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Abstract. In this paper, we prove that the Riesz wavelet type basis in L2(Rd)
is image of an orthonormal wavelet basis under a bounded invertible operator and
prove that an orthonormal wavelet basis and an orthonormal wavelet type basis in
L2(Rd) are unitarily equivalent. Also, it is proved that the image of an orthonormal

wavelet basis under unitary operator is an orthonormal wavelet type basis. Further,
we prove that dual of Riesz wavelet basis always exists and is biorthogonal to it.
Finally, we study dual wavelet frames for a given wavelet frame.

1. Introduction

Wavelet frames were studied considerably by many researchers [1, 2, 3, 4, 6, 8]. Below
we give the formal definition of wavelet frame for L2(Rd).

Definition 1.1. Let d ∈ N, {ψ1, ψ2, ..., ψN} ⊆ L2(Rd). Define

ψlj,k̄(x̄) = D2jTk̄ψ
l(x̄) = 2j/2ψl(2j x̄− k̄),

for x̄ ∈ Rd, k̄ ∈ Zd, j ∈ Z, l = 1, 2, 3, ..., N . The system {ψl
j,k̄

} is called a wavelet frame

for L2(Rd) if there exist constants 0 < A ≤ B <∞ such that

A∥f∥2 ≤
N∑
l=1

∑
j∈Z

∑
k̄∈Zd

|⟨f, ψlj,k̄⟩|
2 ≤ B∥f∥2, for all f ∈ H. (1.1)

The scalars A and B are called the lower and upper wavelet frame bounds of the
wavelet frame, respectively. They are not unique. If A = B, then {xn} is called an
A-tight wavelet frame and if A = B = 1, then {xn} is called a Parseval wavelet frame.
The inequality in (1.1) is called the wavelet frame inequality of the wavelet frame. If
{ψl

j,k̄
} satisfies the upper frame inequality in (1.1), then {ψl

j,k̄
} is called a Bessel wavelet

sequence. The system defined in Definition 1.1 is called the homogeneous system and
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for such systems, N can be as small as one. There is another more fundamental system,
called a nonhomogeneous system:

{ϕ(x− k) | k ∈ Zd} ∪ {ψlj,k | j ≥ 0, k ∈ Zd, l = 1, . . . , N}.

For such systems, indeed one must have N ≥ 2d − 1.

Kaftal et al. [7] defined Operator Valued frames (OPV frames) in Hilbert spaces and
studied various properties of OPV frames. More importantly, treating multi wavelet
frames as OPV frames permits to parametrize them in an explicit and transparent
ways. In [10], Poumai et al. gave the applications of OPV frames to the theory of
quantum channel.

Definition 1.2. ([5, 7, 9]) Let H and K be Hilbert spaces and J be a countable or finite
set. Let Fj ∈ B(H,K), for j ∈ J. If there exist positive constants A and B such that

AI ≤
∑
j∈J

F ∗
j Fj ≤ BI, (1.2)

then {Fj}j∈J is called an Operator Valued Frame (OPV-frame) for H with range in K.
The constants A and B are called lower and upper OPV frame bounds. {Fj}j∈J is
Parseval OPV-frame for H with range in K if A = B.

Definition 1.3. ([10]) Let H and K be two separable Hilbert spaces. Let k ∈ K and
define a map |k⟩K : H → H⊗K as

|k⟩K(h) = h⊗ k, for h ∈ H.
Also, define K⟨k| : H⊗K → H as

K⟨k|(h1 ⊗ k1) = ⟨k1, k⟩h1, for h1 ∈ H, k1 ∈ K.

Remark 1.4. Let H and K be two separable Hilbert spaces and let k ∈ K. Then,
|k⟩∗K =K ⟨k|.

Let {Fj} be an OPV-frame for H with range in K and {ej} be an orthonormal basis
of ℓ2(J). The analysis operator TV : H → K⊗ ℓ2(J) of the OPV-frame {Fj} is given by

TV (h) =
∑
j∈J

|ej⟩ℓ2(J)Fj(h) =
∑
j∈J

Fj(h)⊗ ej , for h ∈ H.

Also, the synthesis operator T ∗
V : K ⊗ ℓ2(J) → H of the OPV-frame {Fj} is given by

T ∗
V =

∑
j∈J

F ∗
j ℓ2(J)⟨ej |.

Note that for k ⊗ a ∈ K ⊗ ℓ2(J) (a = {an} ∈ ℓ2(J)), we have

T ∗
V (k ⊗ a) =

∑
j∈J

ajF
∗
j (k).

Definition 1.5. ([10]) Let {Fj} be an OPV-frame for H with range in K. If
TV (H) = K ⊗ ℓ2(J), then {Fn} is called a Riesz OPV-frame for H with range in K.
A Parseval Riesz OPV-frame is called an orthonormal OPV-frame.

Lemma 1.6 ([10]). Let {Fj} be an OPV-frame of H with range in K and SV be its
frame operator. Then
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(i) {Fj} is a Riesz OPV-frame of H with range in K if and only if FiS
−1
V F ∗

j =
δijIK, i, j ∈ J.

(ii) {Fn} is an orthonormal OPV-frame of H with range in K if and only if FiF
∗
j =

δijIK, i, j ∈ J and {Fj} is a parseval OPV-frame.

Ron and Shen [12] described that for a given countable subset X ⊂ L2(Rd), the
synthesis operator TX : ℓ2(X) → L2(Rd) is defined by TX(c) =

∑
x∈X c(x)x, for c ∈ X

and the analysis operator T ∗
X : L2(Rd) → ℓ2(X) is given by T ∗

X(f) = {⟨f, x⟩}, for
f ∈ L2(Rd). They also defined that a Bessel system X is a frame if range of TX is closed
and a Bessel system X is a Riesz basis if X is a frame and TX is one-one.

Let MN = {1, 2, 3, ..., N} and {δl}l∈Mn be the unit vector basis of ℓ2(MN ). Also, let
{ej} be standard basis of ℓ2(Z). Let ēk̄ takes 1 at k̄ ∈ Zd and 0 elsewhere. Then, {ēk̄}
is a standard basis for ℓ2(Zd). Also, we have

ℓ2(Zd) = {
∑
k̄∈Zd

ck̄ēk̄ :
∑
k̄∈Zd

|ck̄|2 <∞}, where ck̄ are scalars.

Next result discusses the frame property of translates of the function ψl, for l ∈MN in
wavelet frames.

Lemma 1.7 ([11]). Let {ψl
j,k̄

} be a wavelet frame. Then Φlj : L
2(Rd) → ℓ2(Zd) given

by Φlj(f) =
∑
k̄∈Zd

⟨f, ψl
j,k̄

⟩ēk̄ is a well defined operator. Moreover, the adjoint of Φlj is

given by Φ∗
lj({ak̄}) =

∑
k̄∈Zd

ak̄ψ
l
j,k̄

.

The following result gives the frame properties of translates and dilations of the
function ψl, for l ∈MN in wavelet frames.

Lemma 1.8 ([11]). Let {ψl
j,k̄

} be a wavelet frame. Then Φl : L
2(Rd) → ℓ2(Zd)⊗ ℓ2(Z)

given by Φl(f) =
∑
j∈Z

∑
k̄∈Zd

⟨f, ψl
j,k̄

⟩ēk̄ ⊗ ej is well defined operator. Moreover, the adjoint

of Φl is given by Φ∗
l (

∑
j∈Z

∑
k̄∈Zd

aj,k̄ēk̄ ⊗ ej) =
∑
j∈Z

∑
k̄∈Zd

aj,k̄ψ
l
j,k̄

.

Now, let us define the synthesis and analysis operators of a given wavelet frame.
The operator Φ : L2(Rd) → ℓ2(Zd)⊗ ℓ2(Z)⊗ ℓ2(MN ) given by

Φ(f) =
N∑
l=1

∑
j∈Z

∑
k̄∈Zd

⟨f, ψlj,k̄⟩ēk̄ ⊗ ej ⊗ δl,

is called the Analysis Operator of wavelet frame {ψl
j,k̄

}.
The operator Φ∗ : ℓ2(Zd)⊗ ℓ2(Z)⊗ ℓ2(MN ) → L2(Rd) given by

Φ∗(
N∑
l=1

∑
j∈Z

∑
k̄∈Zd

alj,k̄ēk̄ ⊗ ej ⊗ δl) =
N∑
l=1

∑
j∈Z

∑
k̄∈Zd

alj,k̄ψ
l
j,k̄,

is called the Synthesis Operator of wavelet frame {ψl
j,k̄

}.
Using the synthesis and analysis operators of wavelet frames, let us define the frame
operator of wavelet frames.
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Note that Φ∗(ēk̄ ⊗ ej ⊗ δl) = ψl
j,k̄
. Thus, for f ∈ L2(Rd) we have

Φ∗Φ(f) =

N∑
l=1

∑
j∈Z

∑
k̄∈Zd

⟨f, ψlj,k̄⟩Φ
∗(ēk̄ ⊗ ej ⊗ δl)

=

N∑
l=1

∑
j∈Z

∑
k̄∈Zd

⟨f, ψlj,k̄⟩ψ
l
j,k̄.

The operator SW = Φ∗Φ : L2(Rd) → L2(Rd) given by

SW (f) =
N∑
l=1

∑
j∈Z

∑
k̄∈Zd

⟨f, ψlj,k̄⟩ψ
l
j,k̄, f ∈ L2(Rd)

is called the Frame Operator of the wavelet frame {ψl
j,k̄

}. The wavelet frame operator

SW is a bounded, positive, self-adjoint and invertible. The reconstruction formula is
given by

f = SWS
−1
W f =

N∑
l=1

∑
j∈Z

∑
k̄∈Zd

⟨f, S−1
W ψlj,k̄⟩ψ

l
j,k̄, for all f ∈ L2(Rd).

Next, we define orthonormal wavelet basis and Riesz wavelet basis in L2(Rd).

Definition 1.9. {ψl
j,k̄

} is an orthonormal wavelet basis for L2(Rd) if it is a Parseval

wavelet frame and ⟨ψl1
j1,k̄1

, ψl2
j2,k̄2

⟩ = δj1j2δk̄1k̄2δl1l2 .

Definition 1.10. A wavelet frame {ψl
j,k̄

} is a Riesz wavelet basis for L2(Rd) if

⟨ψl1
j1,k̄1

, S−1
W ψl2

j2,k̄2
⟩ = δj1j2δk̄1k̄2δl1l2 , where S−1

W is the frame operator of the wavelet

frame {ψl
j,k̄

}.

The following result discusses the interplay between OPV frames and wavelet frames.

Theorem 1.11 ([11]). Let {ψl
j,k̄

} be a wavelet Bessel sequence for L2(Rd). Then

(a) {ψl
j,k̄

} is a wavelet frame for L2(Rd) with bounds A and B if and only if {Φl}l∈MN

is an OPV frame for L2(Rd) with range in ℓ2(Zd)⊗ ℓ2(Z) with same bounds.
(b) {ψl

j,k̄
} is a Parseval wavelet frame for L2(Rd) if and only if {Φl}l∈MN

is a parseval

OPV frame for L2(Rd) with range in ℓ2(Zd)⊗ ℓ2(Z).
(c) {ψl

j,k̄
} is a Riesz wavelet basis for L2(Rd) if and only if {Φl}l∈MN

is a Riesz OPV

frame for L2(Rd) with range in ℓ2(Zd)⊗ ℓ2(Z).
(d) {ψl

j,k̄
} is an orthonornal wavelet frame for L2(Rd) if and only if {Φl}l∈MN

is a

orthonormal OPV frame for L2(Rd) with range in ℓ2(Zd)⊗ ℓ2(Z).

2. Main Results

In the following result, we prove the canonical dual property of a given wavelet frame.

Theorem 2.1. Let {ψl
j,k̄

} be a wavelet frame for L2(Rd) with bounds A and B. Then,

{S−1
W ψl

j,k̄
} is also a wavelet frame for L2(Rd) with bounds B−1 and A−1.
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Proof. Let Γl = ΦlS
−1
W . Then

Γl(f) = ΦlS
−1
W (f) =

∑
j∈Z

∑
k̄∈Zd

⟨f, S−1
W ψlj,k̄⟩ēk̄ ⊗ ej , f ∈ L2(Rd).

Also, Γ∗
l = S−1

W Φ∗
l . So, Γ

∗
l (ēk̄ ⊗ ej) = S−1

W ψl
j,k̄

. Thus, we obtain

Γ∗
l Γl(f) =

∑
j∈Z

∑
k̄∈Zd

⟨f, S−1
W ψlj,k̄⟩S

−1
W ψlj,k̄, f ∈ L2(Rd).

Also, for f ∈ L2(Rd), we have

N∑
l=1

Γ∗
l Γl(f) =

N∑
l=1

S−1
W Φ∗

lΦl(S
−1
W f) = S−1

W

N∑
l=1

Φ∗
lΦl(S

−1
W f) = S−1

W SWS
−1
W (f).

Therefore, S−1
W (f) =

N∑
l=1

Γ∗
l Γl(f), for f ∈ L2(Rd). But, B−1I ≤ S−1

W ≤ A−1I. Thus

B−1∥f∥2 ≤ ⟨
N∑
l=1

Γ∗
l Γl(f), f⟩ ≤ A−1∥f∥2, f ∈ L2(Rd).

Hence, we conclude that

B−1∥f∥2 ≤
N∑
l=1

∑
j∈Z

∑
k̄∈Zd

|⟨f, S−1
W ψlj,k̄⟩|

2 ≤ A−1∥f∥2, f ∈ L2(Rd).

�
Next, we show that Riesz wavelet type basis in L2(Rd) is image of an orthonormal

wavelet basis in L2(Rd) under a bounded invertible operator.

Theorem 2.2. Let {ψl
j,k̄

} be a orthonormal wavelet basis for L2(Rd) and V : L2(Rd) →
L2(Rd) be a bounded invertible operator. Then {V ψl

j,k̄
} is a Riesz wavelet type basis.

Proof. Let Γl = ΦlV
∗. Then, Γ∗

l = V Φ∗
l . So that

Γ∗
l (ēk̄ ⊗ ej) = V Φ∗

l (ēk̄ ⊗ ej) = V (ψlj,k̄).

Note that
N∑
l=1

Γ∗
l Γl(f) =

N∑
l=1

V Φ∗
lΦl(V

∗f) = V
N∑
l=1

Φ∗
lΦl(V

∗f) = V V ∗(f), f ∈ L2(Rd).

Since V is bounded invertible operator, V V ∗ is a bounded invertible operator. Thus,
{Γl} is an OPV frame and SU = V V ∗ is the OPV frame operator of {Γl}. Notice that

Γl(f) = ΦlV
∗(f) =

∑
j∈Z

∑
k̄

⟨f, V (ψlj,k̄)⟩ēk̄ ⊗ ej , f ∈ L2(Rd).

Therefore, by Theorem 1.11, {V (ψl
j,k̄

)} is a wavelet type frame for L2(Rd). Since {ψl
j,k̄

}
is an orthonormal wavelet basis, {Φl} is an orthonormal OPV frame. Also, we have

Γl1S
−1
U Γ∗

l2 = Φl1V
∗(V V ∗)−1Φ∗

l2 = Φl1Φl2 = δl1l2I.

Thus, {Γl} is a Riesz OPV frame. Hence, by Theorem 1.11, {V (ψl
j,k̄

)} is a Riesz wavelet

type basis for L2(Rd). �



134 K. T. Poumai and Stanzin Dorjai

Towards the converse of Theorem 2.2, we have the following result.

Theorem 2.3. Let {ψl
j,k̄

} be a Riesz wavelet type basis for L2(Rd). Then, there exists

a bounded invertible operator V : L2(Rd) → L2(Rd) and an orthonormal wavelet basis
{ϕl

j,k̄
} such that ψl

j,k̄
= V (ϕl

j,k̄
).

Proof. Let Γl = ΦlS
−1/2
W , where SW is the wavelet frame operator of {ψl

j,k̄
}. Then

Γl(f) =
∑
j∈Z

∑
k̄

⟨f, S−1/2
W (ψlj,k̄)⟩ēk̄ ⊗ ej , f ∈ L2(Rd).

Also, we have

N∑
l=1

Γ∗
l Γl(f) =

N∑
l=1

S
−1/2
W Φ∗

lΦlS
−1/2
W (f)

= S
−1/2
W

N∑
l=1

Φ∗
lΦlS

−1/2
W (f)

= S
−1/2
W SWS

−1/2
W (f)

= f, f ∈ L2(Rd).

So, {Γl} is a Parseval OPV frame for L2(Rd). Now, let ϕl
j,k̄

= S
−1/2
W (ψl

j,k̄
). Then, by

Theorem 1.11, {ϕl
j,k̄

} is a Parseval wavelet frame for L2(Rd). Moreover

Γl1Γ
∗
l2 = Φl1S

−1/2
W S

−1/2
W Φ∗

l2 = Φl1S
−1
W Φ∗

l2 = δl1l2I.

Thus, {Γl} is a Parseval OPV frame. Hence, by Theorem 1.11, {ϕl
j,k̄

} is an orthonormal

wavelet basis for L2(Rd) and Sw1/2(ϕl
j,k̄

) = ψl
j,k̄

. �

In the following result, we prove that an orthonormal wavelet basis and an
orthonormal wavelet type basis in L2(Rd) are unitarily equivalent. More precisely, we
prove the following result:

Theorem 2.4. Let {ψl
j,k̄

} be an orthonormal wavelet type basis for L2(Rd) and {ϕl
j,k̄

}
be an orthonormal wavelet basis for L2(Rd). Then, there exists a unitary operator
U : L2(Rd) → L2(Rd) such that ψl

j,k̄
= U(ϕl

j,k̄
).

Proof. Let Φl(f) =
∑
j∈Z

∑̄
k

⟨f, ψl
j,k̄

⟩ēk̄⊗ej and Γl(f) =
∑

j∈Z∈Zd

∑
k̄∈Zd

⟨f, ϕl
j,k̄

⟩ēk̄⊗ej , for f ∈

L2(Rd). By Theorem 1.11, we know that {Φl} and {Γl} are orthonormal OPV frames
for L2(Rd). Let Φ and Γ be analysis operators of {Φl} and {Γl}. So, we have
Φ∗Φ = ΦΦ∗ = I = Γ∗Γ = ΓΓ∗. Also, we know that Φl = ℓ2(MN )⟨δl|Φ and
Γl = ℓ2(MN )⟨δl|Γ. Take U = Φ∗Γ. Then

Φl(f) = ℓ2(MN )⟨δl|Φ = ℓ2(MN )⟨δl|ΦΦ∗Φ = ℓ2(MN )⟨δl|ΓΓ∗Φ = ΓlU
∗.

Also, U∗U = Γ∗ΦΦ∗Γ = I and UU∗ = Φ∗ΓΓ∗Φ = I. Thus, U is unitary operator on
L2(Rd). Moreover, Φ∗ = UΓ∗ and therefore

ψlj,k̄ = Φ∗
l (ēk̄ ⊗ ej) = UΓ∗(ēk̄ ⊗ ej) = U(ϕlj,k̄).

�
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Next, we show that the image of an orthonormal wavelet basis under unitary operator
is an orthonormal wavelet type basis.

Theorem 2.5. Let {ψl
j,k̄

} be an orthonormal wavelet basis for L2(Rd) and U : L2(Rd) →
L2(Rd) be unitary operator. Then, {U(ψl

j,k̄
}) is an orthonormal wavelet type basis.

Proof. Let ϕl
j,k̄

= U(ψl
j,k̄

) and f ∈ L2(Rd). Then
N∑
l=1

∑
j∈Z

∑
k̄∈Zd

⟨f, ϕlj,k̄⟩ϕ
l
j,k̄∈Zd =

N∑
l=1

∑
j∈Z

∑
k̄∈Zd

⟨f, U(ψlj,k̄)⟩U(ψlj,k̄)

= U
N∑
l=1

∑
j∈Z

∑
k̄∈Zd

⟨U∗f, ψlj,k̄⟩ψ
l
j,k̄

= UU∗(f) = f.

Thus, {ϕl
j,k̄

} is a Parseval wavelet type frame for L2(Rd). Moreover, we have

⟨ϕl1
j1,k̄1

, ϕl2
j2,k̄2

⟩ = ⟨Uψl1
j1,k̄1

, Uψl2
j2,k̄2

⟩ = ⟨U∗Uψl1
j1,k̄1

, ψl2
j2,k̄2

⟩ = δk̄1k̄2δj1j2δl1l2 .

Hence, {ϕl
j,k̄

} is an orthonormal wavelet type basis for L2(Rd). �

Next, we prove that the image of Riesz wavelet basis under unitary operator is a
Riesz wavelet type basis.

Theorem 2.6. Let {ψl
j,k̄

} be a Riesz wavelet basis for L2(Rd) and T : L2(Rd) → L2(Rd)
be a bounded invertible linear operator. Then, {T (ψl

j,k̄
)} is a Riesz wavelet type basis.

Proof. Let Γl = ΦlT
∗. Then

Γl(f) = ΦlT
∗(f) =

∑
j∈Z

∑
k̄

⟨f, Tψlj,k̄⟩ēk̄ ⊗ ej , f ∈ L2(Rd).

Also, for f ∈ L2(Rd), we have

N∑
l=1

Γ∗
l Γl(f) =

N∑
l=1

TΦ∗
lΦlT

∗(f) = T

N∑
l=1

Φ∗
lΦlT

∗(f) = TΦ∗ΦT ∗(f).

Let SV = TΦ∗ΦT ∗. Then, one may observe that SV is a bounded invertible operator.
Moreover, {Γl} is an OPV frame for L2(Rd) with OPV frame operator SV . Thus,
{T (ψl

j,k̄
)} is a wavelet type frame for L2(Rd). Also, we have

Γl1S
−1
V Γ∗

l2 = Φl1T
∗(T ∗)−1Φ−1(Φ∗)−1T−1TΦ∗

l2 = Φl1S
−1
W Φ∗

l2 = δl1l2 .

Therefore, {Γl} is a Riesz OPV frame for L2(Rd). Hence, by Theorem 1.11, {T (ψl
j,k̄

)}
is a Riesz wavelet type basis for L2(Rd). �

In the following result, it is proved that the Riesz wavelet basis in L2(Rd) and the
Riesz wavelet type basis in L2(Rd) are equivalent.

Theorem 2.7. Let {ψl
j,k̄

} and {ϕl
j,k̄

} be the Riesz wavelet type basis and Riesz wavelet

basis for L2(Rd), respectively. Then, there exists a bounded invertible linear operator
T : L2(Rd) → L2(Rd) such that ψl

j,k̄
= T (ϕl

j,k̄
).
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Proof. By Theorem 2.3, there exist an orthonormal wavelet basis {θl
j,k̄

} and bounded

invertible operators Tψ, Tϕ such that ψl
j,k̄

= Tψ(θ
l
j,k̄

) and ϕl
j,k̄

= Tϕ(θ
l
j,k̄

). So

ψlj,k̄ = Tψ(θ
l
j,k̄) = TψT

−1
ϕ Tϕ(θ

l
j,k̄) = TψT

−1
ϕ (ϕlj,k̄).

Take T = TψT
−1
ϕ . Then T is bounded invertible operator such that ψl

j,k̄
= T (ϕl

j,k̄
). �

Next, we prove that wavelet type frames are the images of Parseval wavelet frames
under a bounded invertible operator.

Theorem 2.8. Let {ψl
j,k̄

} be a Parseval wavelet frame for L2(Rd) and T : L2(Rd) →
L2(Rd) be a bounded invertible operator. Then, {T (ψl

j,k̄
)} is a wavelet type frame for

L2(Rd).

Proof. Write Γl = ΦlT
∗. Then

Γl(f) = ΦlT
∗(f) =

∑
j∈Z

∑
k̄

⟨f, Tψlj,k̄⟩ēk̄ ⊗ ej , f ∈ L2(Rd).

Also, we have

N∑
l=1

Γ∗
l Γl(f) = T

N∑
l=1

Φ∗
lΦl(T

∗f) = TT ∗(f), f ∈ L2(Rd).

Write ST = TT ∗. Then, ST is a bounded invertible operator. Therefore, {Γl} is an
OPV frame for L2(Rd). Hence, by Theorem 1.11, {T (ψl

j,k̄
)} is a wavelet type frame for

L2(Rd). �

Definition 2.9. Let {ψl
j,k̄

} be a wavelet frame for L2(Rd). A wavelet frame {ϕl
j,k̄

} is

called dual frame of {ψl
j,k̄

} if

f =
N∑
l=1

∑
j∈Z

∑
k̄∈Zd

⟨f, ψlj,k̄⟩ϕ
l
j,k̄ for all f ∈ L2(Rd) or

f =

N∑
l=1

∑
j∈Z

∑
k̄∈Zd

⟨f, ϕlj,k̄⟩ψ
l
j,k̄ for all f ∈ L2(Rd).

Remark 2.10. Let {ψl
j,k̄

} be a wavelet frame for L2(Rd). Then, {S−1
W (ψl

j,k̄
)} is a dual

frame of {ψl
j,k̄

}.

Next, we show that dual of a Riesz wavelet basis always exists and is biorthogonal to
it.

Theorem 2.11. Let {ψl
j,k̄

} be a Riesz wavelet basis for L2(Rd). Then there exists

another Riesz wavelet basis {ϕl
j,k̄

} for L2(Rd) such that

f =
N∑
l=1

∑
j∈Z

∑
k̄∈Zd

⟨f, ϕlj,k̄⟩ψ
l
j,k̄ for all f ∈ L2(Rd)

and {ψl
j,k̄

}, {ϕl
j,k̄

} are biorthogonal to each other.
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Proof. Since {ψl
j,k̄

} is a Riesz wavelet basis for L2(Rd), by Theorem 2.3, there exist

a bounded invertible operator Tψ : L2(Rd) → L2(Rd) and orthonormal wavelet basis

{θl
j,k̄

} such that ψl
j,k̄

= Tψ(θ
l
j,k̄

). Let ϕl
j,k̄

= (T−1
ψ )∗θl

j,k̄
. By Theorem 2.2, it is clear that

{ϕl
j,k̄

} be a wavelet Riesz basis for L2(Rd). Moreover, for f ∈ L2(Rd) we have

f = TψT
−1
ψ (f) = Tψ

N∑
l=1

∑
j∈Z

∑
k̄∈Zd

⟨T−1
ψ f, θlj,k̄⟩θ

l
j,k̄

=
N∑
l=1

∑
j∈Z

∑
k̄∈Zd

⟨f, (T−1
ψ )∗θlj,k̄⟩Tψ(θ

l
j,k̄)

=
N∑
l=1

∑
j∈Z

∑
k̄∈Zd

⟨f, ϕlj,k̄⟩ψ
l
j,k̄.

Moreover

⟨ϕl1
j1,k̄1

, ψl2
j2,k̄2

⟩ = ⟨(T−1
ψ )∗θl1

j1,k̄1
, Tψ(θ

l2
j2,k̄2

)⟩ = ⟨θl1
j1,k̄1

, θl2
j2,k̄2

⟩ = δk̄1k̄2δj1j2δl1l2 .

�

In the following result, we give a result related to the existence of dual wavelet frames
for a given wavelet frames.

Theorem 2.12. Let {ψl
j,k̄

} be a wavelet frame for L2(Rd), ΦW be the analysis operator

of {ψl
j,k̄

} and {ϕ1, ϕ2, ..., ϕN} ⊆ L2(Rd). The dual wavelet frames for {ψl
j,k̄

} are

preciously the families {Γ∗(ēk̄ ⊗ ej ⊗ δl} , where Γ : L2(Rd) → ℓ2(Zd)⊗ ℓ(Z)⊗ ℓ2(MN )
is a bounded operator, Γ∗(ēk̄ ⊗ ej ⊗ δl) = D2jTk̄ϕ

l and Γ∗Φ = I.

Proof. Let ϕl
j,k̄

= Γ∗(ēk̄ ⊗ ej ⊗ δl. Since Γ∗Φ = I, Γ∗ is surjective. Thus, by Theorem

2.4, {ϕl
j,k̄

} is a wavelet frame for L2(Rd). Moreover, we have

f = Γ∗Φ(f) =
N∑
l=1

∑
j∈Z

∑
k̄∈Zd

⟨f, ψlj,k̄⟩ēk̄ ⊗ ej ⊗ δl

=
N∑
l=1

∑
j∈Z

∑
k̄∈Zd

⟨f, ψlj,k̄⟩ϕ
l
j,k̄.

�

Lemma 2.13. Let {ψl
j,k̄

} be a wavelet frame for L2(Rd). Let Φ be analysis operator of

{ψl
j,k̄

}. More precisely, the left inverse of Φ are of the form S−1
W Φ∗ + Γ(I − ΦS−1

W Φ∗),

where Γ : ℓ2(Zd)⊗ ℓ2(Z)⊗ ℓ2(MN ) → L2(Rd) is a bounded operator.

Finally, we give the following characterization of all dual wavelet frames associated
to a given wavelet frame.
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Theorem 2.14. Let {ψl
j,k̄

} be a wavelet frame for L2(Rd). The dual wavelet frames

are precisely the families {S−1
W ψl

j,k̄
+ ϕl

j,k̄
−

N∑
l1=1

∑
j1∈Z

∑
k̄1∈Zd

⟨ψl
j,k̄
, S−1
W ψl1

j1,k̄1
⟩ϕl1
j1,k̄1

}, where

{ϕl
j,k̄

} is a wavelet Bessel sequence.

Proof. Let Γ be the analysis operator of the wavelet Bessel sequence {ϕl
j,k̄

}. Then,

Γ∗(ēk̄ ⊗ ej ⊗ δl) = ϕl
j,k̄

. Moreover, the left inverse of Φ are S−1
W Φ∗ + Γ∗ − Γ∗ΦS−1

W Φ∗.

So, we have

(S−1
W Φ∗ + Γ∗ − Γ∗ΦS−1

W Φ∗)ēk̄ ⊗ ej ⊗ δl

= S−1
W ψl

j,k̄
+ ϕl

j,k̄
− Γ∗Φ(S−1

W ψl
j,k̄

)

= S−1
W ψl

j,k̄
+ ϕl

j,k̄
− Γ∗(

N∑
l1=1

∑
j1∈Z

∑
k̄1∈Zd

⟨ψl
j,k̄
, S−1

W ψl1
j1,k̄1

⟩ēk̄1 ⊗ ej1 ⊗ δl1)

= S−1
W ψl

j,k̄
+ ϕl

j,k̄
−

N∑
l1=1

∑
j1∈Z

∑
k̄1∈Zd

⟨ψl
j,k̄
, S−1

W ψl1
j1,k̄1

⟩ϕl1
j1,k̄1

.

Hence, {S−1
W ψl

j,k̄
+ ϕl

j,k̄
−

N∑
l1=1

∑
j1∈Z

∑
k̄1∈Zd

⟨ψl
j,k̄
, S−1

W ψl1
j1,k̄1

⟩ϕl1
j1,k̄1

} is a dual wavelet frame

of {ψl
j,k̄

}. �
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