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Abstract. The current work aims at estimating the bounds on few initial
coefficients, Fekete-Szego inequality, Second order Hankel determinant, Zalcman
inequality for the functions belonging to the subclasses £(¢) and £ 4(q) of
holomorphic functions.

1. Introduction

The family A of holomorphic functions f defined on the disc A = {z € C: |z| < 1}
are of the form f(z) = > an2"™ with a; = 1.

=1

The subfamily of A x?/hose members are holomorphic and injective in A is designated
by S following the rule f =0, f' =1, at 2 =0.

The geometrical properties between two holomorphic functions G and H can be
studied by the concept of subordination, which perhaps expressed as G < H and defined
by G(z) = H(w(z)), z € A, where w is holomorphic function such that w(0) = 0 and
lw(z)| < 1,z € A. Moreover if the function G is injective in A, then the image of A
under G is contained in the image of A under H with G(0) = H(0).

Lawrence Zalcman conjectured that the members of S satisfy the following property

a2, — agm_1] < (m —1)%,¥Ym > 2.
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Krushkal [8] has proved this conjecture for 3 < m < 6. Authors like Ma [11],
Ravichandran [21] and Sharma et al. [24] had determined the Zalcman inequality for
functions in certain subclasses of S.

A function f € £5(8) is called A-pseudo-starlike function of order g if

2(f'(2)

R ——=—) > € A.
G )70

In 2013, Babalola [2] estimated the bounds for A-pseudo-starlike function as a subclass

of S and remarked as below

Remark 1.1. If 8 = 0 then the above set reduced to the function class £y, given by
1 A
%(M> >0, z € A.
f(z)

Murugusundaramoorthy et al.[14, 15] also studied pseudo-starlike functions.
The Hankel determinant of f for I,n € Z* was defined by Pommerenke [16]. It has the
following representation

[07% ap4+1 — — — — —— Ap+1—1
Ap+1 apt2 — — — — —— An+1

Hn)=| —— — ———— . (1.1)
Ap+41—1 apyy; — — — — —— Ap421—2

The computation of this determinant for functions in various subfamilies of S was
considered by several authors. For distinct values of [ and n one can obtain Hankel
determinant of different orders. For the choice of I = 2 and n = 1, we have
Hy(1) = a3 — a3, which is a particular case of Fekete-Szegd functional [4] for u = 1.
The Fekete-Szegd inequality has been estimated by several authors ([1], [6], [19], [23]).
H(2) is termed as Hankel determinant of second kind, obtained by taking I =n =2 in
equation (1.1), and employing modulus on either side, we get

| Ha(2) |= |azaq — a3. (1.2)

One can view the work on Hs(2) in [3, 17, 9, 16, 20, 25].

The function ¢(z) = z + v/1 + 22 is holomorphic, injective on C'\ {i, —i} with

R(g(z)) > 0 and ¢(0) = ¢’(0) = 1. Tt has a nice property of mapping unit disc A onto
a shell like domain which is symmetric about the real axis bounded between the points
0.4 to 2.41 on real axis and from -1 to 1 on y-axis. (Figure 1).

FIGURE 1. Shell
shaped region

Raina and Sokdt [18] have estimated bounds and certain coefficient inequalities for the
function f in the class S*(q) . Very recently Sharma and Hari Priya [22] introduced the
new subclass M, (q) and calculated the inequalities associated with the coefficients, for
the quotient function and inverse function, the inequality due to Fekete-Szego through
convolution and bound on |Hy(2)|.
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2. Preliminaries

Here, we give some definitions and lemmas that help in proving main results.
Definition 2.1. A function f € £(q), if

[Z(J“(Z))A
f(2)

where the subordinating function is such that ¢(0) = 1.

}%z—&— 1422 =¢q(z2), z € A, (2.1)

Definition 2.2. A function f € £, 4(q) if

(Z[(f +9)' ()}
(f*9)(z)

where the subordinating function is such that ¢(0) = 1.

)<z+ 1422 =4q(z2), z € A, (2.2)

Let
p(2) =1+ piz+pe2” +psz® +paz* +--, z€ A (2.3)
be a member of the family P, of regular functions in A, with ®(p(z)) > 0,p =1 at z = 0.
Lemma 2.3. [16] Let p € P, then

|pn| <2 VneN

+z
The Carathéodary function p(z) = 15’ is the extremal function.

Lemma 2.4. ([13]) Let p € P, then

B2 27 0< 1% < 2;
— < — =
'pz 2p1‘ < Max{2,2|u — 1]} { 2|p — 1|, otherwise.

Further we also have [12],

2 2
P1 |P1|

_ 0y 1T
&2 2] = 2

Lemma 2.5. [7] For a Schwarz function w(z) = p1z+paz? +p3z3+---, for any p € C,
[p2 — k| < Maz{1, ul}.
Lemma 2.6. ([5, 10]) Let p € P, then

P+ (A —pha
2 *fa

1
ps =7 (1 +20(4 = ppn — p1a®(4— pd) + 24— p)(1 — [af?)2),

for any x, z satisfying |z| < 1,|z| <1 and p1 € [0,2].
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3. Main Results

Theorem 3.1. If f € £1(q), A > 1, then
| a |< ;
2= 2/\— 1
— 4\
Maz(1 ‘—
‘””( 2(AN2 —4x 1 1)
1 1222 — 16X
(1+ +3
4r—1) (6X2 —BA+1)

), (3.2)

e

|ag |<

168A* — 3083 + 18612 — 55\ + 6
Max[l, 68\ + + H)

6(12X2 — 16X + 3)(2A — 1)2

Proof. As f € £x(q) there is a Schwarz function w, with w = 0 at z = 0 and
|w(z)| — 1 < 0 such that

2 (2 A
U;((z))] w(z) + /14 [w(2)]? z € A. (3.4)
Define a function p(z) such that
p(z) = 1:“’08 = L4piz+pe2” +pg2® +ooo
_plzx) -1
w(z) = P 1 (3.5)

From relations (3.4), (3.5) along with the corresponding Taylor’s series expansion of f,
its derivative and series representation of w on the right side of (3.4), upon comparing

the coefficients of 2%, i =1,2,3,... , we have
a =ﬁ, (3.6)
=g - (o) 3} 7
. :2(4+—1) {p?’ T b2 Hgiz - 1gi I 3] 2421 — ig)i(:»\ —1) [120’\4 —364%°
434202 — 113\ + 12”. (3.8)

The bound on ay obtained by employing modulus on either side of (3.6), and using that
|pn| < 2, we have

1
2\ —1

| az | < (3.9)

8A2 — 12\ + 3
22X —1)2
(3.7), and using Lemma 2.4, we get

Taking the value of 11 = ( ) and by employing modulus on either side of

1 i
‘ag‘gm‘pg—l/1?|. (310)
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The sharpness of the result attains as follows

1

FYUEET f0<wm <2

_J) 3x-1

| as |= | 1—4)| -

A DA =T elsewhere.

o)

If a function fo(z) =2+ > d,z" and

n=2
/ A

2[28] =q(z?) =2+ 1+ 24, (3.11)

then fo € £x(q). From relation (3.11), after computation and comparing the coefficients
of like powers of z on either side of (3.11) few coefficients of the series are given by

dy =dy =0 and d3 = m The function f>(z) can be expressed as
I 3
_ . 12
f2(2) z+3)\_1z + (3.12)
The value of a3 matches for the function f2(z). Similarly by employing Lemmas 2.3 and
2.4 on (3.8),we get equation (3.3). O

Theorem 3.2. If f € £3(q), A\ > 1, then for any p € R

| ag — pa3 |< ﬁMam{l, L= 42)\(;/\2M(13)/; i) ’} (3.13)
and the sharpness is attained.
Proof. From equations (3.6) and (3.7), the functional
2 1 i
ag — pas = m(pg — 1/23>, (3.14)

8A* — 120+ 34 2u(3X — 1)
2020 — 1)

on the R.H.S. of the equation (3.14), we get (3.13). The sharpness of the result is as

given below

where vy = ( ) We obtain the bound by using Lemma 2.4

1
) ma JUBS [7717772]§
|0y — o} = 1

2(407 — X+ 1)(3A — 1)

| 1+2u(BX—1) —4X |, else where,
(3.15)

— 8\ + 12X -3 4 8AZ — 4N +1
23r—1) MR T a1

attains with respect to the following functions

If a function f1(z) =2+ > by2™ is in S and is such that

n=2
z 4 z A
[ffigzi] =q(z) ==z 1+ 22, (3.16)

where 77 = The sharpness of the results
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then f1 € £x(g). From relation (3.16), after computation and comparing the coefficients
of like powers of z on either side of (3.16) few coefficients of the series are given by

1
bz = 2r—1)
b AN—1
ST A+ 1)(BA 1)’
by = ! (=240 + 4403 — 6)2 + \).

6N -1)(BA-1)(2A—1)3

Hence, the function fi(z) can be expressed as

_ 1 9 4N -1 5 (24N +44XN3 — 607+ ))
hE) =24 Grmp7 + (2(4)\2 —IN+ D)(BA— 1))Z TSI )G DA 1)
17)
Now,
2M(3A—1)+1—4A’
J— 2 =
b3 — pb2| ‘ 2020 — 1)2(3A— 1) I
1 2u(3A — 1) + 1 — 4
Thus | b — b2 |= ———— for the function f»(2) and |b3 — ub3| = ’ a )+

(BA—1)

2020 — 1)2(3A — 1)
for the function f;(z2). O

Remark 1: For A = 1, we get the result of Raina and Sokét [18].

Theorem 3.3. If f € £, 4(q), then for any p € R

(3.18)

‘ as — ,ua% | < — 4>‘)g% + (2ﬂ(3A — 1))93 ’}

M‘m{l’ ’ < 202(2) — 1)2

93(3A — 1)
and the sharpness is attained.

Proof. From the definition of the class £ 4(q), along with the principle of subordination
using a similar methodology as in theorem 3.2 the result follows. O

Theorem 3.4. If f € £3(q), A > 1, then the bound on Hy(2) is given by

1

T (3.19)

‘H2(2)‘ <

Proof. From relations (3.6), (3.7) and (3.8), consider

_ P3p1 P A
a2y — a3 = (4(» “@AX—1)  4(3x . 12 fp%) - (8(3)\ “1)2(4h — 1))7’”7%’
(3.20)
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48M\° — T20* + 100A3 — 782 4+ 26\ — 3
where £ = (

192(22 — 1)4(BA = 1)2(4A - 1)
sides and upon simplification we obtain,
1

19220 — 1)AEA — 12 A1)
‘48(2)\ —1)3(3X — 1)%p1ps — 24A(2A — 1)4p2py — 48(2X — 1)*(4\ — 1)p2

). Now taking modulus on both

|azas — aj

— P1(48X\5 — 72X* +100\® — 7T8)% 4 26\ — 3)|. (3.21)
The above equation can be further rewritten as

\91p1P3 + 92pip2 + g3p3 + 94pi] (3.22)
192(2X — 33X — 1)2(4X — 1) '

lagay — a§| =

where
g1 =48(2X — 1)*(3\ — 1),
go = — 24M(2) — 1)*,
g3 = —48(2) — )*(4\ — 1),
gs = — (48X — T2\* + 100\ — 78)\? + 26\ — 3).

According to Lemma 2.6, expressing pg, p3 in terms of p; on the R.H.S of the equation
(3.22) and notice that |z| < 1, an application of triangle inequality yields to

|g1p1p3 + g2pip2 + gapar+gap]| < (3.23)

1
1 (91 + 292 + g3 + 492)pT + 29191 (4 — p3) + 2(g91 + g2 + g3)

(4= p})pilyl — [(91 + 9003 + 2101 — dga] (4 — p)Iyl?|:

(3.24)

Using g1, 92,93 and g4 values, we obtain
g1+ 292 + g3 + 4gs = —BT6A° + 1248)\* — 1264)\3 4 648\ — 152\ + 12, (3.25)
g1+ g2 + g3 = 2402\ — 1)3, (3.26)

(91 + g3)p7 + 29101 — 4g3 = 48(2X — 1)°[N?p] + 4(2X — 1)(4X\ — 1) + 2(3XA — 1)°py].
(3.27)

Now we consider the expression
N2p? 4 4(2X — 1)(4XN — 1) +2(3\ — 1)2py]

_ AQ{;m N {(3>\— 1)2+ \/49)\4 — 84X3 + 5072 — 4\ + 1HX

A M
{p1+ {(3)\;1)2_\/49)\4—84)\3 —1;\450)\2—4)\—1—1”. (3.28)

As py €0,2], for any two positive real numbers [, m, we observe that

(p1 —D(p1 —m) < (p1 +1)(p1 + m). Thus we have from (3.28)

[N2p3 4 4(2X — 1)(4XN — 1) — 2(3\ — 1)2p1] < [A%pT + 42X — 1)(4\ — 1) +2(3\ — 1)py].
(3.29)
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Using (3.29) and (3.27), we see that

[(91 + g3)pT + 2g1p1 — 4gs] < 48(2A — 1)°[A°p7 + 4(2X — 1)(4X — 1) — 2(3)A — 1)%py].
(3.30)

On replacement of the values in (3.24) from (3.25), (3.26) and (3.30) on the R.H.S., we
get

|91p1P3 + 9201P2 + gsp3+gapi| < (3.31)
ﬂ(—m‘x” + 1248)0% — 1264)\3 + 64807 — 152\ + 12)pi+
96p1 (4 — p1)(2A — 1)°(3X — 1)* + 48(4 — p})pTly[A(2A — 1)°+
4820 — 1)2[(A%p2 + 42X — 1)(4X — 1) — 2(3X — 1)%py]
(4=pDlyP?| (3:32)

Letting p; = p € [0, 2], with the use of triangle inequality once again and writing |y| = o
on the right hand side of the above inequality, gives

4g1p1ps + g2pip2 + gapi+gapi| < (3.33)
[(—576/\5 124801 — 126403 + 648)% — 152 + 12)pt+
96p(4 — p?)(2A — 1)3(3X — 1)% 4 48(4 — p*)p?oA(2X — 1)3+
48(20 — 1)3[(A2p2 + 42X — 1) (4N — 1) — 2(3X — 1)?p]

(4- pQ)Qﬂ
= L(p, 0) (say). (3.34)

To estimate the bound, it is necessary that L(p, g) is to be maximized on the rectangular
region [0, 2] x [0, 1]. We start by assuming that the maximum exists at any point interior
of the region [0, 2] x [0, 1]. The partial derivative of L(p, o) with respect to o, is given by

oL .
= =48(2X — 1)3(4 — p*)[\?p? +4(2X — 1)(4X — 1) — 2(3) — 1)?p).
4
Thus L(p, o) accelerates as ¢ on the interval (0,1). For A > 1, with fixed p lying between
oL
0 and 2 , it is clear that % > 0. Hence L(p, o) is non decreasing function of ¢ and

cannot attain maximum value for any point inside of the region [0, 2] x [0, 1]. Hence the
greatest value exists on the boundary for ¢ = 1. On writing ¢ = 1 in equation (3.34),
for fixed p € [0, 2], we get

Maz{L(p,0): 0 < ¢ <1} = L(p,1) = H(p) (say).
On replacing ¢ = 1 in (3.34), along with the above consideration,

H(p) = —(960)° — 1440\* + 9763 — 408\ + 104\ — 12)p* —
192(2X — 1)3(7A% — 7TA 4+ 1)p? + 768(21 — 1)*(4X — 1). (3.35)
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It can be easily seen that
H'(p) = — (4p3 [960A° — 1440A\* + 976) — 408\% + 104\ — 12]+
2p(2) — 1)3(384)2 — 384 + 192)). (3.36)

It is clear that H'(p) < 0, for each fixed value of p € [0,2] and for A > 1. Hence H(p)is
non increasing function of p in [0,2], the maximum attains at p = 0. Upon writing
p = 0, we have

Mazx H(p) = H(0) = 768(2\ — 1)*(4\ — 1). (3.37)
From (3.37) and (3.34), we get
919103 + gapip2 + g3p5 + gapi| < 192(21 — 1)*(4A - 1). (3.38)

Hence we have from (3.38) and (3.22) that |azas — a3| < . The sharpness can

(3X —1)2
be achieved for f2(z) mentioned as in (3.16),

\dody — 2| = ‘ ! ‘
T mIT a2l
O
" 1
Remark 2: On writing A = 1, |dady — d3| = T holds for f € S*(q).
Theorem 3.5. If f € £:(q), A > 1, then the coefficient functional is given by
‘ ‘ <1 (3.39)
asa3 ay SI—1 . .
Proof. The proof of the theorem is similar to that of theorem 3.4, hence the details are
omitted. (]
Theorem 3.6. If f € £3(q), (A > 1), then
0 —9
a3 —as| < ——, (3.40)
02
where
01 = 62208)\" — 130752)\° + 108576\° — 10896A* — 23712)\% + 6954)\* + 150, (3.41)
0, = 7222 — 1)" (3A = 1)*(4r = 1) (5A — 1). (3.42)
Proof. As f € £(q), by the principle of subordination, we have
A
!
U A L;((ZZ))] =w(z) + 1+ w?(z), (3.43)
where w(z) is the Schwarz function represented by
w(z) = anz”;Vn € N, with ’pn‘ <1 (3.44)

n>1
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Upon simplification on both sides of (3.43) along with (3.44) and comparing the

coefficients of like terms of 2%,i = 1,2,3, ..., we get
_ p1
_ 1 ﬁ aA-1
a3 = (3)\_1) -p2+ 9 ((2)\_1)2)}7 (346)
1 (6A—1) BAT— AN 20T — 2y
_ — 4
ay 1) P+ (2/\_1)(3)\_1)171172 2(2)\_1)3(3)\_1) >P1}a (3.47)
1 9 -1 \p3 (8A—1) o, P,
(3.48)
where

P = —6912)\°% 4+ 15840)\° — 13008A* + 600013 — 1518A% + 183\ — 9,
- [144,\5 — 276A% + 643 — X2 + /\}
2020 - 1)°(3A - 1) (A — 1) I’

Q=722A-1)"BA—1)*(4r - 1).
From (3.46) and (3.48),
. A1 . m (8A—1)
T _(2(3)\ —1)°(5A - 1) Jri - (A-1) <(2A —)EA-1)(5A-1) Jpirs
+ kpapi + [%} i, (3.49)
where

R = 6912)\° — 15840\° + 18768\% — 11472\3 + 3462\% — 498\ + 273,
o { 1440° — 276\ 4- 2243 - 11302 + 27\ — 2 }
2402 —AX+1)(3A = 1) (4r = 1) (5A — 1)
T =72(20 — 1) (907 = 6A + 1) (4 — 1) (51— 1).
From (3.44) and using lemma 2.5, we see that

0, —9
a3 — a5| < ——, (3.50)
02
where 6, and 05 are given by (3.41)) and (3.42). Hence Zalcman inequality is vrified for

m = 3. On writing A = 1, leads to the result of starlike function as

12519
2 —as] < ——— ~3.622395833 < 4 3.51
|a’3 a5| = 3456 < 4, ( )
which satisfies the inequality of Zalcman conjecture for m = 3. O

Suppose that ¥ is a rational function with representation

z

n=1

¥(z) =
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Theorem 3.7. If f € £2(q), A\>1 and ¥(z) = %z)’ then for any u € R,
9 1 (2A —1) —2u(3X — 1)
— < —M 1 . .02
o= et | < By aa {1 222 — 1)2 1 (3:52)

The sharpness is attained.

Proof. As f € £x(q), using the representation of the function G along with the Taylor’s
series of f and following the methodology as in theorem 3.2 the result follows. O

(oo}
Theorem 3.8. If f € £,(¢), A > 1 and F(w) = w+ Y k,w™ is the inverse mapping
n=2
of f, where |w| < ro(f),ro(f) > i, we have
1

8)\—3—2;;(3)\—1)’}7 (3.53)

2
_ < -
| ks — k3 |< Maz {1, T

3A=1)
where p € R, the sharpness is attained.

Proof. The proof of this theorem is obtained by a similar methodology followed in
theorem 3.2 along with the definition of the inverse function F. Hence the details
are omitted. (]
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