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Abstract. In this paper, we use g-closure operator to define g-connected as a
property which is weaker than 7*-connectedness and stronger than 7-connectedness.
We give some results regarding the union of g-connected. Also, we introduce and
investigate the cut-point of g-connected.

1. Introduction

Let (X,7) be a topological space with no separation axioms assumed. If A C X,
Cl(A) and Int(A) will denote the closure and interior of A in (X, 7), respectively. The
concept of generalized closed sets of a topological space (briefly g-closed) was introduced
by Levine [11] in 1970. These sets were also considered by Dunham [10] in 1982 and by
Dunham and Levine [8] in 1980. Recently papers [7, 12] have introduced some property
of connected structure spaces. Throughout this paper (X, 7) (simply X) always means
a topological space. A subset B of a topological space X is called g-closed in X [11]
it Cl(B) C G whenever B C G and G is open in X. Hence the union of two g-closed
sets is a g-closed set and the intersection of two g-closed sets is generally not a g-closed
set. In a Ty-space g-closed sets are closed [10]. For each x € X, either {z} is closed
or X \ {z} is g-closed. A subset A is called g-open in X if its complement X \ A
or X — A is g-closed, equivalently if F' C Int(A) whenever F is closed and F C A.
The intersection of all g-closed sets containing a set A is called the g-closure of A [10]
and is denoted by Cl4(A). This is, for any A C X, Cly(A) = {F : A C F and F
is g-closed in X}. The collection of all g-closed (resp. g-open) subsets of X will be
denoted by GC(X) (resp. GO(X)). We set GC(X,z) = {V € GC(X) : x € V} for
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z € X. We define similarly GO(X, z). The g-interior of A is the union of all g-open sets
contained in A and is denoted by Inty(A). Cl, is a Kuratowski closure operator on X
and 7% = {A: Cly(X — A) = X — A} is a topology on X generated by Cl, in the usual
manner and denoted by 7*. A is said to be 7*-closed if Cl4(A) = A. The complement
of a 7*-closed set is called a 7*-open set. For more on the previous notions and the
following ones, one can see [1-6].

In this paper, we use g-closure operator to define g-connected as a property which is
weaker than 7*-connectedness and stronger than 7-connectedness. We give some results
regarding the union of g-connected. Moreover we introduce and investigate the cut-point
of g-connected.

2. Preliminaries
Definition 2.1. [11] Let (X, 7) be a topological space and A C X. Then

(1) A is generalized closed (briefly g-closed) if CI(A) C U whenever A C U and U
is open in X.

(2) A is generalized open(briefly g-open) if X \ A is g-closed.

(3) X is Tyi-space if every g-closed set is closed.

Let us start by the following Lemma:

Lemma 2.2. [10] Let (X, 7) be a topological space and A C X. Then

(1) AC Cly(A) CCl(A).

(2) Cly(A) need not be g-closed.

(3) Clgy is a Kuratowski closure operator on X and 7% = {A: Cly(X —A) = X — A}

is a topology on X generated by Cl, in the usual manner.

(4) T C GO(X) C 7* with equality if and only if X is T -space.
Theorem 2.3. [9] For a topological space (X,T) is Ty -space if and only if every
singleton in X is either open or closed if and only if every subset of X is the intersection
of all open sets and all closed sets containing it.

Levine proves in [11] that every Tj-space is T%—space and T 1-space is Tp-space,
although neither implication is reversible.

Definition 2.4. Let (X, 7) be a topological space. A pair (A, B) of non-empty subsets
of X is said to be g-separated if Cl,(A)N B =ANCI(B) = 0.

Every 7-separated sets are g-separated and every g-separated sets are 7*-separated
but the converse is not true as shown in the following example.

Example 2.5. Let X = {a,b,c} with 7 = {0,{a}, X} and A = {a}, B = {b,c}, then
the pair (A4, B) is g-separated but not 7-separated.

Let X = {a,b,c,d} with 7 = {0,{a},{a,c},{b,d},{a,b,d}, X} and A = {a,b,c},
B = {d}, then the pair (A, B) is 7*-separated but not g-separated.

In T% -spaces we have 7-separated, g-separated and 7*-separated are coincide.
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Proposition 2.6. Let (X, 7) be a topological space. If A and B are nonempty disjoint
subsets of X such that A is 7*-open and B is open, then a pair (B, A) are g-separated.

Proof. Since ANB =0, AC X\ B and so Cl(A) C CI(X \ B) = X\ B. Then,
Cl(A)NB = 0. Again B C X \ A and so Cly(B) C Cly(X \ A) = X \ A. Thus,
Cly(B) N A = 0. Therefore, a pair (B, A) is g-separated. O

Corollary 2.7. Let (X, 7) be a topological space. Then the disjoint nonempty open
sets of X are g-separated.

Proposition 2.8. Let a pair (A4, B) be a g-separated sets in a topological space (X, 7).
If C and D are nonempty subsets such that C C A and D C B, then a pair (C, D) is
also g-separated.

Proof. Since a pair (A, B) is g-separated, Cly(A)N B = 0 = AN CIl(B). Now,
CNCI(D) € ANCI(B) = (@ and so CNC(D) = (. Similarly, Cl,(C)ND C Cl,(A)NB =0
and so Cly(C) N D = (). Hence a pair (C, D) is g-separated. O

Theorem 2.9. Let (X,7) be a topological space. If the union of a pair (A,B) of a
g-separated sets is closed set, then B is 7*-closed and A is closed.

Proof. Let (A,B) be a pair of g-separated sets such that A U B is closed. Then
ANCly(B) =0 = Cl(A) N B. Since AU B is closed, AU B = CI(A) UCl(B). Now,
Cl(A) = CI(A)N[CI(A)UCI(B)] = CI(A)N[AUB] = [CI(A)NAJU[CI(A)NB] = AUpD = A
and so A is closed. Also, B C AUB implies that Cl,(B) C Cl,[AUB] C Cl[AUB] = AUB
and so Cly(B) = Cly(B)N[AUB] = [Cly(B)NAJU[CI(B)N B] = 0 U B = B. Hence
B is 7*-closed.

O

Corollary 2.10. Let (X, 7) be a topological space. If a pair (A, B) is g-separated sets
of X and AU B € 7, then B and A are 7*-open and open respectively.

Lemma 2.11. Let (X,7) be a topological space and B C'Y C X. Then Cl) (B) =
Cly(B)nY.

Lemma 2.12. Let (X, 7) be a topological space and A,B CY C X. The following are
equivalent:

(1) A pair (A, B) is g-separated in'Y;

(2) A pair (A, B) is g-separated in X .

Proof. It follows form Lemma 2.11 that CI¥ (A)N B = () = AN CI¥(B) if and only if
Cly(A)NB =0 =ANCI(B). O
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3. g-connected spaces

In this section, we give the properties of g-separated sets and g-connected sets.

Definition 3.1. A subset A of a topological space (X, 7) is said to be g-connected if A
is not the union of a pair of g-separated sets in (X, 7).

Theorem 3.2. A topological space (X, T) is g-connected if and only X cannot be written
as the disjoint union of a nonempty 7*-open set and a nonempty open set.

Proof. Suppose exist nonempty disjoint 7*-open and open sets A, B in X such that
X = AUB. Since A and B are disjoint, then CI(A)NB = ¢ = ANCl,(B). This implies
that the pair (A, B) is g-separated sets in X. Thus, X is not g-connected. This is a
contradiction.

Conversely, suppose that X is not g-connected. There exist a pair (A, B) of g-separated
sets such that X = AU B. By Theorem 2.10, A and B are 7*-open and open in X,
respectively. Since A and B are g-separated in X, then A and B are nonempty disjoint.
This is a contradiction. O

Every g-connected space is connected but the converse is not true as shown in the
following example.

Example 3.3. (1) Let X be an uncountable set with 7 = {0, X}. Then
(X, 7) connected and g-connected, while (X, 7*), being discrete topology then
disconnected.

(2) Let X = {a,b,c} with 7 = {0, {a}, X} and 7 = {0, {a}, {b}, {c}, {a, b},
{a,c},{b,c}, X}. Then (X, 7) connected and not g-connected, while (X, 7*) is
disconnected.

(3) Let X = {a,b,c} with 7 = {0, {a,b}, X} and 7* = {0, {a}, {b},{a, b}, X}. Then
(X, 7) g-connected, also (X, 7*) is connected.

Theorem 3.4. Let (X, 7) be a topological space, X not g-connected and A be a subset
of X such that (i) A# 0, X and (ii) A is open and 7*-closed in X. If Y is a nonempty
g-connected subset of X, then either Y C A orY C X \ A.

Proof. Let X = AUB, where B= X\ A. ThenY = XNY = [AUB]NY = (ANY)U(BN
Y). Also [ANY]NCI[BNY] C ANCI(B) = 0, since ANB = () and A is open. This implies
that [ANY|NCIBNY] = 0. Similarly, Cl,[ANY]IN[BNY] C Cly(A)NB=ANB =1
implies that Cl[ANY]N[BNY] = 0. It is given that Y is g-connected subspace of
X. Hence it cannot happen that ANY # () and BNY # (), Since Y is a g-connected
subspace of X, Y cannot admit any g-separation. Hence ANY = @) or BNY = ¢ implies
that Y CAorY C X — A. O

Theorem 3.5. Let (X, 7) be a topological space. If A is a g-connected set of X and a
pair (G, H) is g-separated sets of X with A C HU G, then either AC H or ACG.
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Proof. Let A C HUG. Since A = [ANH|U[ANG], then [ANH]NCl[ANG] C
H N Cly(G) = 0. By similar way, we have [ANG|NCIANH] C GNCI(H) = (. Then
AN H and AN G are g-separated sets. Suppose that AN H and A NG are nonempty.
Then A is not g-connected. This is a contradiction. Thus, either ANH = () or ANG = 0.
This implies that A C H or A C G.

]

Theorem 3.6. Let A be an g-connected set of a topological space (X, 7). If AC B C
Cly(A), then B is g-connected.

Proof. Suppose that B is not g-connected. There exist a pair (G, H) of g-separated
such that B = H UG. This implies that H and G are nonempty and GNCI(H) = =
HnN CZQ(G). By Theorem 3.5, we have either A C H or A C (. Suppose that A C G.
Then Cl,(A) C Cly(G) and H N Cly(A) = 0. This implies that H C B C Cl,(A)
and H = Cly(A) N H = (. Thus H is an empty set. Since H is nonempty, this is a
contradiction. Suppose that A C H. By similar way, it follows that G is empty. This is
a contradiction. Hence, B is g-connected.

O

Corollary 3.7. Let (X,7) be a topological space. If A is a g-connected set, then
Cly(A) is g-connected.

Theorem 3.8. Let {N; : i € I} is a nonempty family of g-connected sets of a topological
space (X, 7). If NyerN; # 0, then U;erN; is g-connected.

Proof. Suppose that U;c;N; is not g-connected. Then we have U;c;N; = H U G, where
H and G are g-separated sets in X. Since N;erN; # 0, we have a point x € N;erV;.
Since x € U N, either z € H or x € G. Suppose that x € H. Since x € N; for each
i € I, then N; and H intersect for each i € I. By Theorem 3.5 N; C H or N; C G.
Since H and G are disjoint, N; C H for all ¢ € I and hence U;c;N; € H. This implies
that G is empty. This is a contradiction. Suppose x € G. By similar way, we have that
H is empty. This is a contradiction. Thus U;c;N; is g-connected. O

Corollary 3.9. Let (X,7,mx) be a mixed space and {A, : @ € A} be a family of
m-connected subsets of X, and A be an m-connected subset of X. If AN A, # 0 for
every o € A, then AU (UA,) is m-connected.

Proof. By Theorem 3.8, AU A,, is m-connected for each a € A and N(AUA,) D A # 0.
Therefore, by Theorem 3.8 U(AU A,) = AU (UA,) is m-connected. O

Theorem 3.10. Let (X,7) be a topological space. Every continuous image of an g-
connected space is connected.
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Proof. Let f: (X,7) — (Y,0) be a continuous function and X is g-connected space. If
possible suppose that f(X) is not a connected subset of Y. Then, there exists nonempty
separated sets A and B such that f(X) = AUB. Since f is continuous and ANCI(B) =
0 = CI(A) N B, CI(f~1(A)) n f~(B) C = (CI(A)) 1 f~'(B) = /' [CUA) N B] = 0,
FHA) N Cly(f1(B)) € f(A) N CIf(B) € f(A) N fH(CUB)) = f1[AN
CIl(B)] = (. Since A and B are nonempty, f~1(A) and f~*(B) are nonempty. Therefore,
f71(A) and f~1(B) are g-separated and X = f~1(A)U f~(B). This is contrary to the
assumption that X is g-connected. Therefore, f(X) is connected. O

Theorem 3.11. Let (X, 1) be a topological space and H a subset of X. If every pair
of distinct points of H are elements of some g-connected subset of H, then H is an
g-connected subset of X .

Proof. Suppose H is not g-connected. Then, there exist a pair (B, A) of g-separated
which nonempty subset of X such that Cl(A)NB =0 = ANCly,(B) and H=AUB.
Since A and B are nonempty, there exists a point a € A and a point b € B. By
hypothesis, a and b must be elements of a g-connected subset C of H. Since C C AU B,
by Theorem 3.5, either C C A or C' C B. Consequently, either a and b are both in A or
both in B. Let a,b € A. Then AN B ## (). This is contrary to the fact that A and B are
disjoint. Similarly, if we suppose that a,b € B, then we have a contradiction. Therefore,
H must be g-connected. O

Theorem 3.12. Let (X, 7) be a topological space and X is g-connected. If A is a g-
connected subset of X such that X \ A is the union of two g-separated sets B and C,
then AU B and AUC are g-connected.

Proof. Suppose A U B is not g-connected. Then there exist a pair of nonempty
subsets (H,G)) of g-separated such that AU B = G U H. Since A is g-connected,
AC AUB=GUH, by Theorem 3.5, either A C G or A C H. Suppose A C G. Since
AUB = GUH, A C G implies that AUB C GUB and so GUH C GUB. Hence H C B.
Since B and C' are g-separated, H and C are also g-separated. Thus, H is g-separated
from G as well as C. Now, Cl,(H)N[GUC] = [Cly(H)NG]U[Cly(H)NC] =0 and
HNCIGUC] = HNI[CI(G)UC(C)] = [HNCIHG)|U[HNC(C)] = 0. Therefore, H is
g-separated from GUC. Since X\ A = BUC, X = AU[BUC| = [AUB]JUC = [GUH]UC,
since AUB = GUH and so X = [GUC|]U H. Thus, X is union of two nonempty
g-separated sets G U C' and H, which is a contradiction. Similar contradiction will
arise if A C H. Hence, AU B is g-connected. Similarly, we can prove that AU C is
g-connected. O

Theorem 3.13. Let (X, 7) be a topological space If A and B are g-connected sets of X
such that none of them is g-separated, then AU B is g-connected.
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Proof. Let A and B be g-connected in X. Suppose A U B is not g-connected. Then,
there exist two nonempty g-separated sets G and H such that AUB = GU H. Since A
and B are g-connected, by Theorem 3.5, either AC Gand BC HorBC Gand AC H.
Let A C G and B C H. Then, since G and H are g-separated, by Proposition 2.8 A
and B are g-separated. This is a contradiction. Similarly, let B C G and A C H. Then
B and A are g-separated. This is a contradiction. Hence A U B is g-connected. ]

Definition 3.14. Let (X,7) be a topological space and x € X. The union of all
g-connected subsets of X containing x is called the g-component of X containing x.

Lemma 3.15. The g-component of each point x of a topological space X is the maximal
g-connected set of X that contains x.

Lemma 3.16. The set of all distinct g-components of a topological space X forms a
partition of X .

Proof. Let A and B be two distinct g-components of X. Suppose A and B intersect.
Then, by Theorem 3.8, AU B is g-connected in X. Since A C AU B, then A is not
maximal. Thus, A and B are disjoint. (]

Lemma 3.17. Fach g-component of a topological space X is a 7*-closed.

Proof. Let A be an g-component of X. By Corollary 3.7, Cl,(A) is g-connected and
A=Cly(A). Hence A is 7*-closed in X. O

Theorem 3.18. Let (X, 7) be a topological space. Then each g-connected subset of X
which both open and T*-closed is g-component of X.

Proof. Let A be a g-connected subset of X which both open and 7*-closed. Let x € A.
Since A is a g-connected subset of X containing z, if C' is the g-component containing x,
then A C C. Let A be a proper subset of C. Then C' is nonempty and C'N (X \ A) # 0.
Since A is open and 7*-closed, X \ A is closed and 7*-open and [ANC]|N[(X\A)NC] = 0.
Also [ANCIU[(X\A)NC] = [AU(X\A)]NC = C. Again A and X\ A are two nonempty
disjoint open and 7*-open set respectively, such that ANCI(X\A) = 0 = Cl,(A)N(X\A).
This implies (ANC)NCI(X\A)NC]=0=Cly(AnC)N[(X \ A)NC]. This shows
that A and C'\ A are g-separated sets. This is a contradiction. Hence, A is not a proper
subset of C and A = C. Therefore, A is a g-component of X.

O
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Theorem 3.19. Let (X, 7) be a topological space and A C X. If C is a g-connected
subset of X that intersects both A and X \ A, then C intersects Bd(A), the boundary of
A.

Proof. Suppose C N Bd(A) =0. Then CNCI(A)NCIX\A)=0. Now,C=CnNX =
CNAUX\A)=(CnAUCN(X\A)). Also, Cl,(CNA)N(CN(X\A)C
Cly(C)NCL(ANCN(X\A) = CNCL(A)N(X\A) = 0. and (CNA)NCHCN(X\A)) C
CNANCHC)NCUX\NA) =CNCU(X\A)NA=0. Thus, CNAand CN(X\A)
form an g-separation for C, which is a contradiction. Hence, C' N Bd(A) # 0. O

4. Cut-point of g-connected

Definition 4.1. Let X be a nonempty connected topological space. A point x in X is
said to be a g-cut point of X if X — {z} is not a g-connected subset of X. A nonempty
g-connected topological space X is said to be a g-cut-point space if every = in X is a
g-cut point of X.

Theorem 4.2. Let X be a g-connected topological space, and let x be a g-cut point
of it. If X \ {z} = BU A such that a pair (B, A) B is g-separated, then AU {x} is
g-connected.

Proof. If AU {x} is not g-connected, then there is a pair (C, D) is g-separated subsets
of X such that AU{z} = CUD. Without loss of generality, we may assume that = € C.
Then D C A. Since Cly(BUC)ND = (Cly(B)N D) U (Cly(C)ND)=Cly(B)ND C
Cly(B)NA =10, Cly(BUC)ND = . Since (BUC)NCI(D) = (BNCI(D))J(CNCI(D)) =
(BNCI(D)) CBNCI(A) =0, (BUC)NCI(D) = . Therefore X = (BUC)UD. This
contradicts the g-connectedness of X O

Theorem 4.3. Let X be a g-connected topological space, and let x and y be two g-
cut points of it such that X \ {x} = BU A such that a pair (B, A) is g-separated and
X\ {y} = CU D such that the pair (C,D) is g-separated. If v € C and y € A, then
DCAand BCC.

Proof. Since D U {y} is g-connected by Theorem 4.2, and since D U {y} C X \ {z}, we
have DU {y} € A or DU {y} C B by Theorem 3.5. Since y € A, the second inclusion
is not true. Hence D C A. A similar argument shows that B C C. [l

Theorem 4.4. Let (X, 7) be a topological space if every x in X is a g-cut point of X.
Let x € X, and X \ {z} = BU A such that the pair (B, A) is g-separated. If A is not
g-connected, then for every y € Y = AU {z} is a g-cut-point point of Y.

Proof. Clearly z is a g-cut point of Y. Let y be an arbitrary point in A. Since
X\{y} = Y \{y})U(BU{z}) is not g-connected, and since z € (Y \ {y}) N (BU{z}),
either Y \ {y} or BU {z} is not g-connected. By Theorem 4.2, B U {x} is g-connected.
Thus Y \ {y} is not g-connected.

O
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