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Abstract. In this paper, we prove that the Riesz wavelet type basis in L2(R%)
is image of an orthonormal wavelet basis under a bounded invertible operator and
prove that an orthonormal wavelet basis and an orthonormal wavelet type basis in
L2 (Rd) are unitarily equivalent. Also, it is proved that the image of an orthonormal
wavelet basis under unitary operator is an orthonormal wavelet type basis. Further,
we prove that dual of Riesz wavelet basis always exists and is biorthogonal to it.
Finally, we study dual wavelet frames for a given wavelet frame.

1. Introduction

Wavelet frames were studied considerably by many researchers [1, 2, 3, 4, 6, 8]. Below
we give the formal definition of wavelet frame for L?(R%).

Definition 1.1. Let d € N, {y%,42,...,4™} C L?(R?). Define

L@ = Doy T (3) = 2729/ (D7 — ),
forz e R4, keZjecZ,1=1,2,3,..N. The system {¢é i} is called a wavelet frame
for L2(R?) if there exist constants 0 < A < B < co such that

AllfI? < ZZ Z (0 1P < BIIF|?, for all f e H. (1.1)

I=1j€Z kezd
The scalars A and B are called the lower and upper wavelet frame bounds of the
wavelet frame, respectively. They are not unique. If A = B, then {z,} is called an
A-tight wavelet frame and if A = B =1, then {x,} is called a Parseval wavelet frame.
The inequality in (1.1) is called the wavelet frame inequality of the wavelet frame. If
{wl } satisfies the upper frame inequality in (1.1), then {wl } is called a Bessel wavelet
sequence The system defined in Definition 1.1 is called the homogeneous system and
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for such systems, IV can be as small as one. There is another more fundamental system,
called a nonhomogeneous system:

(ol —k) | ke ZyU{Y), | j>0,keZl=1,...,N}.
For such systems, indeed one must have N > 2¢ — 1.

Kaftal et al. [7] defined Operator Valued frames (OPV frames) in Hilbert spaces and
studied various properties of OPV frames. More importantly, treating multi wavelet
frames as OPV frames permits to parametrize them in an explicit and transparent
ways. In [10], Poumai et al. gave the applications of OPV frames to the theory of
quantum channel.

Definition 1.2.

([5, 7, 9]) Let H and K be Hilbert spaces and J be a countable or finite
set. Let F; € B(H,

KC), for j € J. If there exist positive constants A and B such that
AT <Y F/F; < BI, (1.2)
Jjel
then {F}};ey is called an Operator Valued Frame (OPV-frame) for H with range in K.

The constants A and B are called lower and upper OPV frame bounds. {Fj};ey is
Parseval OPV-frame for ‘H with range in K if A = B.

Definition 1.3. ([10]) Let H and K be two separable Hilbert spaces. Let k € K and
define a map |k)x : H — H® K as
|E)k(h) =h®k, for h € H.
Also, define (k| : HQK — H as
K<k|(h1 (24 kl) = <k1,/€>h1, for hy € H, k1 € K.

Remark 1.4. Let H and K be two separable Hilbert spaces and let k € K. Then,
k) =x (K.

Let {F;} be an OPV-frame for H with range in X and {e;} be an orthonormal basis
of £2(J). The analysis operator Ty : H — K @ £*(J) of the OPV-frame {F};} is given by

Ty(h) = _lej)emFi(h) =Y Fj(h) @e;, for h e H.
Jel J€J
Also, the synthesis operator Ty : K @ ¢2(J) — H of the OPV-frame {F}} is given by
Ty =Y F} eg)lel-
Jj€l
Note that for k@ a € K ® ?(]) (a = {a,} € £2(J)), we have
Ty (k@a) =Y a;F; (k).
Jjel

Definition 1.5. ([10]) Let {F;} be an OPV-frame for H with range in K. If

Ty (H) = K ® £2(]), then {F,} is called a Riesz OPV-frame for H with range in K.
A Parseval Riesz OPV-frame is called an orthonormal OPV-frame.

Lemma 1.6 ([10]). Let {F;} be an OPV-frame of H with range in K and Sy be its
frame operator. Then
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(1) {F;} is a Riesz OPV-frame of M with range in K if and only if FZ-S;IF;‘ =
0iidxc, 1,5 € 1.

(i) {Fy} is an orthonormal OPV-frame of H with range in K if and only if FiF} =
0ijIxc, i, € J and {F};} is a parseval OPV-frame.

Ron and Shen [12] described that for a given countable subset X C L2(R9), the
synthesis operator Tx : 2(X) — L*(R?) is defined by Tx (c) = ., cx c(z)z, for c € X
and the analysis operator T% : L*(R?) — (2(X) is given by T%(f) = {(f,x)}, for
f € L%(R%). They also defined that a Bessel system X is a frame if range of Tx is closed
and a Bessel system X is a Riesz basis if X is a frame and T’x is one-one.

Let My ={1,2,3,..., N} and {8;}icns, be the unit vector basis of £2(My). Also, let
{e;} be standard basis of £2(Z). Let éj, takes 1 at k € Z¢ and 0 elsewhere. Then, {é;}
is a standard basis for £2(Z%). Also, we have

(7% = {Z CLef - Z |ci|? < oo}, where cj, are scalars.
kezd kezd
Next result discusses the frame property of translates of the function !, for I € My in
wavelet frames.
Lemma 1.7 ([11]). Let {wé,fc} be a wavelet frame. Then ®;; : L>(R%) — (2(Z%) given

by ®i;(f) = X (f.4))e is a well defined operator. Moreover, the adjoint of ®y; is
kezd 7
given by };({az}) = >° a;#/J;,;
kezd ’

The following result gives the frame properties of translates and dilations of the
function ¢!, for [ € My in wavelet frames.

Lemma 1.8 ([11]). Let {wé i} be a wavelet frame. Then ®; : L*(R?) — (2(2%) @ (*(Z)
given by ®,(f) = > > (f, wé, 1) €; @ ¢; is well defined operator. Moreover, the adjoint

JEZ kezd
of @ is given by @7 (> > a;pep®@ej) = >, > aj,l?w;fc'
JEL kezd JEL kezd ’

Now, let us define the synthesis and analysis operators of a given wavelet frame.
The operator ® : L2(R%) — ¢%(Z9) ® (*(Z) ® ¢*(My) given by

N
(f)=D D> (e e @4,

I=1 j€Z ez

is called the Analysis Operator of wavelet frame {wé it
The operator ®* : (2(Z9) @ (?(Z) @ (*(My) — L*(R?%) given by

N N
* = . _ ool
D D dpE @R =D D e,
I=1 jEZ kezd I=1 jEZ ke7d

is called the Synthesis Operator of wavelet frame {wé Pt
Using the synthesis and analysis operators of wavelet frames, let us define the frame
operator of wavelet frames.
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Note that ®*(e; ®e; ® §;) = 1/}5. 5+ Thus, for f € L?(R%) we have

ZZ Z {f, ¢;‘,E>‘I’*(ék ®e; @)

=1 jEZ kezd
N
DN (et
=1 jEZ kezd
The operator Sy = ®*® : L2(R4) — L*(R?) given by
N
Sw(f) = ZZ Z (f, é;;> é-jgaf € L*(RY)

=1 j€Z kezd

" D(f)

is called the Frame Operator of the wavelet frame {¢' i}- The wavelet frame operator

Sw is a bounded, positive, self-adjoint and invertible. The reconstruction formula is
given by

N
F=SwSp =333 (f. 85 vl vl 4, for all f e L2(RY).

=1 jEZ kezd
Next, we define orthonormal wavelet basis and Riesz wavelet basis in L?(R%).

Definition 1.9. {ﬂ}é &} is an orthonormal wavelet basis for L*(R?) if it is a Parseval

U1 l2 — 5. .8 -
wavelet frame and </lpj177€17 jQJ—Q) = 0,508, 7, Ol 1 -

Definition 1.10. A wavelet frame {d)jE} is a Riesz wavelet basis for L2?(R%) if
(1#2’]—61,5;[,1 §2E2> = 0j1j20%, kO, Where S is the frame operator of the wavelet

l
frame {77[}]‘,15}'
The following result discusses the interplay between OPV frames and wavelet frames.

Theorem 1.11 ([11]). Let {zpék} be a wavelet Bessel sequence for L?(R?). Then

(a) {wé‘,k} is a wavelet frame for L?(R?) with bounds A and B if and only if {®;}icnry
is an OPV frame for L?(RY) with range in (2(Z%) @ (*(Z) with same bounds.

(b) {dfé &} is a Parseval wavelet frame for L*(R®) if and only if {®:}icmy is a parseval
OPV frame for L?(R?) with range in (?(Z%) @ (*(Z).

(c) {w;]—f} is a Riesz wavelet basis for L*(RY) if and only if {®;}iemy is a Riesz OPV
frame for L?(R?) with range in (?(Z%) ® (*(Z).

(d) {wéE} is an orthonornal wavelet frame for L2(R?) if and only if {®;}ienry 45 a
orthonormal OPV frame for L*(R?) with range in (*(Z%) ® (*(Z).

2. Main Results

In the following result, we prove the canonical dual property of a given wavelet frame.

Theorem 2.1. Let {1/)? -} be a wavelet frame for L? (RY) with bounds A and B. Then,
{S‘;,ld);. &} is also a wavelet frame for L*(RY) with bounds B~" and A~
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Proof. Let I'; = <I>IS‘7V1. Then
Du(f) = @St (F) = D D (. Su' el per @ ey, f € L*(RY).
JEL kezd
Also, T} = S,/ ®;. So, T'} (e, @ ¢;) = S‘jvlwé. 7~ Thus, we obtain
LiTi(f) =D > (. Sw'dl p) Sl 5 f € L*(RY).
JEL kezd
Also, for f € L?(R?), we have

N N N
STTIT() =D S (St f) = St @i 0i(Sy ) = Syt Sw Syt (f)-
=1 =1 =1

N
Therefore, S (f) = . TiTu(f), for f € L2(RY). But, B~ < S} < A~'I. Thus
=1

N
B7YIFI? < QO TiTu(f), f) < ATY|FIP f € LA(RY).
=1

Hence, we conclude that

N
BTUAP <Y DD KA S et D < ATNFIP, f € LP(RY).
=1 jEZL kezd
O

Next, we show that Riesz wavelet type basis in L?(R?) is image of an orthonormal
wavelet basis in L?(R?) under a bounded invertible operator.

Theorem 2.2. Let {wé i} be a orthonormal wavelet basis for L*>(R*) and V : L*(R%) —
L2(RY) be a bounded invertible operator. Then {ijl;} is a Riesz wavelet type basis.
Proof. Let I't = ®;V*. Then, I'y = V®;. So that

T} (er @ej) = VO (e @ ¢j) = V(! 1)
Note that

N N N
S IIT(f) =D VO (Vi f) =V Y 7 (V*f) =VV*(f), f € L*(RY).
=1 =1 =1

Since V' is bounded invertible operator, VV* is a bounded invertible operator. Thus,
{T';} is an OPV frame and Sy = VV* is the OPV frame operator of {I';}. Notice that

Di(f) =@V () =D D LV )e @) f e LP(RY).
JEZ K
Therefore, by Theorem 1.11, {V(z/)ﬁ)} is a wavelet type frame for L?(R?). Since {wé’]—c}
is an orthonormal wavelet basis, {®;} is an orthonormal OPV frame. Also, we have
[y, STy = @, VH(VV*) 1@ = @1, @, = 0,1, 1.
Thus, {I';} is a Riesz OPV frame. Hence, by Theorem 1.11, {V(wél—c)} is a Riesz wavelet
type basis for L?(R?). O
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Towards the converse of Theorem 2.2, we have the following result.

Theorem 2.3. Let {¢§ o} be a Riesz wavelet type basis for L*(R%). Then, there exists
a bounded invertible operator V : L*(R?) — L?(R?) and an orthonormal wavelet basis
{(bé, i} such that wé, =V ék)
Proof. Let I'y = @ZS;VUQ, where Sy is the wavelet frame operator of {1/15 15}' Then
—1/2 _
L) =30 D 408w Wi e @ e, f € LR,
JEZ K
Also, we have

N N
ST = DSy Peresy A ()
=1

I=1
N
= Sy P> eresy ()
=1
_ S;VUQSWSﬁ/l/Q(f)
f.f € L(RY).
So, {I';} is a Parseval OPV frame for L*(R%). Now, let d)z}l% = S;Vl/Q(wé.’E). Then, by

Theorem 1.11, {gbé -} is a Parseval wavelet frame for L?(R?). Moreover

L, Tf, = @, Sy 28y 2 @f, = @, 531 07, = 81,1, 1.
Thus, {I';} is a Parseval OPV frame. Hence, by Theorem 1.11, {gbé %} is an orthonormal

wavelet basis for L?(R%) and Sw'/?( é,—c) = ;]—C O
In the following result, we prove that an orthonormal wavelet basis and an
orthonormal wavelet type basis in L?(R9) are unitarily equivalent. More precisely, we

prove the following result:

Theorem 2.4. Let {¢§E} be an orthonormal wavelet type basis for L?(R?) and {(Z)é o)

be an orthonormal wavelet basis for L*>(R?). Then, there exists a unitary operator
U: L*(RY) — L%(R?) such that 1/1; = U( 315)

Proof. Let ®(f) = ¥ Y (f. 4 Yep@e; and Ty(f) = Y X (£.0 Jep@e;, for [ €
JEZ k JELZEL kezd

L?(RY). By Theorem 1.11, we know that {®;} and {I';} are orthonormal OPV frames

for L?2(R?). Let ® and T' be analysis operators of {®;} and {I;}. So, we have

¢*® = ¢* = [ = I"I' = I'T*. Also, we know that ®; = 2(a7,)(%[® and

Fl = gz(MN)<5l|r. Take U = ®*I". Then

Di(f) = ) (0P = 2y (0| PP P = p2(npy) (0|TT*® =T, U™

Also, U*U = T*®®*I' = [ and UU* = ®*I'T*® = [. Thus, U is unitary operator on
L*(R%). Moreover, ®* = UT* and therefore

W=D (e @) = UT (g0 ¢) = U(&) ).
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Next, we show that the image of an orthonormal wavelet basis under unitary operator
is an orthonormal wavelet type basis.

Theorem 2.5. Let {wé &} be an orthonormal wavelet basis for L>(R*) and U : L?(R%) —

L2(RY) be unitary operator. Then, {U(w;, 1) is an orthonormal wavelet type basis.

Proof. Let ¢§,7E = U(wé7k) and f € L?(R%). Then

N N
Z Z Z <f7 é‘)]}> é,EEZd = Z Z Z <fa U( é’]}»U( é‘,]})
=1

JEZL kezd =1 jEZ keczd

N
UD DD (U fw) iy

I=1 j€Z fezd
= UU(f)=.

Thus, {¢é 5} is a Parseval wavelet type frame for L?(R%). Moreover, we have

l1 12 _ l1 12 _ * ll l2 — _
<¢j17k_1’¢j27k_2> - <ij17k_1’ij2,k_2> ={U U¢j1,1€_1’wj2,7€_2> - 6k1k25j1j25l1l2'
Hence, {(bé &} is an orthonormal wavelet type basis for L?(R?). O

Next, we prove that the image of Riesz wavelet basis under unitary operator is a
Riesz wavelet type basis.

Theorem 2.6. Let {wé i} be a Riesz wavelet basis for L*(R?) and T': L*(R%) — L*(R?)

be a bounded invertible linear operator. Then, {T(wé, )} is a Riesz wavelet type basis.
Proof. Let I' = &;T*. Then
Li(f) = &T*(f) = ZZ@ T%ﬁﬁk ®ej, f € L*(RY).

JEZ k
Also, for f € L?(R%), we have
N N N
D OTITu(f) =D T T (f) =Ty  S;&,T*(f) = TS T*(f).
=1 =1 =1

Let Sy = T®*®T*. Then, one may observe that Sy is a bounded invertible operator.
Moreover, {I';} is an OPV frame for L?(R?) with OPV frame operator Sy. Thus,
{T( ;l—c)} is a wavelet type frame for L?(R?). Also, we have

L, Sy Ty, = @, T*(T*) '@ (") ' T 'T®;, = @4, Sy @7, = b1y,
Therefore, {I';} is a Riesz OPV frame for L?(R¢). Hence, by Theorem 1.11, {T(¢§,E)}
is a Riesz wavelet type basis for L%(R9). O

In the following result, it is proved that the Riesz wavelet basis in L?(R%) and the
Riesz wavelet type basis in L?(R?) are equivalent.
Theorem 2.7. Let {wjk} and {qﬁ;%} be the Riesz wavelet type basis and Riesz wavelet

basis for L*(R?), respectively. Then, there exists a bounded invertible linear operator
T : L2(R?) — L*(RY) such that 7,/1; =1 éE)
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Proof. By Theorem 2.3, there exist an orthonormal wavelet basis {95 5} and bounded
invertible operators Ty, Tj such that ’(/Jé.)E = Tw(%,g) and ¢§‘,E = T¢(9§,E)' So

Vir =Ty ) = TyT, ' Ty(0] 1) = TyT; (¢ 5).
Take T' = Twdel. Then T is bounded invertible operator such that ’t/)é. =1 é,—f) (]

Next, we prove that wavelet type frames are the images of Parseval wavelet frames
under a bounded invertible operator.
Theorem 2.8. Let {wj o} be a Parseval wavelet frame for L*(RY) and T : L?(RY) —
L*(RY) be a bounded invertible operator. Then, {T(’L/Jé. )} is a wavelet type frame for
L?(RY).
Proof. Write I'j = ®;7*. Then

Dy(f) = ®T*(f) =YY (f,Te: e @ej, f € LP(RY).
JEZ k
Also, we have
N

N

D UITi(f) =T Y S (T*f) = TT*(f). f € L*(RY).
=1 =1

Write Sp = TT*. Then, St is a bounded invertible operator. Therefore, {I';} is an

OPV frame for L?(R%). Hence, by Theorem 1.11, {T(d}é ;)} is a wavelet type frame for

L2(RY). O
Definition 2.9. Let {wé i} be a wavelet frame for L*(R%). A wavelet frame {¢é Pfis
called dual frame of {1/}5 i if

N
F=3200 30 el g for all f € L2(RY) or

I=1j€Z kezd

N

F=3"5" 36wl forall f e L2(RY).

I=1 jEZ ke7d
Remark 2.10. Let {1/);7]5} be a wavelet frame for L?(R%). Then, {S‘jvl(z/};,,;)} is a dual
l

frame of {wj,l_f}'

Next, we show that dual of a Riesz wavelet basis always exists and is biorthogonal to
it.
Theorem 2.11. Let {wé‘fc} be a Riesz wavelet basis for L*>(R%). Then there exists
another Riesz wavelet basis {gbé 5} for L? (RY) such that

N
F=Y0"0 (6wl g forall f € LP(RY)

I=1 jEZ ke7d
and {77[};‘,15}’ {gbéE} are biorthogonal to each other.
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Proof. Since {wé i} is a Riesz wavelet basis for L?(R%), by Theorem 2.3, there exist
a bounded invertible operator T : L?(R%) — L?(R?) and orthonormal wavelet basis
{0} ) such that ¢ | =Ty (60" ). Let ¢!, = (TJl)*GéJ—C. By Theorem 2.2, it is clear that
{qﬁé. &} be a wavelet Riesz basis for L?(R?). Moreover, for f € L*(R?) we have

f=TyT(f) = T 2}:2 o000

=1 jE€Z kez

N

= D> D N (T T (6 )
=1 j€Z kezd
N

= Z f’ Jk
=1 jEZ ke

Moreover
l l l 1
<¢j1 ,ﬁﬂ/’h k2> <( ) 0]11’;91 1/1(0;,;52» = <0j11,151’9j2,152> = 6k71k726j1j2§l1l2'

O

In the following result, we give a result related to the existence of dual wavelet frames
for a given wavelet frames.

Theorem 2.12. Let {qpé i} be a wavelet frame for L2(R%), @y be the analysis operator
of {wél—c} and {¢%,¢%, ..., 0N} C L2(R?). The dual wavelet frames for {wél}} are
preciously the families {T'*(e; ® e; ® &} , where I' : L*(R?) — (%(Z%) ® {(Z) ® (*(My)
is a bounded operator, T'*(é;, ® e; ® §;) = Dg; Ty¢! and T*® = I.

Proof. Let ¢§ = I"(e; ®e; ® 9. Since I'"® = I, I'" is surjective. Thus, by Theorem

2.4, {(153,;;} is a wavelet frame for L%(R%). Moreover, we have

N
f=T"0(f) = ZZZ f, ek®e]®6l
=1 jE€EZ kezd
N
= 2.2 D (e
=1 j€Z ke7d

O

Lemma 2.13. Let {7,/1; &} be a wavelet frame for L*(R?). Let ® be analysis operator of
{1/);,12}' More precisely, the left inverse of ® are of the form Sy ®* + T(I — ®S; ®*),
where T : 02(Z4) @ (2(Z) @ £?(My) — L*(RY) is a bounded operator.

Finally, we give the following characterization of all dual wavelet frames associated
to a given wavelet frame.
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Theorem 2.14. Let {wl-,;} be a wavelet frame for L*(RY). The dual wavelet frames

N
are precisely the families { Sy, z/Jl —|—gz5l -3 3 3 @ Jk, wj k) o }, where
1h=1j1€Z k€24 pre b

{qﬁé i} 1s a wavelet Bessel sequence.

Proof. Let T' be the analysis operator of the wavelet Bessel sequence {qﬁé 7). Then,
(e ®e; ®@0;) = qbg, 5+ Moreover, the left inverse of ® are Syt ®* +T* — T3S, .

So, we have
(St @* + 1" — 0S5, 9% ®e; ® 6
= Syl U+ g - r*@(S-lwl )
= Syl +¢lk—r*(2 Y X (W Swl g Ve, © e, @41,

Ih1=1j1€Z k€24

- SV_Vlwik + ('bé'j@ a Z Z Z < J» k’S w]l k1>¢.71 ky-

=1 j1€Z ki€zd

Hence, {Sﬁ,lwé,,]; Z Sy (Wl S wﬁ k1> } is a dual wavelet frame
1=1j1€Z k€22
of {1/)l k} ]
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