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Abstract. This paper aims is to introduce a new class of open set defined using
e-closure operator, which we call the f.-open set. It is worth noting that the family
of all f.-open sets forms a topology. We then investigate the relationship of this set
to the other well-known concepts in topology such as the classical open, §-open and
e-open sets. We also characterize the concepts of f¢-connected space, some versions
of separation axioms with respect to f.-open sets, and f.-continuous function from
an arbitrary topological space into the product space.

1. Introduction and Preliminaries

Open sets are the fundamental building blocks of topology. Many authors have
developed different versions of open sets including its weaker and stronger versions.
The first initiation was done by Levine [16] in 1963 where he introduce the concepts of
semi-open set, semi-closed set and semi-continuity of a function.

A subset O of a topological space X is semi-open [16] if O C Cl(Int(O)). Equivalently,
O is semi-open if there exists an open set G in X such that G C O C CI(G). A subset
F of X is semi-closed if its complement X \ F' is semi-open in X. Let A be a subset of
a space X. A point p € X is a semi-closure point of A if for every semi-open set G in X
containing z, G N A # @. We denote by sCI(A) the set of all semi-closure points of A.

In 1968, Velicko [23] introduce the concept 8-continuity between topological spaces
and defined the concepts of #-closure and #-interior of a set. The work of Velicko
was continued by Dickman and Porter [5, 6], Joseph [14], and Long and Herrington
[17]. Then several authors have obtained interesting results related to #-open sets, see
[1, 4, 12, 13, 15, 19].
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Let (X,T) be a topological space and A C X. The #-closure and 6-interior of A are,
respectively, defined by

Clg(A) ={z € X : Cl(U)N A # @ for every open set U containing x}

and Intg(A) = {z € X : CI(U) C A for some open set U containing x}, where CI(U) is
the closure of U in X. A is f-closed [23] if Clg(A) = A and O-open [23] if Intg(A) = A.
Equivalently, A is #-open if and only if X \ A is 6-closed. It is known that the collection
Ty of all f-open sets forms a topology on X, which is strictly coarser that 7.

In 2008, Ekici [8] introduced the notion of e-open set which is a generalization of 4-
semi-open sets and J-preopen sets. He also introduced the notions of DP-sets, DPE-sets,
DP*-sets, DPE*-sets and obtained some new decomposition of continuity by using the
notions of e-continuous functions, DP-continuous functions, DPE-continuous functions,
DP*-continuous functions and DPE*-continuous functions. Some generalizations of e-
open sets were studied in [2, 9, 20].

A set A C X is said to be regular open [22](resp., regular closed [22]) if A =
Int(CIl(A)) (resp., A = Cl(Int(A))). A point x € X is said to be a J-cluster point
of Aif ANV # @ for every regular open set V containing x. The set of all d-cluster
points of A is called the d-closure [23] of A and is denoted by Cls(A). If A = Cls5(A) then
A is called d-closed and the complement of A, X \ A is d-open. Let A be a subset of a
topological space X. Then the é-interior [23] of A denoted by Ints(A) is the union of all
regular open sets contained in A. A subset A of a topological space X is said to be §-semi-
open [21] (resp., e-open [8]) if A C Cl(Ints(A)) (resp., A C Cl(Ints(A))UInt(Cls(A))).
A subset F' of X is said to be d-semi-closed [21] (resp., e-closed [8]) if its complement
X \ F is d-semi-open (resp., e-open). The d-semi-closure [21] (resp., e-closure [8]) of A
denoted by sCls(A) (resp., e-Cl(A)) is defined by, sCls(A)={F : F is d-semi-closed
and A C F} (resp., e-Cl(A)=N{F : F is e-closed and A C F'}) and the d-semi-interior
[21] (resp., e-interior [8]) of A, denoted by sInts(A) (resp., e-Int(A)) is defined by the
union of all §-semi-open (resp., e-open) sets contained in A. It is not difficult to see that
every d-semi-open set is an e-open set, hence e-Cl(A) C sCl5(A).

Let A be an indexing set and {Y,, : @« € A} be a family of topological spaces. For
each o € A, let T, be the topology on Y,,. The Tychonoff topology on II{Y, : a € A} is
the topology generated by a subbase consisting of all sets p,, (U, ), where the projection
map po : I{Y, : a € A} — Y, is defined by pa((y3)) = Ya, Ua ranges over all
members of T, and « ranges over all elements of A. Corresponding to U, C Y, denote
P2t (Uy) by (Uy,). Similarly, for finitely many indices oy, as, . .., oy, and sets Uy, C Yy,
Ua, C€Y,,,..., Uy, CY,,, the subset

<Ua1> N <Ua2> n---N <U0zn> = pgll(Ual) ﬁp(:zl(Ua2) M- ﬂp‘l(Ua”)

[e29)

is denoted by (Ua,y,Uays---,Ua,). We note that for each open set U, subset of
Yo, (Us) = p3'(Us) = U,y x Ilg2aYs. Hence, a basis for the Tychonoff topology
consists of sets of the form (Bg,, Bay,-..; Ba,), where By, is open in Y,, for every
1e K={1,2,..,k}.

Now, the projection map p, : II{Y,, : @ € A} — Y, is defined by p,({ys)) = ya for
each a € A. It is known that every projection map is a continuous open surjection. Also,
it is well known that a function f from an arbitrary space X into the Cartesian product
Y of the family of spaces {Y,, : « € A} with the Tychonoff topology is continuous if and
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only if each coordinate function p, o f is continuous, where p, is the a-th coordinate
projection map.

In this paper, we define a new type of topology Ty, consisting of f.-open sets and
investigate its connection to some other well-known variations of open sets.

2. 6.-Open Sets and Versions of Open and Closed Functions

This section presents the concepts of f.-open sets and 0.-open and 6.-closed functions.

Definition 2.1. Let X be a topological space. A subset A of X is said to be f.-open
(resp., fs-open [11]) if for every & € A, there exists an open set U containing x such
that e-Cl(U) C A (resp., sCl(U) C A). A subset F of X is called a 6.-closed (resp.,
Os-closed [11]) if its complement X \ F is a f.-open (resp., §5-open).

Remark 2.2. Let X be a topological space. If A C X is f,-open, then A is f.-open
but not conversely.

To verify this, suppose that A is 05-open. Let x € A. Then for every open set U
containing z, sCI(U) C A. Since U is also semi-open [18, p.1009], using [18, Theorem 3.3,
p.1010], e-CI(U) C sCls5(U) = sCl(U) C A. Hence, A is f.-open.

To show that the converse is not necessarily true, consider X = {a,b,c,d} with
topology T = {@, X,{a},{c},{a,c},{c,d},{a,c,d}}. Then {c} and {a,c} are f.-open
but not #s-open.

We also note that (X,7T) in Remark 2.2 may be used to verify that the concepts of
semi-open set and e-open set are two independent notions since {b, ¢} is semi-open but
not e-open and {d}, {a,d}, and {a,b,d} are e-open but not semi-open.

Remark 2.3. The following diagram holds for a subset of a topological space.

f-open semi-open +—— J-semi-open
fs-open —— 6.-open open e-open

We also remark that the above diagram is also true for their respective closed sets.

The reverse implication for f.-open and 6 ,-open sets is not true as shown in
Remark 2.2 and for open and 6.-open sets is shown in the following example.
Counterexamples for the other reverse implications are found in [8, 11, 18].

Example 2.4. Let X = {a,b, c,d} with topology T = {@, X, {a}, {c},{a,c}, {a,c,d}}.
Then {a, c,d} is open but not .-open.

Remark 2.5. Let X be a topological space and A C X. e-CI(A) is the smallest closed
set containing A, that is, e-Cl(A) = N{F : F is e-closed and A C F'}.

Theorem 2.6. Let Ty, be the family of O.-open subsets of a topological space X. Then
To, forms a topology on X.
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Proof. In view of Remark 2.3, @, X € Ty, .

Now, let G1,G2 € Tp, and let x € G1 N G2. Then there exist open sets U; and U,
both containing x such that e-CIl(U;) C Gy and e-Cl(Us) C G5. Note that Uy N Uy is
an open set containing x and by Remark 2.5,

E-CZ(Ul n UQ) Q €-Cl(U1) N 6-CZ(U2) Q Gl n GQ.

Thus, G1 NGa € Ty, .

Next, let {G, : « € A} be a collection of f.-open subsets of X. Let © € UyecaGa.
Then 2 € G,, for some ap € A. Since Gy, is .-open, there exists an open set
Ua, containing x such that e-Cl(Uy,) C Goy C UaeaGo. Thus, UaeaGo € Ty,
Consequently, Ty, is a topology on X. ([l

Definition 2.7. Let X be a topological space and A C X. Then the f.-interior of A
is denoted and defined by Intg, (A)=U{U : U is f.-open and U C A}. We note that by
Theorem 2.6, Inty, (A) is the largest 6.-open set contained in A. Moreover, x € Inty, (A)
if and only if there exists a 0.-open set U containing x such that U C A.

Definition 2.8. Let X be a topological space and A C X. Then the f.-closure of A is
denoted and defined by Clg_ (A)=N{F : F is f.-closed and A C F'}. We note that by
Theorem 2.6, Clg_(A) is the smallest f.-closed set containing A. Moreover, x € Cly, (A)
if and only if for every 6.-open set U containing = such that U N A # @.

Remark 2.9. Let X be a topological space and A, B C X. Then

() If A C B then Clp, ( )CCZQ ( )
(ii) A is f.-closed if and only if A = Cly_(A).
(iii) Clg,(Cly,(A)) = Clg, (A).
(iv) Clg, (AU B) = Cly, (A)UCly,(B).
v) If A C B then Intg, (A) C Intg, (B).
(vi) A is .-open if and only if A = Intg, (A).
(vil) Intg, (A) = Intg, (Intg, (A)).
viii) Intg (AN B) = Intg, (A) N Inty, (B).
(ix) Clo (X \ A) = X \ Intg, (A).
x) Inty, (X \ A) =X\ Cly_(A).
(xi) = € Intg, (A) if and only if there exists an open set U containing x such that
e-Cl(U) C A.
(xii) @ € Cly,(A) if and only if for every open set U containing = such that e-
Cl(U)NA # @.
(xiii) A C CI(A) C Cly,(A) C Cly(A).
(xiv) If A is open in X, then CI(A) = C@ (A) = Cly(A).
(xv) Intg(A) C Inty, (A) C Int(A) C
(xvi) If A is closed in X, then Int(A ) = Int9 (A) = Intg(A).

=

NN

(

Next, we characterize the concepts of 8.-open and 6.-closed functions.

Definition 2.10. Let X and Y be topological spaces. A function f : X — Y is said
to be f.-open (resp., O.-closed) on X if f(G) is f.-open (resp., f.-closed) in Y for every
open (resp., closed) set G in X.

We note that 6.-open and 6.-closed functions are equivalent if f is bijective.
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The proofs of the following two results are standard, hence omitted.

Theorem 2.11. Let X and Y be topological spaces and f : X — 'Y be a function. Then
the following statements are equivalent:
(i) f is O.-open on X.
(i1) f(Int(A)) C Inte, (f(A)) for every A C X.
(iii) f(B) is B.-open for every basic open set B in X.
(iv) For each x € X and for every open set U in X containing x, there exists an
open set V in'Y containing f(x) such that e-Cl(V') C f(U).

Theorem 2.12. Let X and Y be topological spaces and f : X — Y be a function. Then
the following statements are equivalent:

(i) f is B.-closed on X.

(i1) Cly, (f(Q)) C f(CUG)) for each G C X.

3. #.-Continuous Functions in the Product Space

This section provides a characterization of a #.-continuous function from an arbitrary
topological space into the product space.

Definition 3.1. Let X and Y be topological spaces. A function f : X — Y is said to
be f.-continuous if f~1(G) is f.-open in X for every open set G in Y.

The proofs of the following two results are standard, hence omitted.

Theorem 3.2. Let X and Y be topological spaces and f: X — Y be a function. Then
the following statements are equivalent:

(i) f is Oe-continuous on X.

(i) f=Y(F) is O.-closed in X for each closed subset F of Y.

(iii) f~Y(B) is O.-open for each (subbasic) basic open set B in'Y.
(iv) For every x € X and every open set V. of Y containing f(x), there exists a

O.-open set U containing x such that f(U) C V.
(v) F(Cly,(A) C CUf(A)) for cach A C X,
(vi) Cly, (f~*((B)) C f~Y(CUB)) for each BCY.

Theorem 3.3. Let X and Y be topological spaces and fa : X — D the characteristic
function of subset A of X, where D is the set {0,1} with discrete topology. Then fa is
0. -continuous if and only if A is both 6.-open and 6.-closed.

In the following results, if Y = II{Y,, : « € A} is a product space and A, C Y, for
each € A, we denote A,, X -+ X Ay, X II{Yo:a ¢ K} by (Aa,,...,As, ), where
K=A{ay,...,a,}.

IfY =TI{Y; : 1 <i < n} is a finite product, denote A1 X --- x A, by (A1,..., 4,).

Theorem 3.4. Let X be a topological space and Y = I{Y, : « € A} be a product space.
A function f: X — Y is O.-continuous on X if and only if po o f is O.-continuous on
X for every a € A.

Proof. Assume that f is f.-continuous on X. Let o € A and O, be open in Y,. Since p,,
is continuous, p, (0, ) is open in Y. Hence, f~*(p;1(04)) = (pa o f)"1(O4) is .-open
in X. Thus, p, o f is 8.-continuous for every a € A.
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Conversely, assume that each coordinate function p, o f is 6.-continuous. Let G, be
open in Y,. Then (G, ) is a subbasic open set in Y and (p,of) "1 (Ga) = fHp,1(Ga)) =
F1({(G,)) is O.-open in X. In view of Theorem 3.2, f is f.-continuous on X. O

Corollary 3.5. Let X be a topological space, Y = II{Y,, : « € A} be a product space,
and f, : X — Y, be a function for each a € A. Let f: X — Y be the function defined
by f(z) = (fa(z)). Then f is f,-continuous on X if and only if each f, is f.-continuous
on X for each a € A.

The next result is immediate since the closure and interior operators are preserved in
a finite product, see [7, p.99-100].

Lemma 3.6. Let Y = II{Y; : 1 < i < n} be a finite product space and & # O; CY;
for each i =1,...,n. Then O = <O ..., Oy) is regular open if and only if each O; is
regular open.

Theorem 3.7. Let Y =TI{Y; : 1 < } be a finite product space and & # O0; CY;
foreachi=1,...,n. Then O = (O Oy,) is d-open if and only if each O; is §-open.

Proof. Suppose that O = (Oq,...,0,) is d-open. Choose a; € O; = p;(0) for all
t=1,2,...,n. Then there exists x = (a;) € O such that p;(z) = a;. Since O is d-open,
there exists a regular open set U > x such that U C O. Since U = (Uy,...,U,) is also
open [10, Remark 3], by Lemma 3.6, each U; is regular open containing a; and U; C O;.
Thus, each O; is d-open.

The converse can be proved similarly. O

Corollary 3.8. Let Y =II{Y; : 1 < ¢ < n} be a finite product space and A; CY; for
eacht=1,...,n. Then

(i) (Cls(Ay),...,Cls(An)) = Cls((Ar, ..., Ay)) and
(i) (Ints(Ar), ..., Ints(An)) = Ints((Ar, ..., An)).

Theorem 3.9. Let Y =TI{Y; : 1 < i < n} be a finite product space and & # O; CY;
foreachi=1,...,n. If O =(04,...,0,) is e-open, then each O; is e-open.

Proof. Suppose that O = (O, ...,0,) is e-open. Then by Corollary 3.8,

O C Int(Cls(0)) U Cl(Ints(0))
= (Int(Cl5(01)), ..., Int(Cls(0,))) U (Cl(Int5(01)), . . ., Cl(Ints(O,)))
c <Int(C’l5(01))UC’Z(Int(;(Ol)),...,Int(C’lg(On))UC’l(Int(;( W)

Hence, for every i = 1,2,...,n, O; C Int(Cls(0;)) U Cl(Ints(0;)). Thus, each O; is
e-open. O

Theorem 3.10. Let Y =II{Y; : 1 <

n} be a finite product space and A; C'Y; for
eachi=1,...,n. Then e-Cl({44,..., >)§<

e-Cl(Ay),...,e-Cl(Ay)).
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Proof. In view of [3, Lemma 2.4] and using Corollary 3.8, we have
e-Cl({Ay,...,Ap))
= (Ay,..., A)U[Int(Cls({Ay,..., A))) N Cl(Ints({A1, ..., An)))]
= (A1,..., A,) U {Int(Cls(A1)) N Cl(Ints(A1)), ...,
Int(Cls(Ayp)) N Cl(Ints(An)))
(A1 U [Int(Cls(A1)) N Cl(Ints(Ar))],- .-,
A U[Int(Cls(Ay)) N Cl(Ints(Ap))])
= (e-Cl(Ay),...,e-Cl(Ay)),

thereby completing the proof. O

N

Theorem 3.11. Let Y = TI{Y; : 1 < i < n} be a finite product space and A; C'Y; for
eachi=1,...,n. Then

(i) Clo,({A1,...,An)) C{(Cly (A1),...,Cly (A)) and

(i1) {Intg (A1),...,Inte, (An)) C Intg ({(A1,...,An)).

Proof. (i) Let © = (a;) € Clg, ({(A1,...,Ay)). Suppose that there exists an open set
O, 3 a; such that e-Cl(O;) N A; = @. Then (O1,...,0,,...,0,) is open containing x
and
G—CZ(<01,...7Oj,...,On>) n <A1,...,Aj,.. 7An>
(e-Cl(O1) N A4, ...,e-Cl(Oj) N Aj,...,e-Cl(O,) N Ay)
a contradiction. Thus, z € (Cly, (A1), ...,Clg, (Ay)).

(ii) Let * = (a;) € (Intg (A1),...,Inte,(Ay)). Then a;, € Intg (A4;) for all
it = 1,2,...,n. This means that there exists O; > a; such that e-Cl(O;) C A;. Then
(Oq,...,0,) is open containing x and by Theorem 3.10,

e-ClL((01,...,0,)) C (e-CL(O1), ...,e-CLOR)) C (A1, ..., Ap).

Hence, z € Intg, ((A1, ..., An)). O

N

Following the same argument as in Theorem 3.11 (ii), we have the following result.

Theorem 3.12. Let Y =TI{Y; : 1 < i < n} be a finite product space and & # O; CY;
for each i =1,2,...,n. If each O; is O.-open in Y;, then O = (O1,...,0,,) is 0.-open
mnY.

Theorem 3.13. Let X = TI{X; : 1 < i <n} and Y = IKY; : 1 < i < n} be finite
product spaces and for each i = 1,2,...,n, let f; : X; — Y; be a function. If each f;
is O.-continuous on X;, then the function f : X — 'Y defined by f({x;)) = (fi(x;)) is
0.-continuous on X.

Proof. Let (V1,...,V,) be a basic open set in Y. Then

FHVA V) = (T VD £ (Vi) -
Since each f; is f.-continuous, f;l(Vl-) is f.-open in X;. Let x = (x;) €
Y (Vi,...,V,)). Then z; € fi_l(Vi) for all i = 1,2,...,n. This means that there
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exists an open set O; 3 x; such that e-C1(O;) C f; *(Vi). Then (Oy,...,0,) is open in
X containing x and by Theorem 3.10,

e-Cl((O1,...,0y)) (e-Cl(Oq),...,e-Cl(Oy))
(V) £ (V)
= T, V).

This implies that f=*((Vi,...,V,)) is f.-open in X. Thus, f is f.-continuous on X. [

-
<

4. #.-Connected Space and Versions of Separation Axioms

This section characterizes the concepts of 6.-connected space and some versions of
separation axioms.

Definition 4.1. A topological space X is said to be a f.-connected (resp., 6-connected
[24], connected) if it is not the union of two nonempty disjoint 6.-open (resp., f-open,
open) sets. Otherwise, X is f.-disconnected (resp., f-disconnected [24], disconnected).
A subset B of X is 0.-connected (resp., 8-connected [24], connected) if it is f.-connected
(resp., f-connected, connected) as a subspace of X.

Theorem 4.2. Let X be a topological space. Then the following statements are
equivalent:
(i) X is O.-connected.
(ii) The only subsets of X that are both 0.-open and 0.-closed are & and X.
(iii) No O.-continuous function f : X — D is surjective.

By Remark 2.3 and the equivalence of connected and 6-connected spaces [12], the
following result holds.

Theorem 4.3. A topological space X is O-connected if and only if X is connected.
Remark 4.4. The following diagram holds for a subset of a topological space.

0-connected +—— 6.-connected +—— connected

Definition 4.5. A topological space X is said to be

(i) O.-Hausdorfl if given any pair of distinct points p, ¢ in X there exist disjoint
O.-open sets U and V such that p € U and q € V;
(ii) f-regular if for each closed set F' and each point 2 ¢ F, there exist disjoint
f.-open sets U and V such that x € U and F C V
(iii) @.-normal if for every pair of disjoint closed sets E and F of X, there exist
disjoint 6.-open sets U and V such that F C U and FF C V.

In view of Remark 2.3, every @.-Hausdorff (resp., 0.-regular, 6.-normal) space is
Hausdorff (resp., regular, normal).

Theorem 4.6. Let X be a topological space. Then the following statements are
equivalent:
(i) X is 0.-Hausdorff.
(ii) Let x € X. Fory # x, there erists a 6q-open set U containing x such that
y ¢ Clge (U)
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(iit) For each x € X, C =N{Cly, (U) : U is f.-open containing x}={x}.

Proof. (1)=(ii): Note that for every distinct points z,y € X, there exist disjoint 6.-open
sets U and V such that z € U and y € V. Using Remark 2.9 (xii), y ¢ Clg_(U).

(ii) = (iii): It is not difficult to see that € C. By assumption, for every y # x,
there exists a .-open set U containing = such that y ¢ Cly, (U). Thus, y ¢ C. Since y
is arbitrary, C' = {z}.

(iii)=(i): Let x,y € X such that x # y. By assumption, there exists a f.-open set U
containing z such that y ¢ Cly,_(U). In view of Remark 2.9 (xii), there exists a f.-open
set V' containing y such that U NV = @. Hence, X is a 6.-Hausdorff. ]

Theorem 4.7. Let X be a topological space. Then the following statements are
equivalent:
(i) X is O.-regular.
(i) For each x € X and an open set U containing x, there exists 0.-open set V' such
that x € V. C Cly, (V) CU.
(iii) For each x € X and closed set F with © ¢ F, there exists a 6.-open set V
containing x such that F N Cly, (V) = @.

Proof. (1)=-(ii): Let x € X and U be an open set containing . Using the assumption,
there exist disjoint f.-open sets V and W such that x € V and X \ U C W. By
Remark 2.9 (i), (ii), Clp_ (V) C Clp_ (X \ W) = X \ W. Moreover, Clg (V)N (X \U) C
Clyp,(V)NW = @. Hence, Clg, (V) C U. Therefore, x € V C Cly (V) CU.

(ii)=(iii): Let x € X and F be a closed set in X with z ¢ F. By assumption, there
exists a f.-open set V' containing = such that V C Cly_ (V) C X \ F. This means that
Cly,(V)NF =2.

(iii)=-(i): Let x € X and F be a closed set with « ¢ F. By assumption, there exists
a f.-open set V' containing = such that Clp, (V)N F = @. Note that X \ Cly_(V) is a
f.-open set and F' C X \ Cly_ (V). Furthermore, VN X \ Cly, (V) = &. Hence, X is a
f.-regular. O

Theorem 4.8. Let X be a topological space. Then the following statements are
equivalent:
(i) X is O.-normal.
(i) For each closed set A and an open set U D A, there exists a 0.-open set V
containing A such that Clg, (V) C U.
(1ii) For each pair of disjoint closed sets A and B, there exists a .-open set V
containing A such that Clg, (V)N B = @.

Proof. (1)=(ii): Let A be a closed set and U be an open set in X containing A. Then
A and X \ U are disjoint closed sets in X. By assumption, there exist disjoint .-
open sets V and W such that A C V and X \ U C W. Using Remark 2.9 (i), (ii),
Cly, (V) CClyp, (X \W)=X\W. Hence, Clp, (V) T X\W CU.

(ii)=(iii): Let A and B be a disjoint closed sets in X. Then A C X \ B and
X \ B is open. By assumption, there exists a #.-open set V' containing A such that
Cly, (V) C X \ B. This means that Cly_(V)N B = .

(iii)=(i): Let A and B be disjoint closed sets in X. By assumption, there exists a
.-open set V containing A such that Cly_ (V)N B = &. Then B C X \ Cly_ (V). Since
V and X \ Cly, (V) are disjoint 0.-open sets, X is f.-normal. O
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A topological space X is said to be a Tj-space if for each p,q € X with p # g, there
exist open sets U and V such that pe U, ¢ ¢ U and g€ V,p ¢ V.

Theorem 4.9. Let X be a Ti-space. Then
(i) If X is O.-regular, then X is 0.-Hausdorf}.
(i) If X is O.-normal, then X is 0.-regular.

Proof. (1): Suppose that X is f.-regular. Since X is a Tj-space, for each z,y € X with
x # y, there exist disjoint open sets U and V such that x € U and y ¢ U, and y € V and
x ¢ V. This implies that ¢ X \ U and y ¢ X \ V. Since X is f.-regular, there exist
disjoint f.-open sets A and B such that z € A and X \ U C B. Note that y € X \ U.
Hence, y € B. Thus, X is 6.-Hausdorff.

We can prove (ii) by following the same argument used in (i). O

5. Conclusion and Recommendations

The paper has introduced the concept of f.-open set and described its connection to
the other well-known concepts such as the classical open, 6-open and e-open sets. The
paper has also defined and characterized the concepts of f.-open and 6.-closed functions,
f.-continuous function, #.-connected space, and some versions of separation axioms. A
worthwhile direction for further investigation is to establish versions of Urysohn’s Lemma
and Tietze Extension Theorem with respect to 6.-open sets.
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