u

= - Z Z{pm 2)ai;(2)ar () (er)p, H(Ar = M) " gru),

i,j=1r=1

_ Z Z{p%‘ au (x)(QDT);L}/Iz

i,j=1r=1

((AT — )J)_lgoru) + L1+ Lo — )\G()\)U

and since

- Z ZW" 2)ai;(2)ar () (er)e, H(Ar = AD) T pru),

i,j=1r=1
= - Z Z{pm a” (CU)((pT);l}((AT - AI)_lwru);i>
i,j=1r=1
therefore we have
(A= ADG( = - Z Z{p% @)aij (2)qr () (9r)z, H(Ar = M) " Hopu)y,
i,j=1r=1

Z Z{Pm x)aij (2)ar () (1), Vo, (Ar = M) ppu)
i,j=1r=1

- Z Z{(Pr}x {an z)aij(z)gr(2)((Ar — )‘I)_l@ru);i} +u

+/\G()\)u — MG\
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Then

(A-ADGNu = — Z Z{pga v)ai; (x)gr (x)(r)y, }

i,j=1r=1

((Ar = M)*1 W),

— Z Z{an x)ai;(x (x)((p"')/w1};z

i,j=1r=1

(4, - /\I)_1 u)

- Z Z{QOT {p2a azj (:C)QT(JS)

i,j=1r=1
((Ar =AD" opu)y } +
By factoring out p?® we will have

(A= ADG(Mu Z Z{pm )ai; (2)gr(2) (1),

i,j=1r=1

+aij (@) g (2){er )y, (Ar = XD " ppu)), }
- Z Z{an a” (x)(@r);l};l((Ar - AI)_l‘PTU) + u.

1,7=1r=1
Since i =1,...,nand j =1,...,n are dummy variables, so implies that
(A= ADGNu = u+p>™ ZZ%T “(Ar =AM
=1 r=1
- Z Z{P2“ )aij(2)ar (2)(¢r)y, o,
i,j=1r=1
(A, — X)) Lpu).
Now since
« 6 «
{p*(@)aij(@)ar (@) (or)y, Yo, = %(p2 (@) (aij(2) g (x) (007,
J
+p7% (@) (@i ()ar () (1), ), -
8 « o— o o—
()] < Map™ M) 5 () = 2 (@)ple)
J

Therefore the above equality is equivalent to

PP (@) By + p* (@) pl(x) By
To the end, we will have

(A-ADGO) = T+p271(@) S ful@)(Ar — AD g
b 30D ) (e = A1)
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Now the proof of (3.5) is completed. Let us take the right side of (3.5) equals to I +T'())
Thus, we will have

(A=ADG\) =I+T(N). (3.6)
Now according to section 2 if we put A = A, for r = 1,...,m in (2.2) we will have
_ - o 0 _ _1
I(Ar = AD)TH < MM [lp 5y, (Ar = AD) < M|
Owing to the definition of T'(A) in the (3.5) easily it follows that
1
[TV < Ma[A["2(A € @, |A]>1). (3.7)

Since |\ is sufficiently large number easily implies that [|T'(A)|| < § < 1, from this and
using the well known theorem in the operator theory we conclude that I+ T'(\) and so
(A — M)G()) are invertible. Hence, ((A — A)G()\))~! exists and equals to

(GONTHA=A)T = (I + TN) ™, (3-8)
By adding +7 and —1I to the right side of the (3.7) it follows that

(GN) A=A =T +TWN)" -1 +1
We now set
FO) =T +TW\)™" - I
Then
(GO) A=A =1 + F(\).

In view of ||T(A\)|| < 1 and (3.7) by estimating the following geometric series for the
F(X) we will have

+oo
EMI < Z ITEIE < ITOIFQ+ T+ 1T+ )

IA

ITOV)|PMa(1+1/2+1/4+...) < 2Map(M}|A|~/2)?
Le., [[F(N[l < 2M1g[A|"". By (3.3) and [[(A, — AI)7![| < M1c1>|>\|_1, we will have

IGI= 1D er(Ar =AD" or| < ME||(Ar = AD)7H| < Mg M1g|A| ™
r=1

ie., |G\ < M2s|\|~!. Now from (3.8) we have
(A=X)"'=GNUI + TN) ' =GNI +F(\)
Therefore
[(A=ADTH = IGVIT + FODII < M2g|A7H|(L +2M1e|A7H);

i.e., here the assertion of Theorem 3.1 is proved. Therefore to complete the proof
Theorem 3.1 we must prove the estimate in (3.2). to the end we have according to latter
inequality we have

(A=A < M2 A7+ 2M26 M1 |\~ A Y,
and since |A|7HA|7H = [A|72 < A7, it follows that
I(A= DT < MoA[L, (A= C. Ae o).
This complete the proof of Theorem 3.1. O
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4. The Resolvent Estimate of the Differential Operator in Hy

As in Section 1, let the differential operator
n N ,
(Pu)(z) = = Y (P (2)aij(@)Q(2)u}, (x),

ij=1
acting in Hilbert space H, = LQ(Q)Z with Dirichlet-type boundary conditions, and
suppose that Q(z) € C?(, End C*) such that for each z € () the matrix function Q(x)

has non-zero simple eigenvalues yu;(z) € C?(Q) (1 < j < ¢) arranged in the complex
plane in the following way:

pu(x), ..., me(x) € C\P, (4.1)
where
®={2e€C: |arg z| < ¢}, p € (0,).
Furthermore suppose that for j =1,...,¢ we have
:U'j(x) € Cl(ﬁ)a N’j(z) € C\(Da (VZL‘ € 5)7 (41)
T —
larg{pj(e1)p; * (x2)}] < g (VaL,2:2€Q) (4.2)

Now according to Theorem 2.1, but here instead of the operator A which acting in
the space H = L?(2), let the operator P acting in the space H, = L? (Q)Z7 now by the
assumption of Section 1, we will have the following theorem in the general case:

Theorem 4.1. Let the assumptions of Section 1, and so assumptions (4.1), (4.2) hold
for the operator P as in (1,1), then for sufficiently large in modulus X € ®, the inverse
(P—XI)~Y exists and is continuous in the space Hy = L2(Q)" and the following estimate
holds;

(P = AD)7H| < Ma| A7 (4.2)
where Mg, Co > 0 is sufficiently large number depending on ® and |A| > Cs.

Proof. Now by applying the eigenvalues pi(x), ..., pue(z) of the matrix function Q(x)
we defined the operators Py, ..., Py, such that:

n

(Pyu)(z) = — Z (P> (x)aij () (@) 5, (x))'zj (k=1,...,0),
ij=1
where its extension domains are:
D(Py) = {y € H NWE 1,,() : (Pey) (x) € H},

which as the operator A in Theorem 2.1, the operators P, k = 1,...,¢, acting in the
space H = L?(Q2) (Notice that here the operators P; are the same of the operator A
in Section 3, i.e., for defined the operators Py, we just change the function ¢(z) in the
operator A by the eigenvalues functions pug(z) k =1,...,¢ of matrix Q(z)).

The conditions which we consider on the eigenvalues p;(x) of the matrix function
Q(z) in Section 1 guarantee that one can convert the matrix Q(z) to the diagonal form

Q(z) = U(x)A(z)U~ (), where U(z), U (z) € C?([0,1], End C*)

where
A(@) = diag{p (@), ..., pe(w)}.
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Consider space Hy = H @ ---® H ({-times). Put
I'(\) =UB\U™!,

where the operator

B(\) = diag{(Py = XI)7%,..., (P, — XI)7'}.
acting in the direct sum

H=H&®---®H ({-times)
where A € ®\R, |\ > Cy and (Uu)(z) = U(x)u(z), (u € Hy). Again easily we will
have the following equality
(P = AT(N) =1+ p**(2)qo(x) BOU™ + p**(2) Xn: qi(x) i
(’“)xi

i=1

BNU™L. (4.5)

Here ¢; € C (Q,End CZ) ,1=0,1,2,...,n. As in section 3, let us take the right side of
(4.5) equals to I +T’(X\) Thus, we will have

(P=XDT(\) =1+ T'(N). (4.6)
Now according to section 2 if we put P; = A for j =1,...,¢ in (2.2) we will have
_ - o 0 _ _1
(P = AD) M| < M1a|A™, [lp . (D = AD T < Mg |l .
Owing to the definition of T77(A) in the (4.5) easily it follows that
[T < MOaA"Z(A € @, A > 1). (4.7)

Since |A| is sufficiently large number easily implies that || 7"(A)|| < 3 < 1, from this and
using the well known theorem in the operator theory we conclude that I+ 7'(\) and so

(P — AI)T'()) are invertible. Hence, (P — AI)T'(\))~" exists and equals to
T P=AD)T =T +T'\) ", (4.8)

By adding +7 and —I to the right side of the (4.8) it follows that

TN HP-AD)T =T +T'(N) " =I+1
We now set

FN)=I+TMW) " - 1L
Then
TN (P=A)""=T+F'(\.

In view of ||T'(N)| < 1 and (3.7) by estimating the following geometric series for the
F'(\) we will have

+o00
[RARCV] [ Z IT*N < T VPQ+ T+ 1T O + )

IN

1T () [|2MOg (1 +1/2+1/4 +...) < 2M0g(MO0g|A|~1/2)2

Le., [[F'(\)|| < 2M1g|A|"%. By (3.3) and [|(P; — AI)~!|| < M1g|A| ™", and in view of
definition B(\) and I'(A) we will have

[T < M2g A7

=
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Now from (4.8) we have

(P=AD)"' =TI +T'(\) " =T\ + F'(\).

Therefore

[P =AD" || = ICOVIICT + FO)) I < M2af A 711+ 2M1a]A] 7).

Therefore

(P —= A7 < M2g| A\~ + 2M 26 M1\ 1AL,

and since |A|7HA|7 = [A|72 < |A|7L, it follows that

1P =ADTH < MaAH (N =C, Ae@).

This complete the proof of Theorem 4.1. O
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