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Abstract. Inthis paper, we introduce and study the new types of sets in hereditary
generalized topological space. Also, we obtained decompositions of (i, A)-continuity.

1. Introduction and Preliminaries

In the year 2002, Csaszar [6] introduced very usefull notions of generalized topology
and generalized continuity. Consider Z be a nonempty set and p be a collection from
the subsets of Z. Then p is called a generalized topology (briefly GT) if § € u and an
arbitrary union of elements from p belongs to u. The main purpose of this paper is to
establish some new decompositions of (i, A)-continuous functions. Fistly, we introduce
a new class of sets called b-H,-open sets. Properties and the relationships of b-H,-open
sets are investigated. On the other hand, we introduce the notions of 7*-B-H,-sets,
a*-B-H-sets and o*-B-H,-sets. Finally, we obtain some new decompositions of (g, A)-
continuous functions via these new concepts. A space Z is called a Cy-space [20], if
Cy = Z, where C is the set of all representative elements of sets of . A subset L of a
space (Z, ) is called asp-a-open [8] (resp. u-o-open [8], u-m-open [8], u-B-open [8], p-b-
open [19], p-t-set [15], p-t*-set [15]), if L C i,¢,9,(L) (vesp. L C euiy(L), L C iy, (L),
L Ccpipen(L), L Ceyiy(L) Uineu(L), ipen(L) = i,(L), ipeuiy(L) = i,(L)). A subset
L of Z is p-locally closed set [13], L = U NV, where U is p-open and V is u-closed.
A GTS (Z,u) is called p-extremally disconnected [7], if the p-closure of every p-open
set is p-open. A function f : (Z,u) — (W, ) is said to be (u, A)-continuous [6], iff
M € X implies that f~'(M) is p-open. A nonempty family H of subsets of Z is
called as a hereditary class [9], if L € H and B C L, then B € H. For each L C Z,
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L*(H,p)={z€ Z: LNV ¢ H for Al V € p such that z € V}[9]. For L C Z, define
¢;(L)=LUL*(H,p) and p* ={L C Z:Z~ L =c,(Z~ L)}. If H is a hereditary class
on Z then (Z, u,H) is called a hereditary generalized topological space (H.G.T.S.).

Definition 1.1. [16] Consider L be a subset of H.G.T.S. (Z, 1, ). Then L% (H, u)={z €

Z: LNV ¢ Hfor Al V € p-o-open such that z € V}.

Definition 1.2. [9] A subset L of a H.G.T.S. (Z, 4, H) is said to be
(1) a-H-open, if L Ci,cpi (L),
(2) o-H-open, if L C c}i,(L),
(3) m-H-open, if L Ci,ci(L),
(4) B-H-open, if L C ¢yiyc (L),
(5) strong B-H-open, if L C cyi,cy (L),
(6) p*-closed, if c;(L) c L.
Definition 1.3. A subset L of a H.G.T.S. (Z, u,H) is said to be §-H-open [14], if
inCy (L) C cjin(L).

Definition 1.4. A subset L of a H.G.T.S. (Z, u,H) is said to be b-H-open [17], if
L Ciyey (L) Ucyin(L).

Definition 1.5. [16] A subset L of a H.G.T.S. (Z, u,H) is said to be ou*-closed, if
L:CL.

Proposition 1.6. [16] Let L be a u-o-closed. Then L% C L.

Let (Z,u,H) be a hereditary generalized topological space. For L C Z, define
(L)=LUL [16] and ¢} (L) is enlarging, monotone and idempotent.

%
g

Definition 1.7. [18] A subset L of a H.G.T.S. (Z, u, H) is said to be
(1) a-Hy-open, if L Ci,chi, (L),
(2) o-H-open, if L C cki,(L),
(3) m-Hq-open, if L Ci,c} (L),
(4) B-Hs-open, if L C cyiych(L).

Definition 1.8. [18] A function f : (Z,u,H) — (W,A) is said to be (a-Hg, \)-
continuous (resp.(o-H,, A)-continuous, (m-H,,\)-continuous), f~1(N) is a-H,-open
(resp. o-H,-open, m-H,-open) for each A-open set N in (W, \).

C

Recently, as related spaces with those of the present paper, many authors studied
the notions of e-open [10] , a-open [11] and e*-open [12]. Also papers [1, 2, 3, 4] have
introduced some property related to b-H,-open sets in HGTS.

A subset L of a space (Z, ) is said to be p-regular open (resp. p-regular closed) if
L =i,c,(L)) (respectively L = ¢,i,(L))). The p-d-interor of subset L of Z is the union
of all p-regular open sets of Z containing L and it is denoted by d-i,(L). A subset L
is called p-0-open if L = 6-i,(L). The complement of p-0-open set is called p-d-closed.
The p-d-closure of a set (Z, i) is defined by d-c, (L) ={x € Z : LNiyc,(A) #0: Ae
w,x € A} and it is denoted by d-c,(L).
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Definition 1.9. Consider L be a subset of H.G.T.S. (Z, u, H). Then L3 (H,p)={z €
Z: LNV ¢&®H for Al V € p-§-open such that z € V}. And if L be a p-d-closed. Then
L; C L.

For L C Z, define ¢§(L) = LU L} and cj(L) is enlarging, monotone and idempotent.
And i}(L) = Z—c;(Z—L). Analogous to the present paper as generalization of e-open, a-
open and e*-open we can investigate their basic properties and several characterizations
of the following notions.

Definition 1.10. A subset L of a H.G.T.S. (Z, u, H) is said to be
(1) e-Hs-open, if L C i,c5(L) U csiy(L).
(2) a-Hs-open, if L Ci,c,iz(L).
(3) e*-Hgs-open, if L C ¢,i,c5(L).

2. b-H,-open sets

In this paper, we introduce and study the new types of sets in hereditary generalized
topological space. Also basic properties and several characterizations of this notions are
obtain.

Definition 2.1. A subset L of a H.G.T.S. (Z,u,H) is said to be b-H,-open set, if
L Ci,ci(L)yUckiy(L).

Proposition 2.2. In H.G.T.S. (Z, u, H) all y-open set is b-H,-open but not conversely.

Proof. Let a subset L of H.G.T.S. (Z,u,H) is p-open. Then L = i,(L). Now
L Ci,(L) Ciycs(L) Ciucy(L)Uchiy(L). Hence L is b-H-open. O

Example 2.3. Consider Z = {a,b,¢,d,e} u={0,{a},{c}, {a,c},{c,d,e},{a,c,d, e},
{a,b,c},Z}, H={0,{a},}. Then L = {a,d,e,} is b-H,-open but not p-open.
Proposition 2.4. Every b-H,-open is pu-b-open but not conversely.

Proof. Let L be a b-Hs-open. Then L C i,c;(L) U cyin(L) C iy (L) Ucin(L) C
ipcu(L) Ucyiy(L). Hence L is p-b-open. O
Proposition 2.5. Every b-H,-open is b-H-open but not conversely.

Proof. Let L be a b-Hq-open. Then L Ci,c; (L) Ucyin(L) C ey (L) Ucyiy(L). Hence
L is b-H-open. O

Example 2.6. Consider Z = {a,b,¢,d, e} u={0,{a},{b},{c}, {a,b},{a,c}, {b,c},

{a,b,c},{a,c,d},{b,c,d},{a,b,c,d}}, H = {0,{a}}. Then L = {e} is p-b-open but not

b-H,-open and M = {a, e} is b-H-open but not b-H,-open.

Proposition 2.7. Every a-H,-open (resp. o-Hg-open, m-H,-open)is b-H,-open but

not conversely.

Proof. (1) Let L be a-Hy-open. Then L C i,ckin(L) C ci,(L) Uiych(L). Hence
L is b-H,-open.
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(2) Let L be o-Hq-open. Then L C cki, (L) C ckiy(L) Uiucsh(L). Hence L is
b-H,-open.

(3) Let L be m-Hs-open. Then L C i,ci(L) C chiy(L) Uiy, (L). Hence L is
b-H,-open.

(]

Example 2.8. Consider Z = {a,b,¢,d,e} u={0,{a},{c}, {a,c},{c,d,e},{a,c,d, e},
{a,b,¢,},Z}, H = {0,{a}}. Then L = {a,d,e,} is b-H,-open but neither o-H,-open
nor a-H,-open.

Theorem 2.9. If L C Z is both b-H,-open and p-o-open, then it is 5-H,-open.
Proof. Let L is both b-H,-open and p-o-open. Then L C i,ci(L) U ¢}i,(L) and
L Ccyiy(L). Now L Ciych(L)Uchin(L) C ci(L), which implies ¢,i,(L) C cuiycs(L).
So L C ¢uiy(L) Ceyiyei(L). Hence L is f-H,-open. O
Theorem 2.10. If L C Z is both b-H,-open and p*-closed, then it is o-H,-open.

Proof. Let L is both b-H,-open and p*-closed. Then L C i,cki(L) U ¢}y (L) and
cy(L) C e (L) € L. Now L Ciycy (L) Ucyin(L) C egin(L) Uiyu(L) = cyin(L). Hence L

is 0-H,-open. O
Theorem 2.11. If L C Z is both b-H,-open and op*-closed, then it is o-H,-open.

Proof. Let L is both b-H,-open and op*-closed. Then L C i,ci(L) U chiy(L) and
cs (L) € A, which implies i,,¢} (L) C i, L. Now L C i,c}(L)Ucki, (L) C chiy(L)Jiy (L) =
chiu(L). Hence o-H-open. O

Theorem 2.12. If L C Z is both b-H,-open and p-o-closed, then it is o-H,-open.
Proof. Let L is both b-H,-open and p-o-closed. Then L C i,c5(L) U chiu(L) and

¢t (L) € A by Proposition 2.9 of [16]. Which implies i,c}(L) C 4,(L). Now L C
tpei (L) Uctin(L) C ek (L) Uin(L) = ckiy(L). Hence o-H,-open. O

Theorem 2.13. If L C Z is b-H,-open such that i, (L) = 0, then it is 7-H,-open.
Proof. Let L be a b-H,-open and i,(L) = (. Then L C 4,¢;(L) U ckiy(L) = iuci(L).
Hence L is m-H,-open. O
Theorem 2.14. If L C Z is b-H,-open, then it is strong 5-H-open.

Proof. Let L be a b-H,-open. Then L is b-H-open by Proposition 2.5. Hence L is strong
B-H-open by Proposition of 2.26 of [17]. O

Theorem 2.15. If L C Z is both b-Hs-open and §-H-open, then it is o-H-open.
Proof. Let L is both b-H,-open and d-H-open. Then L C i,¢i(L) U ¢ti, (L) and

incy (L) C cpin(L). Now L Ciycy (L) Ucyin(L) Ciuey (L) Uepin(L) C cpiy(L). Hence

L is o-H-open. O
Theorem 2.16. If L C Z is b-Hy-open and L € H, then it is o-H,-open.
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Proof. Let L is b-Hy-open and L € H. Then L C i,ci(L) Uiy (L) and ¢ (L) = A by
Remark 2.10 of [16]. Now L C i,ci(L)Ucki, (L) =i,(L)Uckiy(L) = ckiy(L). Hence L
is o-H,-open. [l
Theorem 2.17. If L C Z is b-Hy-open and H = P(Z) then it is 0-H,-open.

Proof. Let L is b-Hq-open and L € H. Then L C i,ci(L) Uiy (L) and ¢ (L) = A by
Remark 2.10 of [16]. Now L C i,c¢i(L)Uckiy(L) = i,(L)Ucki, (L) = ¢si,(L). Hence L
is 0-H,-open. O
Theorem 2.18. If L C Z is b-H,-open and L C L%, then it is p-B-open.

Proof. Let L is b-Hq-open and L C L}. Then L C i,c¢}(L) U cki,(L) and ¢fi, (L) C
chipcy(L). Now L C duch(L) U chiy(L) C duch(L) U chipcy(L) € chipch(L) C
Chip u(L) C eyiyeu(L). Hence L is pi-f-open. O
Remark 2.19. If L C Z is b-H,-open and L C L}, then it is strong S-H-open.
Remark 2.20. If L C Z is b-H,-open and L C L}, then it is S-H-open.

Theorem 2.21. Let (Z,pu,H) be a strong H.G.T.S., where Z is Cy-space and pu-
extremally disconnected space, L C Z. Then the following conditions are equivalent.

(1) L is p-open,

(2) L is b-H,-open and p-locally closed set.

Proof. (1) = (2) This is obvious from definitions.

(2) = (1) Let L is b-H-open and p-locally closed set. Then L C i,c5(L)Uchi,(L) C
ipcu(L)Ucyiy(L) and L = U Ne,(L). Now
LcUnc,(L).

CUN[ipen(L) Uiy (L)]

C [UMipeu(L)]UU N eyip(L)]

C [1u(U) Mipen (L) U [iu(U) N epin(L)]

C [in(U) Nipen (D) U [0 (U) Nipe (L))

C iU 1 ()] U iU (L)

— (i (L)) U i (L)

=i,(L).

Hence L is p-open. O

Definition 2.22. For L C Z, iy, (L) is the largest b-H,-open open set contained in L.

Definition 2.23. A subset L of H.G.T.S (Z, p, H) is called Dy(c, Ho)-set, if i,(L) =
i, (L).
Theorem 2.24. For a subset L of HG.T.S. (Z,u, H), the following conditions are
equivalent.

(1) L is p-open,

(2) L is b-H,-open and Dy(c, H,)-set.
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Proof. (1) = (2) Let L is p-open. Then L is b-H-open. So L =i, (L) and L = iy, (L).
Therefore i, (L) = iyy, (L). Hence L is Dy(c, H,)-set.

(2) = (1) Let L is b-H,-open and Dy(c, H,)-set. Then L = iyy, (L) and ¢,(L) =
iy, (L). Therefore i, (L) = L. Hence L is p-open. O

Remark 2.25. The notions of L is b-H,-open and p-locally closed set(resp. Dy(c, Ho)-
set) are independent.

Example 2.26. Let Z = {a,b,c,d, e}, p = {0,{a}, {b},{a, b}, {a,c},{b,c},{a,b,c},
{a,c,d}, {b,c,d},{a,b,c,d}} and H = {0,{a}}. Then L = {a,d} is p-locally closed set
(resp. Dp(c, Hy)-set) but not b-H,-open.

Example 2.27. Let Z = {a,b,c,d}, p = {0,{a,b,c},{c,d}, Z} and H = {0, {a}, {b}}.
Then L = {a, c,d} is b-H,-open but neither p-locally closed set and nor Dy(c, H, )-set.

3. n*-B-H,-sets, a*-B-H,-sets and o*-B-H,-sets

Definition 3.1. A subset L of a H.G.T.S. (Z, u, H) is called
(1) m*-Ho-set, if i,¢ (L) = i, (L).
(2) a*-Ho-set, iychiy(L) =i,(L).
(3) o*-Ho-set, if ctiy (L) =i, (L).

Remark 3.2. The notions of 7*-H,-set (resp. a*-H,-set, 0*-H,-set) and 7-H,-open
(resp. a-Hs-open, o-H,-open) are independent.

Example 3.3. Let Z = {aa b7 &) d7 6}7 = {®7 {a‘}a {b}7 {av b}v {a7 C}7 {b7 0}7 {aa b? C}7
{a,c,d},{b,c,d},{a,b,c,d}} and H = {0,{a}}. Then A = {a,d} is 7*-H,-set (resp.
a*-H,-set, o*-H-set) but not m-H,-open (resp. a-H,-open, o-H-open).

Example 3.4. let Z = {a,b,c,d}, up = {0,{a},{b},{a,b},{b,c,d},Z} and H =
{0,{a},{c}}. Then A = {a,b,c} is m-H,-open (resp. a-Hq-open, o-H-open) but not
m*-Hq-set (resp. a*-Hy-set, o*-H-set).

Definition 3.5. A subset L of H.G.T.S. (Z, u, H) is called

(1) n*-B-Hg-set, if L =M N N, where M is p-open and N is 7*-H,-set.

(2) a*-B-H,-set, if L =M N N, where M is p-open and N is a*-H,-set.

(3) 0*-B-Hy-set, if L =M N N, where M is p-open and N is o*-H,-set
Theorem 3.6. If L C Z is both b-H,-open and 7*-H,-set, then it is o-H,-open.
Proof. Let L is both b-Hs-open and 7*-Hs-set. Then L C i,ci(L) U cki, (L) and
ipci (L) =1,(L). Now L C ¢,ci(L)Uchi,(L) C chiy(L) Ui,(L) = ckiy(L). Hence L is
o0-H-open. O

Theorem 3.7. If L C Z is both b-H,-open and o*-H-set, then it is w-H,-open.
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Proof. Let L is both b-Hs-open and o*-Hs-set. Then L C i,ci(L) U chi,(L) and

chiy(L) = iu(L). Now L Ci,ci(L)Uchiy(L) Ciycn(L) Uiy(L) = i,ck(L). Hence L is
m-H-open. [l

Theorem 3.8. If L C Z is both m-H,-open and p*-closed, then it is 7*-H, -set.

Proof. Let L is both m-H,-open and p*-closed. Then L Ci,c}; (L) and ¢},(L) C L. Now
incy(L) C cy(L) C ¢ (L) C L. So, L = i,c;(L). Thus i,(L) = i,c,(L). Hence L is
m*-H ,-set. O

Theorem 3.9. If L C Z is both o-H,-open and p*-closed, then it is a*-H,-set.

Proof. Let L is both o-H,-open and p*-closed. Then L C c}i,(L) and ¢;,(L) C L. Now
cyin(L) C ¢y (L) C ¢ (L) C L. So, L = c3i,(L). Thus i,(L) = i,chi,(L). Hence L is
a*-H-set. O

Theorem 3.10. If L C Z is both m-H,-open and op*-closed, then it is m*-H,-set.

Proof. Let L is both m-H,-open and oy *-closed. Then L C i,¢}(L) and ¢ (L) C L. Now
inch(L) C ¢i(L) C L.So, L =i,c(L). Thus i, (L) =i,c}(L). Hence L is m*-Hq-set. [

Theorem 3.11. If L C Z is both 0-H,-open and op*-closed, then it is o*-H,-set.

Proof. Let L is both o-H,-open and op*-closed. Then L C cki,(L) and ¢ (L) C L.
Now cki (L) C ¢i(L) C L. So, L = c%i,(L). Thus i,(L) = iuciiyn(L). Hence L is
a*-H,-set. O

Proposition 3.12. Let (Z, u,H) be a strong H.G.T.S. and L C Z. Then the following
holds:

(1) If L is 7*-H,-set, then L is 7*-B-H -set,

(2) If L is a*-H,-set, then L is a*-B-H,-set,

(3) If L is 0*-H,-set, then L is 0*-B-H,-set.

Proof. (1) Let L be a n*-Hy-set. If we take M = Z € p, then L = M N L and
hence L is a 7*-B-H,-set.
(2) This is obvious.
(3) Trivial.
(]

Theorem 3.13. Let (Z,u,H) be a strong H.G.T.S., where Z is Cy-space and L C Z.
Then the following conditions are equivalent.

(1) L is p-open,

(2) L is m-H,-open and 7*-B-H,-set,

(8) a-H,-open and o*-B-H,-set,

(4) o-Hs-open and o*-B-H,-set.

Proof. (1) = (2), (1) = (3), (1) = (4), are obvious.



38 R. Ramesh and Ahmad Al-Omari

(2) = (1). Let L is both m-H,-open and n*-B-H,-set. Then we have L Ci,c}(L) =
ipci(M N N), where M € p and N is 7*-H,-set. Hence L C i,¢} (M) Ni,cs(N). Now
LCMNLCMANigcs(M)Ni,(N)] =Mni,(N)=1,(L). Hence L is p-open.

(3) = (1). Let L is both a-H,-open and a*-B-H,-set. Then we have L C i,c}i, (L) =
ipciiy(M N N), where M € pand N is t*-H,-set. Hence L C i,¢ki,(M) Niychi(N).
Now LC M NLCMnN[iychi,(M)Ni,(N)] =Mniu(N)=i,(L). Hence L is pu-open.

(3) = (1). Let L is both o-H,-open and o*-B-H,-set. Then we have L C c}i,(L) =
chiy(MNN), where M € pand N is 0*-B-Hy-set. Hence L C ¢}, (M)Ncki, (V). Now
LCMNLCMnci,(M)Ni,(N)]=Mni,(N)=r1,(L). Hence L is p-open. O
Remark 3.14. The notions of m-H,-open and 7*-B-H,-set are independent.
Remark 3.15. The notions of a-H,-open and o*-B-H,-set are independent.

Remark 3.16. The notions of o-H,-open and o*-B-H,-set are independent.

Example 3.17. Let Z = {a,b,c,d, e}, p = {0,{a}, {b},{a, b}, {a,c},{b,c},{a,b,c},
{a,c,d},{b,c,d},{a,b,c,d}} and H = {0,{a}}. Then A = {c,d} is 7*-B-H,-set (resp.
a*-B-H-set, 0*-B-H-set) but not m-H,-open (resp. a-Hy-open, o-H,-open).

Example 3.18. let Z = {a,b,c,d}, p = {0,{a},{b},{a,b},{b,c,d},Z} and H =

{0,{a},{c}}. Then A = {a,b,c} is m-Hq-open (resp. a-Hs,-open, o-H,-open) but not
7*-B-Hy-set (resp. a*-B-Hy-set, c*-B-H,-set).

4. Decomposition of (u, A\)-continuity
Definition 4.1. A function f : (Z, u, H) — (W, \) is said to be (7*-B-H,, A)-continuous
(resp.(a*-B-Hy, A)-continuous, (0*-B-H,, \)-continuous, (Dy(c, Hy), A)-continuous,) if
FYUN) is 7*-B-Hy-set (resp. a*-B-Hy-set, 0*-B-H,-set, Dy(c, H,)-set) for each -
open set N in (W, \).
Definition 4.2. A function f : (Z,u, H) — (W, ) is said to be (uL, A)-continuous, if
F7YH(N) is p-locally closed set for each A-closed set N in (W, \).

Theorem 4.3. Let (Z, p,H) be a strong H.G.T.S. where Z is Cy-space and p-extremally
disconnected space, for a function f: (Z,pu,H) = (W, ). Then the following conditions
are equivalent.

(1) f is (u, \)-continuous,
(2) fis (b-Hey, N)-continuous and (uL, \)-continuous.
Proof. Proof is trivial from Theorem 2.21. O

Theorem 4.4. Let (Z,u,H) be a H.G.T.S. for a function f: (Z, u, H) — (W, ). Then
the following conditions are equivalent.

(1) f is (u, \)-continuous,
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(2) fis (b-Hq, N)-continuous and (Dy(c, Hs), A)-continuous.
Proof. Proof is trivial from Theorem 2.24. O

Theorem 4.5. Let (Z, u, H) be a strong H.G.T.S., for a function f : (Z,u, H) — (W, \).
Then the following conditions are equivalent.

(1) f is (u, A)-continuous,

(2) f is (m-Hs, A)-continuous and (7*-B-H,, \)-continuous,

(8) [ is (a-Hq, N)-continuous and (o*-B-H,, \)-continuous,

(4) f is (6-Hyy A)-continuous and (0*-B-Hy, \)-continuous.

Proof. Proof is trivial from Theorem 3.13. (|
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