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Abstract. In this paper, near exact g—Banach frames are defined and studied.
Examples demonstrating the existence of near exact g—Banach frames are given.
A sufficient condition for a g—Banach frame to be a near exact g—Banach frame
has been obtained. A Krein-Milman-Rutman type stability result for a g—Banach
frame has been obtained. Finally, we give an application of near exact g—Banach
frame related to eigenvalue problem.

1. Introduction

Frames for Hilbert spaces were introduced by Duffin and Schaeffer [3] in 1952 as a
tool to study some deep problems in non-harmonic Fourier series. Now a days, frames
are regarded as an important and integral tool in signal processing, image processing,
data compression, signal detection as well as in the study of Besov spaces and Banach
spaces etc. For a nice introduction to frames, one may refer [2].

Feichtinger and Grochenig [4] extended the concept of frames to Banach spaces and
introduced the notion of atomic decomposition for Banach spaces. Later, Grochenig [5]
introduced a more general concept for Banach spaces called Banach frame. He gave the
following definition of a Banach frame:

Definition 1.1. Let X be a Banach space and &}, be an associated Banach space of
scalar-valued sequences indexed by N. Let {f,} C X* and S : X3, — X be given. Then,
the pair ({f»},S) is called a Banach frame for X with respect to Xy, , if

(1) {fn(x)} € Xy,, for each x € X.
(2) there exist positive constants A and B with 0 < A < B < oo such that

Allzllx <[{fa(@)}x,, < Bllzlx, =X, (L.1)
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(3) S is a bounded linear operator such that S({fn(x)}) =z, =€ X.

The positive constants A and B, respectively, are called lower and upper frame bounds
of the Banach frame ({f,},S). The operator S : Xy, — X is called the reconstruction
operator (or the pre-frame operator ). The inequality (1.1) is called the frame inequality.

Banach frames and Banach Bessel sequences in Banach spaces were further studied
in6,7,8].

Besides conventional applications, many other applications of frames have been
originated which cannot be modeled by one single frame system. In such cases, data
assigned to one single frame system becomes too large to be handled numerically. So, it
would be beneficial to split larger frame system into a set of smaller systems and process
the data locally within each subsystem effectively. Fusion frame system is one of the way
to overcome such type of problem. In this direction, fusion frames for Banach spaces
were introduced and studied by Kaushik and Kumar [9] as a generalization of Banach
frames in Banach spaces. Further, Pathak and Goswami [12] introduced and studied
the notion of near exact fusion Banach frames in Banach spaces. For the literature of
fusion frames for Banach spaces, one may refer [10, 11].

Abdollahpour et.al [1] generalized the concept of frames for Banach spaces and
introduced g—Banach frames in Banach spaces. GG—Banach frames in Banach spaces
are generalized frames in Banach spaces which includes Banach frames, frames of
subspaces (fusion frames) for Banach spaces as well as many recent generalization of
frames in Banach spaces. Infact, g—Banach frames are natural generalizations of frames
in Banach spaces which provides more choices to reconstruct vectors of the space from
reconstruction operator. G—Banach Frames and g—Banach Bessel sequences in Banach
spaces were further studied in [13, 14, 15, 16].

Outline. The paper is organized as follows: In section 2, preliminaries, definition
and some key reults which will be used in subsequent part of this paper have been given.
In section 3, we defined and studied near exact g—Banach frames. Examples have been
given towards the existence of near exact g—Banach frames. A sufficient condition for a
g—Banach frame to be a near exact g—Banach frame has been obtained and it has been
proved that a Banach space possesses a near exact g—Banach frame, when it is related
in some sense to another Banach space which is having a near exact g—Banach frame.
A Krein-Milman-Rutman type stability result for a g—Banach frame has been obtained.
Finally, in section 4, we give a result as an application of near exact g—Banach frame
related to eigenvalue problem. Proper references are given at the end.

2. Preliminaries

A Banach space of vector valued sequences (or BV-space) is a linear space of sequences
with a norm which makes it a Banach space. Let X be a Banach space and 1 < p < o0,
then

v ={w}imer (X |xn||p)1/p <00}

neN

and

loo = {{xn} : sup ||zn]| < 00, 2, € X}
neN
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are BV spaces of X' (a sequence space generated by the elements of X').

Throughout this paper, X will denote a Banach space over the scalar field K(R or
C), X, is an associated Banach space of vector valued sequences indexed by N. H is a
separable Hilbert space, E is a sequence space generated by elements of H which is also
a Banach space with respect to the norms ||z||g = (3, ||a:n||§_[)l/p <o00,1 <p<oo
and ||z|| g = SUP1<pecoo |Znlln < 00, © ={z,} C E and A is a Banach space of vector
valued sequences indexed by N (associated with E). B(X,H) is the collection of all
bounded linear operators from X into H, span{A,} is closed linear span of {A,} in the
strong operator topology in B(X,H).

Definition 2.1. ([1]) Let X be a Banach space and A be a separable Hilbert space.
Let X; be an associated Banach space of vector-valued sequences indexed by N. Let
{ZTn}neny C B(X,H) and i : Xy — X be given. Then, the pair ({T,},{) is called a
g—Banach frame for X with respect to H and X, if

(1) {Zn(x)} € Xy, for each z € X.

(2) there exist positive constants A and B with 0 < A < B < oo such that

Allzllx < [{Zn(@)}Hxy < Bllzllx, =€ X. (2.2)
(3) U is a bounded linear operator such that U({ZT,(z)}) =z, =€ X.

The positive constants A and B, respectively, are called the lower and upper frame
bounds of the g—Banach frame ({¥,},4). The operator & : X; — X is called
the reconstruction operator and the inequality (2.2) is called the frame inequality for
g—Banach frame ({%,,},41).

The following results, proved in [15, 1], stated in the form of lemmas, will be referred
to later in this paper.

Lemma 2.2. [15] Let X be a Banach space and H be a separable Hilbert space. Let
{%,} C B(X,H) be a sequence of non-zero operators. If {%,} is total over X, i.e.,
{r e X:%,(x) =0,n € N} = {0}, then A= {{%,(2)} : * € X} is a Banach space with
the norm given by |[{Zn(x)}|4 = |lz]|lx,z € X.

Lemma 2.3. [15] Let ({%,},4) ({%,} C B(X,H), t: Xy — X) be a g—Banach frame
for X with respect to Xq. Then ({%,}, ) is exact if and only if T; ¢ span{Z,}n.:, for
all i € N.

Lemma 2.4. [1] Let H be a separable Hilbert space. Then, every separable Banach
space has a g— Banach frame with respect to H with frame bounds A = B = 1.

3. Main Results

We begin this section with the following definition of near exact g—Banach frame:

Definition 3.1. A g—Banach frame ({%,},4) ({%,} € B(X,H), U: Xy = X) for X
with respect to X is said to be near exact g—Banach frame for X, if it can be transformed
into an exact g—Banach frame after removing of finite number of its elements.

Towards, the existence of near exact g—Banach frames, we give the following
examples:
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Example 3.2. Let H be a separable Hilbert space and let
E=/("(H)= {{xn} t Ty € H; ) sup x|y < oo}
<n<oco

be a Banach space with the norm given by

Hzndlle = sup llzall, {on} C B

<n<oo

Now, for each n € N, define T,, : E — (*(H) by

T (x) = 07, n=1,2,...k
n - 5Zi7ck7n:k+1,k‘—|—2,..., x:{xn}cE,keN,

where 67 = (0,...,0 _x ,0,...) for all n € N and z € H. Then {%,} is total over
nthplace

E. Therefore, by Lemma 2.2, there exists an associated Banach space A = {{T,(z)} :
x € E} with the norm given by [[{%,(x)}||l4 = l|z||g, * € E. Define il : A — E by
U{Zn(z)}) =2, x € E. Then ({T,},4l) is a g—Banach frame for E with respect to A.
Also, since T; € span{¥, },x; for each ¢ = 1,2, ..., k, then by the Lemma 2.3, ({%,},4{)
Lemma 2.2, there exists an associated Banach spaceyz“’Ao = {{%n(@)}nr1,2..k : x € E}
and a bounded linear operator g : Ag — E such that ({T,}n212,.. ko) is an exact
g—Banach frame for E.

Example 3.3. Let E be defined as in Example 3.2. Now, for each n € N, define
T, E— (?(H) by

Sgn_l(x) = Tgn(z) = 52",1‘ = {In} ek,
where 6% = (0,...,0 _z ,0,...) for alln € Nand z € H. Then, by Lemma 2.2, there

nthplace
exists an associated Banach space A = {{%,,(z)} : € E} and a reconstruction operator
i A — E such that ({,},4) is a g—Banach frame for E with respect to A. But, it
can be easily verify that ({%,},4) is not a near exact g—Banach frame for E.

In view of Examples 3.2 and 3.3, we give a sufficient condition for a g—Banach frame
to be near exact.

Theorem 3.4. Let ({%,},4) {T.} € B(X,H), U: Xy = X) be a g—Banach frame
for Banach space X with respect to Xy. Then ({T,,},4) is near exact if for every infinite
sequence {o(k)}2, of positive integers such that

Span{ T fnto(1),0(2),..., 7 B(X,H).
Proof. Suppose that ({%,},4) is not near exact. Then, by omitting a finite number of
its elements, that ({,},4) is a non-exact g—Banach frame. Therefore, by Lemma 2.3,
there exists a positive integer (1) such that

‘Ig(l) € W{fzn}n#o(l) = B(?(7 H) (33)
Then,

k
Toy(x) = limg oo Z aMT, (z), z € X, for some scalars {ay,}, n € N.

n=1

n#o(1)
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Since 5pan{ ¥, }nxo1) = B(X,H), there exists a positive integer n; > o(1) such that
1
dist ((50(1), span{%,}" . ) < =.
n#o(1) 2

By assumption ({%;}2, ,;,4) is not exact. Therefore, there exists a positive integer
o(2) > ny + 1 such that

To(2) € DA T} neny 11 = Span{ Tp }oin, 11 (3.4)

n#o(l),0(2) n#o(l)
and a positive integer ny > o(2) such that

1

T

n#o(1),0(2)

dist (‘Ig(g), span{%T, " .o, ) <
Further, since

SPGn{gn}nlnzl + Span{‘zn}oon:nﬁrl g Span{gn}n;éa(l),a@)
no(l) n#to(l),0(2)

span{in}m;:(ll) —|—span{Tn}%°:;1J)1 C 5pan{ %, }nto),02) (using(3.4))

Span{‘zn} n#o(1) C Span{fzn} n#o(1),0(2) -
neN neN
So, we have

W{Sn} n;éa’(1€)l\,1a(2) = B(X, H) (using(3.3)).

Continuing in this way, we get a sequence of indices {o(k)}}2, and an increasing
sequence {ny}7°; with ng_1 < o(k) < ny and ng = 0 such that

1
dist | Tory, span{%,}"*  ._ ) < —
< (k)> P { n}n¢o‘(1),a(2§,...,a(k) 2k

and

Span{(zn}n?ég—(l),o'(Q),...,o’(k:) = B(X7 H)

Thus, we get a sequences of indices {o(k)};2 such that

Span{ Tn fnto(1),02),... = B(X, H).

This is a contradiction.
Hence ({%,,},4) is a near exact g—Banach frame for X. O

Remark 3.5. The condition in Theorem 3.4 is not necessary (Example 3.2).

Now, in the next result, we give a sufficient condition under which a Banach space
Y possesses a near exact g—Banach frame, when ) is related in some sense to another
Banach space X which is having a near exact g—Banach frame.

Theorem 3.6. Let X and Y be two Banach spaces. Let ({%,},4) {T,} C B(X,H), H:
Xq — X) be a near exact g—Banach frame for X with respect to Xy. Let {O,} C
B(Y,H) be any sequence of operators. If there exists a linear homeomorphism U from
X onto Y such that D,0U =%T,,, n € N, then ) has a near exact g— Banach frame.
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Proof. Since U : X — Y is an onto map. Then, for each y € ), there exists x € X such
that U(x) = y. Suppose that 9,(y) = 0, for all n € N. Then T,,(z) =0, for all n € N.
This gives y = 0. Therefore, by Lemma 2.2, there is an associated Banach space Yy
and a bounded linear operator T" such that ({9,},T) is a g—Banach frame for } with
respect to V.

Now, suppose that ({9,},T) is not a near exact g—Banach frame. Then, there exists
a reconstruction operator Ty such that ({On}n+s(1),0(2),..., To) is an exact g—Banach
frame. Let Ag and By be the choice of bounds for ({On}nz0(1),0(2),...»T0). Thus, for
each y € ), we have

Aollylly < I{On(¥) nzor),o)....Iva < Bollylly-
This gives
Aol|U ()]l

IN

IHOR (U (2)) bnsto1),02),... 134
I{Zn(2) }nsto(1),02),... |20 € X.

Now, if T,(x) = 0 for all n # o(1),0(2),..., then z = 0. Thus, there exists a
reconstruction operator o such that ({Tn}nze(1),002),..., o) is a g—Banach frame for
X. This is a contradiction to the given hypothesis.

Hence ({O,},T) is a near exact g—Banach frame for ) with respect to V. O

Next, we give a necessary and sufficient condition for a sequence of bounded operators
to be a near exact g—Banach frame.

Theorem 3.7. Let ({T,},4) be a near exact g—Banach frame for X with respect to
Xyg. Let {O,} C B(X,H) be a sequence of operators such that {O,(z)} € Xy, x € X
and Q @ Xq — Xg be a bounded linear invertible operator such that Q({%,(x)}) =
{On(2)}, x € X. Then, there exists a reconstruction operator T : Xy — X such that
({9}, T) is a near exact g—Banach frame for X with respect to Xy if and only if there
exists a positive constant M such that

{On (@)} Hlx, = MIW{O(2)}| 2, @ € X,

where W : Xy — Xy is a bounded linear operator such that W({O,(z)}) = {Zn(x)}, z €
X.

Proof. Let Az and Bz be the frame bounds for g—Banach frame ({%,},4l). Then, for
each x € X', we have

MAsz|zllx < M{Tn(2)}H 4,
= MW ({On(2)})]
< {9 (@)} 2,
< QUIKE (@)},
< B Qlff«]x-

Therefore, we obtain
MAg|lz]|x < [{On(2)}x, < Bz|Qlllz]lx, z € X.

Let T =UW. Then T : X; — X is a bounded linear operator such that
TUO.(@)}) =, o € X,
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Thus ({O,},T) is a g—Banach frame for X with respect to Xy.

Now, suppose that ({9,},T) is not a near exact g—Banach frame. Then, there exists
a reconstruction operator Ty such that ({On}n-s(1)0(2),..., To) is a g—Banach frame for
X. Let Ag and By be the choice of bounds for ({On}n-s(1)0(2),.... T0). Then, for each
r € X, we have

yoes

Ao ]|x I{On (@) I nzo)o@).... [ 24

<
< RIHE (@) b nzo)o@),... I 24
This gives
Aol QI lzllx < I{Tn(@)bnroyo@),... 2, © € X.

Thus, by Lemma 2.2, there exists a reconstruction operator iy such that
({%n (@) }nsto)o(2),..., Yo) is a g—Banach frame for X. This is a contradiction.
Hence ({9,},T) is a near exact g—Banach frame for X with respect to Xj.

Conversely, Let ({D,},T) be a g—Banach frame for X with respect to X; and
with frame bounds Ay and By. Let U : X — X; be a mapping, defined by
Ulx) = {%,.(z)}, = € X and W = UT. Then W : X; — X, is a bounded linear
operator such that

W({On(2)}) = {Zn(2)}, z € X.

Thus, there exists a M > 0 which depends on bounds of g—Banach frames ({T,},Ll)
and ({O,},T) such that

{On(@)}Hlx, = MW ({On(2)})] 2, © € X.

The following result provides us a Krein-Milman-Rutman type stability result.

Theorem 3.8. Let X be a separable Banach space. Let ({T,},4U) be a non-near exact
g— Banach for X with respect to X4. Then, for any sequence of positive number {n,},
there exists a g— Banach frame ({O,},T) for X such that

%0 (z) — On(x)|x, <M, foralln €N, z € X.

Proof. Since ({%,},4) is a non-near exact g—Banach frame for X', then one can find an
infinite sequence of indices {o(n)} such that

SPa{ s it (1),0(2),... = span{ Ty}
Since X is separable, then by the Lemma 2.4, there exists a total sequence of bounded

linear operators {T,} C B(X,H) such that {T,(z)} € Xy, = € X and |{T,(2)}|x, =
|z||x, € X. Now, define

Dg(n) = Tg(n) + 770(,1)37", n €N
Da(n) = Ta(n), neN

where {a,,} = N\{o(n)}.

Then {O,,(z)} C Xy is such that ||T, () — O (2)|lx, < M, for all n € N. Let O,,(z) =0,

for all n € N. Then T, (z) = 0, for all n € N. Therefore 1,(n)T,(z) = —Tom)(z) = 0.

Since Ny (n) # 0, n € N, then ‘fn(:r) =0, for all n € N. Since {%n} is total over X, x = 0.

Thus {9,,} is total over X'. Therefore, by Lemma 2.2, there exists an associated Banach
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space Xy = {{On(z)} : 2 € A} with the norm given by [{O,(2)}|x; = [|zlla, z € X
and a reconstruction operator T : X; — X given by T({O,(z)}) = z, * € X such that
({O,},T) is a g—Banach frame for X with respect to XJ. O

4. Application

In this section, we give the following result as an application of near exact g—Banach
frame related to eigen value problem.

Theorem 4.1. Let ({%,},4) ({%.} € B(X,H), % : Xy — X) be a near exact
g—Banach frame for X with respect to X4. Let {§r}, C X* be a linearly independent
set and for each k (1 < k < m), there exists an & € X such that

my
Ti() = lim > alT, (&), foralli €N, (4.5)
vk

where {m;} is an increasing sequence of positive integers.

If ({Z + EZ <liml_>oo ST ag)in(fk)) Sk} ,110), where p is any real number, is
Pi= e
g—Banach frame for X with respect to Xy, then —p is not an eigenvalue of the matriz
$1(61)  F(€e) - Fulém)
F2(81)  F2(&2) o F2(ém)

Fnl€) Fnl&) o Fmlém)
Proof. We prove the result for m = 3. Suppose —p is an eigenvalue of the matrix
S1(&1) F1(&2) F1(&3)
F2(&1) T2(82) T2(83)
F3(61) Fs(62) Fa(és)
Then
S1(&) +p  Fi(&2) T1(&3)
S2(&1) F2(&2) +p F2(§3) | =0.
$3(&1) F3(&2)  T3(&3) +p

So, there exists scalars a;, 8, v not all zero, such that

ag1(81) + BF1(&2) +181(63) = —ap
a§a2(61) + BF2(62) +7182(8) = —Bp
a§3(&1) + B83(&2) +1383(&8) = —p
Now, let z = —ap&y — Bp€s — vp€s. Then z is a non-zero element in X and
Ti(x) = —ap | im 3~ o{"Tu(&) | = p [ fim D" al"Tu(@) |~y | lim 3 a'Tu(&)
ok ik ook

for all - € N.
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Now, §1(2) = —apSr(&1) — Br8r(&2) — Y8k (&), k = 1,2,3. Therefore §1(2) = p°a,
T2(2) = p?B and F3(z) = p?y. Thus, we get

i+ Z lim al)i (&) | Sk | (2) =0, foralli e N

l—o00
n#z

3
Since ({Sl + EZ <hmHoo Zn 1 an)‘I (fk)> } 7Ll0> is a g—Banach frame for X
p

k=1
with respect to Xy, it follows that z = 0. This is a contradiction.

Corollary 4.2. Let ({%,},4) ({%.} € B(X,H), 4 : Xy — X) be a near exact
g—Banach frame for X with respect to Xy. Let {§x}r; C X* be a linearly independent
set and for each k (1 < k < m), there exists an & € X as defined in (4.5).

({‘I +Z (hml—>oozn ' an)‘I (gk)> },Llo) is g—Banach frame for X with

respect to Xd, then —1 is not an eigenvalue of the matrix as given in Theorem 4.1.

Proof. Take p =1 in Theorem 4.1.
As an applicability of Theorem 4.1, we give the following example:

Example 4.3. Let H be a separable Hilbert space and let
E=(*(H)= {{wn} cxp €My osup |zg|lu < oo}
1<n<oo

be a Banach space with the norm given by

Hantlle = sup [lenlln, {z.} € E.

<n<oco

Now, for each n € N, define T,, : E — (2(H) by

Ti(z) = o
Tp()=6"7,n>2,neN, x={z,} €E,

n—1>
where 6% = (0,...,0 _x ,0,...)for alln € N and # € H. Then {%,} is total over

nthplace
E. Therefore, by Lemma 2.2, there exists an associated Banach space A = {{T,(x)} :
x € X} and a reconstruction operator  : A — E such that ({¥,},4l) is a near exact
g—Banach frame for E with respect to A.
Let §1,52,53 € E* be given by

3§ =(1,0,0,0,...), §2 =(0,1,0,0,...), F3 = (0,0,1,0,...)
and &1,&2,&3 € E be given by
& =(-1,0,0,0,...), & =(0,-1,0,0,...), & =(0,0,-1,0,...).

Then —1 is an eigenvalue of the matrix

$1(&1) S1(&2) d1(&3)
S2(&1) F2(&2) F2(&s)
T3(&1) F3(&2) F3(&3)
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Therefore, by Theorem 4.1, there exists no reconstruction operator iy : A — E such

3
that ({Sl + Z (limlﬁoo ST oV, (§k)> Sk} 711()) is a g—Banach frame for E with
k=1

n#ti

respect to A, where T; (&) = lim;_ o ZTL; aﬁ)sn(gk), forallie Nand k=1,2,3.

n#i
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