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Abstract. This study is aim to elucidate some series weighted averaging
operators for aggregating the dissimilar complex bipolar fuzzy (CBF) sets
by utilizing t-norm operations. The unpredictability in the data was
controlled using membership degrees that are subset of real numbers, which
can reduce some useful information and therefore impact decision-making
results. As a refinement to these, the complex bipolar fuzzy set controls the
unpredictability with the degrees whose range is extended from the real subset
to the complex with the unit disk. Hence, it handles the two-dimensional
information in a single set. Finally, some new averaging aggregation operators
were developed, namely; complex bipolar weighted averaging, CBF ordered
weighted average, and CBF hybrid averaging. Some numerical examples are
also given to illustrate the extended operators.

1. Introduction

Aggregation plays a major role in many of the technical tasks we are faced with. The
ordered weighted averaging operators, a parameterized family of aggregation operators
that embody many of the well-known operators like the ordered weighted aggregation
(OW A) operator, was proposed by Yager [30] to supply for aggregation lying between
the Min and Max operators. Xu and Yager [27] extended some new aggregation oper-
ators. Xu [28] proposed a weighted averaging operator for aggregation of the different
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intuitionistic fuzzy numbers(IF Ng) while Xu and Yager [29] proposed fuzzy Bonferroni
means aggregation operators. Wang and Liu [24] developed some interactive averaging
aggregation operators to solve the multiple attribute decision making M C' DM problems.
Kaur and Gary [14] developed some aggregation operators for the cubic intuitionistic
fuzzy (IF) set. Ye [31] introduced some hybrid averaging and geometric aggregation
operators with [ F'S environment to solve the M C DM problems. Wei et al.[25] proposed
bipolar fuzzy Hamacher weighted average operator while Wei et al. [26] developed some
aggregation operators for aggregating hesitant bipolar fuzzy information. Lu et al.
[16] investigate the M ADM problem with bipolar 2-tuple linguistic information. In
[22], Tamir at al. extended a generalized improved score function to rank the IVIF'S.
Khameneh and Kiligman [33] proposed a new aggregation method for processing the
M AGDM problems with M-polar fuzzy soft information. Gary and Pani [13] presented
some weighted averaging aggregation operators for aggregating the different CIFS
utilizing t-norm operations.

Bipolar fuzzy sets and relations (BF'S) are introduced in [34] and BF'S is a general-
ization of fuzzy sets in [32] whose membership degree range in [—1, 1]. In a bipolar fuzzy
set, the value 0 of membership degree of an element means that the element is irrelative
to the identical property, and any value lies in the interval (0,1] of membership degree
of an element indicates that the element satisfies the property (Positive information).
In contrast to the membership degree that lies in the interval [—1,0) indicates that the
element satisfies the implicit counter-property (negative information). Bipolar fuzzy
information is two sides in coordination and decision making. For example, profit and
loss, hostility and friendship, competition and cooperation, feedback and feedforward,
and so on. Therefore, bipolar fuzzy set theory has been applied and studied speedily
and increasingly. Thus, bipolar fuzzy sets not only have applications in mathematical
theories but also in real-world problems [1], [18], and [19]. In the decision-making field,
bipolarity is also used to select the best optimal solution according to positive and
negative evaluations of their attributes or criteria [12] and [4]. Also, bipolarity has been
used to express negative and positive information or goals as in [3], [5], [6], and [7].

Fuzzy complex numbers (FFCN) are closed under the basic arithmetic operations
namely; division, multiplication, addition, and subtraction (<, x,+ and —). Also,
introducing a metric space of FFC'N allocated a good place to discuss the continuity
and differentiability of complex fuzzy functions [5]. The work in [17] is considered
to be the nearest approach to the work of [5]. They employed complex numbers to
represent truth values and False values by expanding the range of truth and false values
from the interval [0, 1] to the complex plane. The complex-valued degrees of truth and
false have an ability to be utilized in representing inconsistencies or paradoxes. This
is the motivation to introduce in [20] approach. This approach emphasizes problems
encountered in humanities, especially psychology and philosophy.

Complex fuzzy set (in short, CF'S), [17] is a fuzzy set described by a complex-valued
membership function, which the range lies in the unit disk in C:

w(x): U — {ala € C,la] < 1}.
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The innovation of CF'S may appear in the further dimensional membership. The
phase of grade of membership, denoted by w(z) That is, without the phase membership
the C'F'S reduces to traditional fuzzy set. Some advantages of CF'S were summarized
in [17]. The idea of generalizing the range of fuzzy set to a wider range of complex fuzzy
set lies in its ability to represent semantics of uncertainty and periodicity information
simultaneously. They were identifying the phase of degrees to distinguish the different
meaning in different phases or levels for similar data/degrees. The uncertainty and
periodicity semantics can be represented on the form of amplitude and phas term r(x)
and w(z),respectively, of the complex numbers r(z)e?(®). Besides that both values of
r(z) and w(x) have the ability to be fuzzy set [32]. The complex fuzzy set is closed
under the basic set theoretic operations: complements, union, intersection.

A novel interpretation of complex fuzzy membership grade and the concept of pure
complex fuzzy classes were obtained in [22], in which the complex fuzzy membership
grade can be represented in polar form and Cartesian form with two fuzzy components.
Tamir and Kandel [23] developed an axiomatic for propositional complex fuzzy logic,
which resolves most of the limitations of the complex fuzzy logic theory. Some con-
straints and limitation in the concept of C'F'S and its resolution to develop an axiomatic
for propositional complex fuzzy logic are explained by Tamir et al. [21], [22], Tamir and
Kandel [23].

Recently, Singh, [20] proposed the bipolar complex fuzzy concept lattice with its
application. He studied the problem of calculating the periodic variation in bipolar
information at the given phase of time. He proposed three methods and illustrative
examples for the suitable representation of bipolar complex data sets. Singh represented
the phase term in the complex fuzzy set as a real-valued component.

This paper is organized as the following. In the Section 2, we discuss some basic
concepts related to CFS and CBFS. In section 3, we give some basic generalized
operational laws of CBFNs and their basic properties. In section 4, some weighted
averaging aggregation operators, namely CBFWA, CBFOWA and CBFHA were
developed.

2. Preliminaries

In this section, we introduce some necessary definitions for the complex bipolar fuzzy
sets. Our construction will be based on the Zadeh [32] definition of fuzzy set as follows:

Definition 2.1. [32] A fuzzy set A in a universe of discourse U is characterised by a
membership function p4(x) that takes values in the interval [0, 1].

Further, Zadeh [32] has defined the following basic operators: Let A and B be defined
as A= (z,pa(x)),x € U, B=(x,pup(x)),x € U. Then:

(1) Complement of A is shown as, A° = {(z,1 —pa) :2,€ U}.
(2) Union between two sets is shown as, AU B = {(z,pa o pup) : x € U}
(3) Intersection between two sets is shown as, AN B = {(x, ua *xup) : x € U}.
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Here, ¢ and * denote the s-norm and t-norm operators,respectively. Ramot in [17]
extended the fuzzy set idea which was introduced by Zadeh in [32] and defined complex
fuzzy set as follows: Let CFS(U) be a set of all complex fuzzy sets in U. Then we have;

Definition 2.2. [17] A complex fuzzy set CFS A, defined on a universe of discourse
U, is characterized by a membership function p4(x) that assigns any element xz € U, a
complex grade of membership is A.

Note that, by definition, the values u4 () may receive all lying within the unit circle
in the complex plane, and thus of the form p4(z) = r4(z)e’*4®), where i = /=1, all of
ra(z) and wa(z) are both real-valued, and r4(x) € [0,1]. The CFS may be represented
as the set of ordered pairs

A={(z,pa(x) €U} = {x,r4(x)e™2@ : z € U}.

Definition 2.3. [35] Let A and B be two CFS on U, with complex-valued membership
function pa = ra(z)e’4® and pp(z) = rp(z)e’®s®) A C Bif and only if ry < rp
and wa < wp.

Definition 2.4. [17] The complement of A is denoted by A¢ = {(z,r%(z)e’a(@) . z €
U} where 75 () =1 —ra(x), w(z) = 2m — wy(x).

Definition 2.5. [17] The complex fuzzy union of A and B, are denoted by AU B, with
complex valued membership function pa(z) and pp(x),respectively is specified by a
function:

u:{ala€e C,lal <1}o{blbe C,|b| <1} — {d|d € C,|d| <1}

where u assigns a complex value, u(pa(x),up(r)) = pauvs)(z) to all z € U.
The complex fuzzy union function u must satisfy at least the following axiomatic
requirements, for any a,b,c,b € {z|z € C,|z| < 1};

1 -u(a,0) = a (boundary conditions)

2 -if |b| < |d| then, |u(a,b)| < |u(a,d)| (monotonicity)

3 -u(a,b) = u(b,a) (commutativity)

4 -u(a,u(b,d)) = u(u(a,b), d).(associativity)

5 -u is continuous function (continuity)

6 -|lu(a,a)| > |a|(super idempotency)

7 -if |a| < |b] and |b] < |d| then |u(a,b)| < |u(c, d)|.

Definition 2.6. [17] The complex fuzzy intersection of A and B, are denoted by AN B,
with complex valued membership function p4(z) and pp(z), respectively and specified
by a function:

i:{alae C,la] <1}« {bjbe C,|b| <1} = {d|d € C,|d| <1}

i assigns a complex value, i(pa(z), up(r)) = panp)(z) to all x € U. The complex
fuzzy intersection function ¢ must satisfy at least the following axiomatic requirements,
for any a,b,¢,b € {z|z € C, || <1}

1 |b| =1, if i(a,b) = |a| (boundary conditions)

2 if |b| < |d| then, |i(a,b)| < |i(a,d)| (monotonicity)

3 i(a,b) = i(b,a) (commutativity)

4 i(a,i(b,d)) = i(i(a,b),d) (associativity)
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5 4 is continuous function (continuity)
6 |i(a,a)| < |a|(super idempotency)
7 if |a| < |e| and [b] < |d]| then |i(a,b)| < |i(c,d)].

Definition 2.7. [15] A function T : [0, 1] x [0,1] — [0, 1] is called t-norm if it satisfies
the boundary condition, monotonicity, commutativity and associativity.conversely,a
function F' defined by F(a,b) =1—T(1 —a,1—0b) for all a,b € [0, 1] is called t-conorm.

Definition 2.8. [15] An Archimedean t-conorm (t-norm) function, T'(or F), is a
continuous norm(¢-norm)satisfying the condition T'(a,a) < a(or F(a,a) > a) for
a € (0,1). A strict Archimedean t-conorm(¢-norm)is strictly increasing ¢-conorm(-
norm).

Strict Archimedean t-norm 7" and t-conorm F' can be expressed using continuous
functions f,g : [0,1] — [0, 00), respectively, as

T(a,b) = f~'(f(a) + £(b)) and F(a,b) = g~"(g(a) + (b))

where f is decreasing function with f(1) = 0, and ¢ is an increasing function with
g(0) = 0 and g(a) = f(1—a). The concept of CBF'S was defined by Singh (2019) which
is the extension of bipolar fuzzy set Zhang (1994)as follows:

Definition 2.9. [20] A complex Bipolar fuzzy set A, is characterised by positive u (z)
and negative p, () membership functions, that assign to any element  on a universe of
discourse U. A complex-valued grade of both positive and negative memberships in A.
By definition, the values of y(x) and p(z) may receive all values that lies within the
unit disks in the complex plane, and are of the form p+ 4 (z) = r(x)e?™r+(*) for positive
membership function in A and p—4(z) = r~(z)e™— (@) for negative membership
function in A, where i = /=1, each of r{(z) is belong to [0,1], r () is belong to
[—1,0] and w,,+, w,+ € [0,27].

We represent the CBF'S A as

W) U = 1t (@)eiver @)
and
Ha (@) U =1 (@) @
where
A= {(a, p (2), w3 (@) 2 € U}

and w,,+ and w,+ are real-valued interval in (0, 27].
Definition 2.10. [20] Suppose A and B are two CBFS expressed as
A= {z, pji(x),py(x) :x €U},

and

B = {w.uf (@), up(x) 1z € U,
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the set operations union, intersection and complement of CBFS were defined as follows:

AUB = {z,ph g@),ua, @)z eU}
= {(max(uf (2), pp(a), min(uy (), pp (@)},
ANB = {z,ph g@), uanp(x) 2 €U}
= {(min(u}(x), pjp(x), max(uy (), pp (@)},
A° = Az, phe (@), pae () sz € U}

= {z,1—pf(2), 1 — py (o)}

3. Operational laws in complex bipolar fuzzy numbers

In the following, some operational laws of the CBF Ns are defined.

3.1. Score and Accuracy Functions. In subsection, we define the score function
following as

Definition 3.1. The score function S of ¢ = (ute™ut p~e™n=) is shown as

1 1
S(e) = 3 (I+pt+p )+ o (wy+ +w,-), S(e) €[0,1].
Definition 3.2. The accuracy function H of

c= <M+€iw“+ , ,u/—eiw“,>

is shown as

_ 1
H(C):(M++N )"_%(wu‘*"_wu—)’ H(C)E[Ql]'
Now, we define an order relation between two C BF'N's and it is shown as below

(1) If S(c1) < S(cg) then ¢1 < cg,
(2) If S(c1) = S(cq) then ¢1 = ¢y

and
(i) If H(cq) > H(c2) then ¢; > co,
(11) If H(Cl) = H(Cg) then C1 = C2
where

W

w4 _dw w4 _
er = (ue’ st pure ™) and ey = (ufeE  py e h).

3.2. Some basic operational Laws of CBFNs. In subsection, the various the basic
operational laws of C BF Ns were shown as
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Definition 3.3. Let ¢; = <ul+ezw“fr ) —,ufezw“l_> and ¢y = (ugem“; ) —ugem@) be two
CBFNs, A > 0. Then,

aee = (G + Fd))e T o )
(g (gt 1) + gl )ers™ O oy
a@e = (g (gl +g(ud)))ene W )
ST + F (D)ot )
der = (T OGN D), (g g et 00y
@ = (g™ s 9D (= (g ) )

where f, g two functions defined in the Definition 2.8

Theorem 3.4. If ¢c; and ¢y be any two CBFNs and A > 0, then ¢1 @ ca, Acp, ¢1 ® co
and ¢; are also CBFNs.

Proof. We only prove part c¢; @ c2. The other parts follow a similar. By Definition 3.3,

w4 _w — w4+ _tw —
and ¢; = (ufe *, pje " )and co = (uje "2, uye *2) we have

c®e = (FF + Fd))e T I )
—(g gy ) + 9|z )er?m@ el )y
c@er = ()N + e I,
~[(g™ gl | + g D]e2m(@ Dslmt+ =)
= G ) g T
(uhe™nt, —pme™n)
where
= we = e, o = |y |+ g | and w,- = [w,- +w,].
So, ¢1 & co is CBFNs. O

Theorem 3.5. Let cq,cy be two CBFNs and let A1, A2, A3 > 0 be three real numbers.
Then, we have

(1) c1 ®co = ca @ ca;

(2) 1 ®cy =ca®ey;

(3) Ai(c1 @ c2) = Adicr @ Area;
(4) (1 @)™ =t @y’

(5) /\101 D )\262)\ = ()\1 -+ )\2)61;
(6) & @i = .
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Proof. (1) By Definition (3.2), we get

w w
u ug

e = (FH(f + f(ud))e U y))
—(g gy ]) + 9|y )2 oz Halz )
a®es = (Ut + Fud))e? VT U )y

wo_ w

Ko
™

- - — i2m(g~t ad]
—(g7 gy ) + gz |))e2mlo ol +a(=
w + w +
— o (-1 m
= ((fNfud + Fu)))ezm T U=
u

22 4 ),
(g7 gz |) + g(|py |))et2mta (o€ a5 )

)

w

= coDdcy.

Theorem 3.6. Let ¢1,c3, be two CBFNs and A > 0. Then, we have

(1) (¢ = (Aer)

(2) Aer)® = (1)

(3) (c1®B2)¢ = ¢f @ c5;
(1) (1 ® ea)° = ¢ & 5.

Proof. Tt obvious on using definitions. O

Now in the next, some new averaging aggregation operators of complex bipolar fuzzy
environment including CBFWA, CBFOWA and CBFHA are discussed.

4. Complex Bipolar Fuzzy Aggregation Operators

4.1. Complex bipolar Weighted Averaging CBFWA Operators. Now, we
present the following definition.

. Wy W .
Definition 4.1. Let ¢; = <,u;“e “iLpge ") = 1,2,...,n) be a collection of

all CBFNs with corresponding weights w = (wy,ws, ..., w,)T such as w; > 0 and

n
> w;=1andlet CBFWA: ¥" — ¥, if
j=1
CBFW A(cy,ca, ... 0n) =wicy B wace ® ... B wycy (4.1)

then, CBFWA is called CBFWA operator.

Theorem 4.2. Let

CBFNsc; = (uhe ™ pre *i)(G=1,2,...,n)
be a collection of CBF N then by utilizing CBFWA operator is also CBFN and

v+

CBFWA(er, ez, ven) = ((F71 QO wy f(uf)))e ™ Gz (=),
j=1

w

(g7 QT gy D))l O s (=),
j=1
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Proof. The first result we get from Def (4.1); Now, by utilizing mathematical induction
we get: _ _ _ _

Step 1: For n = 2, since ¢; = (ui"em"f,ufelw“ﬂ and ¢y = (u;em“;,pz_em@).
Thus, we have

w

P
wier = (M wnf ()0 e ),
Hy

(g™ (gl ) (nat=)

and

wacy = (g7 (g(g™ H(wrg(p)))) + 9(g~ (waf(p3))))),

(g7 (wag iz ) ) (w20 (D),
Hence, we get

CBFWA(Cl, CQ) = wic1 D wacs
= (/TS o (u0) + £ (waf (13)))))

wog w
1

2T (F T T Wi F () +F (7 (wa f( 1)

i

— (g7 gl (wif(|w))) + glg™ (wag(uz)1)))

— wo_
Hq

x ei2m(a™ (9(g ™ (wrg(-))+o(9 ™ (wag (D))
+

w
I

2
; -1 2 e M
= (T () (S v (),
j=1

w
"

2
— i2m(g (%, wig(—
= (g7 (X wgglug )t (i o),
j=1

Thus, holds for n = 2.
Step 2: If Eq(4.1) holds for n = k, then

m “’“-_i—
CBFW A(cr, ez, e = {(F (Y wif ()0 S wid (500,
7j=1

w

= (g7 Qo wygg e i was()
j=1
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then for n =k + 1, we get
C'Bf‘ﬁI/VA(Cl7 Co, ... ,Ck+1) = C’BF‘VVA(Cl,CQ7 o ) D Wr41Ck+1

w o4

m H
ijf Ng ei2m(f (T wi f (- )))7

m (M
ijg 1)) 297 (7 wig(— M)

w

- 27 (f~ (wp o f(—dtL
& ((F " (wipr f (i )))e?m T om0,

w

27 (g~ (Ulk+1g( k+1 ))))

— (g7 (wi19(|1r i ]))e

= i -1 k41 wu;-r
71(ijf(uj)))e’ (NS wi (),

k+1 wo_
— i2m(g— ! k+1w g
1(§ :wjg(|/1'j ))))et2mle (imn wig(—))y,

Thus, when n = k + 1, is also true and Eq (4.1) holds for each n. O

Proposition 4.3. If w,+, w,— =0 then, the CBFWA operator convert to BEWA
J

J
operator in CBS environment.

Proof Since w,,- W, = = 0. Therefore, Eq.(4.1) converts to:
.1

CBFW A(Cy,Cs, ... Zw]f ), O wig(ug)))
j=1

Proposition 4.4. If w,+,w,~ =0 all j then, the CBFWA operator become a weighted
J J

operator in F environment.
Proof is similar to the Proposition (4.1)
Example 4.5. Let
o = <0.3€1;27T(0.2)’ —0.1¢27(05)y ¢, = (0.4¢127(08) 0 4i27(0.7)y
cg = (0.6e727(0-5) 0 2727(0:3)y " ) — (0.1€727(00) | _(.3¢i27(02))
be four CBFNs and w = (0.15,0.3,0.1,0.45)” be the corresponding weight vector of
¢;j(j =1,2,3,4). Then, using Eq.(4.1) becomes

i Uit
CBFWA(Cl,CQ,..., H 1—,UJ] 1271'( —Ijo, (A——55)"9)

wo
L
w

n e )
Lyl 2 T =5m sy
j=1
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Now, we have

4
(1—pf)™ = (1-03)"" x (1-0.4)° x (1-0.6)"" x (1 —0.1)"4
j=1
= 0.9479 x 0.8579 x 0.9124 x 0.9537 = 0.7076
4
T3 D™ = (=01 x (| = 0.4)%% x (| = 0.2))*" x (| - 0.3])"*°
j=1
= 0.7079 x 0.7597 x 0.8513 x 0.5817 = 0.2663
4 wu{r wj
11 (1 -5 ) = (1-02)"%x(1-0.8)%x(1-05)%" x (1-0.6)"

= 0.9671 x 0.6170 x 0.9330 x 0.6622 = 0.3687
4 w — wy
II ( £ ) = (0527 % (0.7)%% x (0.3)°! x (0.2)"%

= 0.9013 x 0.8985 x 0.8866 x 0.4847 = 0.3480
CBFW A(ct,c,c3,c4) = (1 —0.7076)e™m(170-3687) '_() 26636727 (0-3480))
—  (0.2924¢27(06313) () 966372 (0-3480))

Proposition 4.6. (Idempotency) Let C be CBFN and if ¢; = cforall j =1,2,...,n,
then,

CBFWA(cy,c,...,¢n) =c.

Proof. Let ¢ = <M+eiwu+7u—eiwu7> and ¢ = <//L;F€Zwﬂj>7/,t;ezwﬂ;>(j _ 1,27“.,71) be

two CBFNs such as ¢; = ¢ which implies that ,u;r = /ﬁ,u; =pu, w,+ = w,+ and

o
(R for all 5. Also, we have w; > 0 such that 2?21 w; = 1. Then,
" (P (7w f(lut
CBFWA(er,cavon) = (7 [ S wnf () ) (il G50,
j=1

woo_

~(s7 [ D wys(um)) )T )
j=1

w
©w
w

= (e I,

—(g7 (g(|p))))er?mlo (=)
= <’u+ezw“+ , _|N_ |ezwu* > —
Hence, CBFWA(Clv C2y. . sm ) = C. [l

Proposition 4.7. (Monotonicity) Let

n iw‘ﬁ_ iw“_
P — Cg - c
CJ_<MC]‘6 17/”Lc]'6 J>
and

W 4 W

Bj = (uge " uge ")
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be two collections of CBF' N satisfying

+
BE S B e S g W, Sw,p

and w,- <w, - for all j then

€ Hg;

C’BF‘I/VA(Cl7 Coy. .. 7Cn) < CBFWA(ﬁl, 627 N ,ﬁn)
Proof. For two CBFN we have

Tw W —
(e " pge ")
and _
e B
ﬂ‘*<ﬂ5]€ Ty Mg, € 7)
such that u < #5 s My < g, W ut, < wﬂgj and Wy, < wl‘EJ d
Sowif(ud) | <D wif(uf)
j=1 j=1
> wiglps,) | <97 w;g(|pg,)l
j=1 j=1
n W + n w, +
_ He; _ H57
P wif () ) < | Dowif ()
- 2 4 27
j=1 Jj=1
and
. n wui n wﬂg
- _ e _ j
g ijg( o )| <9 ijg( o )
j=1 j=1
by utilizing the score function, we have
1 3 n 3 n 3
S(CBFWA(er ez, en)) = S+ D wif(ud) | +97" | Do wigllng)
j=1 j=1
- nd
+2 2rf ijf( 5 )
j=1
1 - n
+(2mg ™! = 5(1+f ! ijf(,ug ijg ‘:U’ﬁ )
j=1
sl [ Suar ) - gt (L a2
— (27 w; : — (27 w;j :
21 = J 2w g = 79 27

= S(CBFWA(B1,B2,--.,Bn))-
Hence, we get
CBFWA(ct,¢2,. .. ¢0) < (CBFWA(B1, Bas - - -, Bn).



Complex bipolar fuzzy weighted aggregation operators 53

Proposition 4.8. (Boundedness.) Let

+ iwe, "

cj = (uje i, ;e iV =1,2,...,n),
be a collection of CBFNs and let [¢]t = max; ¢; where [pt]" = max; (uj), w:lr and
let [¢]” = min; ¢; where [uT]” = min(,u;r), W, = minw,+, ]t = max;(p; ) and
+ J

w,— =max;((w,-)), [p7]” =min;(p;) and w _ = minj(w#ﬁ ). Then, we have

¢ <CBFWA(cy,ca,...,cq) <ct.
Proof. Let CBFW A(c1,¢2,...,¢p) = {ujeiwﬁ,u;eiw“? }. For a CBFNC}, we have
min{uj'} < i < max{y;} and min{u;} < gy < max{p; ).

Therefore,

ST DD e mind ) | < ST DD wif () | < S| DD wf (ma{uf )
j=1 j=1

Jj=1

and

g [ Y wsgtminger b | <07 [ S wigle) | <97 (DD wsglma{u; )
Jj=1 j=1

j=1
which
min{p;'} < pg < max{y;} and minfp;} < pg < max{u;
ie,
(™) <pd < (uH)Tand (u)” <py < ()"
Similarly, we get
w/} Swﬂj Sw:; and w, <w - <wt..

Hence, we have

_ 1 _ o+ 1 _
s = U+ +W)7) + 5w, +w)
1 1
< SUF+ud + i)+ oo (s +w, ) = S(OBFWA(er, 2, cn))
and
1 + - 1 _
s = SO+ + W) )+ - (wi + )
1, ., 1
> 5(,“5 —ps )+ %(wmu: —w,-) = S(CBFWA(ci, ca, ..., )

Therefore, by utilizing Definition 4.2, we have
¢ <CBFWA(cy,ca,...,cp) <ct. O

Proposition 4.9. (Shift Invariance) Let ¢;(j = 1,2,...,n) be the collection of CBFNs
and CBFNc¢*, we have

CBFWA(c1 ®c*,c0®c,...,cn @) =CBFWA(ci,¢a,...,¢,) @ .
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Proof. Let ¢; = (uj‘ezw“;,uj_ezw“i_> and ¢* = (ul. e n ,u;elw“c_*) be CBFNs. Then,
by utilizing Def (3.2) for CBFNs for each j, we have

* — i -1 w“;r w“c*
Goc = (AW + i) UG )

T )+g( 75 )))>_

(g oy ) + gl )i 0

Now, utilizing Eq.(4.1), we get

en®ct) = (O wif (W) + F(pd))
j=1

wllf w}L+*
2Ty wi F TN )+ (57)))

CBFW A(c1 & ¢, cq @ ¥,

ngg (g(p; ) +g(pe)))

wo

2 (] wig(9 ™ (9( ) +g(—50)))

= <(9‘1(Z wi(f(uh) + flid))

w

Lt wh
2T (S w (F (2 )+ (555)

(971 (D wilgl () + glue 1))

J=1

W —

€i2ﬂ(gfl(2 w_](g( 27\- )+g( 27‘-) )))

= {UTIQ wi (PN + F ()

Yt

o2,
e12m (TS ws (f (= )]+f( T )))’

(97 Zwa () + 9(pz1))

w

12 (97 (o wi(9( )]+9( oz )))

= <<f—1<f<f—1[<2wjf(uj)]>+f(u;t>>

w

G2 wi (F (- )]+f( =5 )))

—(g M (g(g -1 ij (1)) + g(lua 1)

L O CICR (b w; (9(— ) +o( o))




Complex bipolar fuzzy weighted aggregation operators 55

= CBFWA(C:,Csy,...,.CpyeC*. O
Proposition 4.10. (Homogeneity) Let ¢;(j = 1,2,...,n) a collection of CBFNs and
any real number A > 0, then
CBFW A(Aca, Aca, ..., Acn) = ACBFW A(cy, ca,. ..y Cn)-

zw+ w —

Proof. Let CBFNSz(u?e I pye M YGi=1,2,...,n) and A > 0, we get

_ ; -1 ";'r _ _ . 1 wu;
Aej = ((f 1()\f(uj+)))€12ﬂ(f M=) (g 1()\9(|Mj 1))e?2m ™ Cal—=0),
Now, utilizing Eq.(4.1), we get

CBFW A(Acy, Aca, . . ., Acn) ijf HAF())))

wut
ei2m(fH (), wjf<f*1(Af(2—:))))>7

ngg "(Ag(lms D))

w

- My

ei2m (97 (= wig(g™" (Na(

w ¥

= ((f ‘1(2 wiAf(f))))e2m T (i wd (20),

RS (e (R wy (g(
(g7 Qo gl [))eme B Qa0

= <(f*1<Af<f*1<ijf<uj)>>>

w

2 (F Oy wi f (- )))))

97 (M\glg Z w;g(ly 1))

w

ei2m(g™ (Ag(g™ (), wj(g(Tf)))))>
= MCBFWA(cy,ca,...,¢n).
O

4.2. Complex Bipolar Fuzzy Ordered Weighted Averaging operator. Now, we
present the following defintion

Definition 4.11. Let ¥ be a collection of CBFNs. A map CBFOWA : ¥ — ¥
defined by

CBFOWA(cy,c,y...,Cpn) = W1Cy(1) D W2Cy(2), - - - s WnCo(n)

for all ¢; € ¥ where (o

(1), 0(2 ) ...,0(n)) is called a permutation of (1,2,...,n) such
that c,,_, > ¢,(j) for j =

2,3,..,n and further w = (w1, ws,...,w,)" is the weight



56 Mabruka Ali and Adem Kilicman

vector of ¢; with w; > 0 and Z w; = 1. Then, the CBFOWA is called complex bipolar
j=1
fuzzy ordered weighted averaging operator.

Theorem 4.12. The aggregated number by utilizing CBFOWA operator for a collection
of

CBFNscj = <,u;|r et ,uj_eiww‘)(jzl,l...,n)

is also a CBFN and is given by

n
_ - 1 n ) g()
OBFWA(Cl,CQ,...,Cn) — <(f 1(§ w]f(uz-(]))) 7/2 f~ (EJ 1U9f( J )))
j=1

I(Zw]g(|,u;(j)|)))6727"(971(21 1“’]9( “ Q(J) )))>

Proof is similar to the theorem 4.1 The following example shows the theorem above

Example 4.13. Let

Cl <O.5€i2ﬂ-(0.6), _O.3€’i2ﬂ(0.5)>’ CQ — <0.4:6’L'2‘I'l’(0.8)7 _O.lei27'l'(0.2)>7

¢y = <O.6€i2ﬂ—(0'5), _O.4ei27r(0.3)>’ cy = <O.7€Z'27T(0.9)7 —O.2€i27r(0'7)>

be four CBFNs and w = (0.2,0.3,0.15,0.35)7 be the associated weight vector. Then,
by Eq (3.1) we get

s(c1) = 1.7, s(ce) = 1.65, s(c3) = 1.4, s(cq) =2.35
s(cqa) > s(c1) > s(e2) > s(cs)

and we have

Cg(l) — <O.76i2ﬂ-(0‘9), —0.28i2ﬂ(0'7)>, 09(2) — <O'5ei27'r(0.6)7 _0.361'27T(0.5)>7
Co3) = <O.4€i2ﬂ-(0'8), _O.1€i27‘r(0.2)>’ Co(1) = <0.6e’i27‘r(0,5)7 —0.4€i2ﬂ(0'3)>.
Then, we get
n w“'+(x) .
CBFWA(617CQ7...,C H g(]) ’27"(1 [T, (- —e ")

= w 2w [ Q(])Qﬂ') j
= [T e 1= e )
i o(4)
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Further, we obtain

f[ (1-rfy) = @=07%2x (1-05)%% x (1-04)°% x (1-0.6)°%
"~ = 0.7860 x 0.8123 x 0.9262 x 0.7256 = 0.4291
4
T (kzn) ™ = (=020 (1= 0.3)°% x (| = 011 x (| - 0.4
- = 0.7248 x 0.6968 x 0.7079 x 0.7256 = 0.2504
ﬂ (1 — %)w = (1-0.9%2x(1-0.6)"3x(1-0.8)" x(1-0.5)"%
j=1

= 0.6310 x 0.7597 x 0.7855 x 0.7846 = 0.2954
4 Jw - wj
H < /gm) = (0.7)%2 x (0.5)%3 x (0.2)*15 x (0.3)0-35

= 0.9311 x 0.8123 x 0.7855 x 0.6561 = 0.3898
CBFWA(c1,ca,¢3,c1) = (1 —0.4201)e2m(170:2954) | 9504127 (0-3898),
= (0.5709¢727(0-7046) '_() 950427 (0-3898))

4.3. Complex Bipolar Fuzzy Hybrid Averaging Operator. In this section, the
H A aggregation operator of CBF Ns were discussed.

Definition 4.14. let ¥ be the collection of CBFNs. A map CBFHA : " — U,
getting associated weight vector £ = (£1,&a,...,&,)T with & > 0 and Z & =1, defined

j=1
by
CBFHA(Cl, Coy.ney Cn) = flC;(l) D 5262(2) D...P gnC;(n)
where ¢} = nw;c;,j =1,2,...,n and w = (w1, wz, ... ,wy,)T is the weight vector of ¢;

with w; > 0 and ij =1,
j=1

Theorem 4.15. Let C; = <p+em“;r,,u*em“;>,(j = 1,2,...,n) be the collection of
CBFNs. Then by utilizing CBFHA operator is a CBFN and

P27 15on e(J)
CBFW A(c1,¢2,--.5¢n) = {(f~ (ZJ L& F I )))) 2w (f 71 (325 IEJf( 0,

(5 (S €59 )R (S a2y
Proof is similar to the theorem 4.1.
Example 4.16. Let
e = (0562700 (32702 o) — (0.86827(0:6) () 4¢i27(0-5))
ez = (0.7e705) —0.4¢27OD) oy = (0.8 —0.5¢27(02))
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be four CBFNs and w = (0.2,0.35,0.3,0.15)7 be the corresponding weight vector of ¢;
for each j = 1,2,3,4 and ¢ = (0.1,0.3,0.4,0.2)7 be the weight vector associated with
CBFHA. Then, utilizing Def(3.2), we get

w w

X
|M |/\ 27 ( % ) >

der = ((1— (1—ui)e
then
v+

n . & o (1—TT" _ 9(7)
CBFWA(ci,ca,...,c0) = (1-]] ((1—u+)g(j)) Jei2r(1-TT5_, (1 )9)
j=1

= Tl e a0,
j=1

Now, by using w = (0.2,0.35,0.3,0.15)7 and CBFNs ¢;(j = 1,2,3,4), we get

oy = (1-(1 0.5)4><0.26i27r(1—(1—0.4)4><0‘27_(‘0-3|)4><0.26i27r(0.2)4><0'2>
= <( ( —0. 5)08 2w (1—(1— 0,4)087 _(|0.3|)0.86i27r(0.2)0‘8>
= (0. 4257¢127(0:3356) _q 3817ei27r(0.2760)>
4x0.35 . 4x0.35
52 = (1-(1 O8)4X0 35 gi2m(1—(1-0.6)**° 7_|O.4‘4><O‘356127T(0.5) )
— <0 8949¢ 327 (0. 5109) 0.277361271'(0.3789))
o3 = (1-(Q1 07)4><0.3 i27r(1—(1—0.5)4><0‘37_|0.4|4><0.3ei27r(0.4)4><0'3>
= <0 76426127r(0 5647) 0. 33306i27r(0.3330)>
4x0.15 . 4x0.15
02(4) (1-(@ O8)4X0 15 i27m(1—(1-0.7) 0 7_|O.5‘4><0.156127r(0.2) )
= (0.6193¢™27(0-514) | _,6508¢727(0-3507)),

Thus, by score function of each CBF N we get

s(cy) = 1.1334, s(c5) = 1.6986, s(c3) = 1.6133, s(cj) = 1.37485.
Note that
s(c5) > s(c§) > s(cq) > s(c}).
Therefore

62(1) = <0_89496i27r(0.5104)’ _0_277361'27r(0.3789)>7
Cor2) = (0.7642¢727(0-5647) _() 3330i27(0-3330))
Coz) = (0.6193¢2m (0014 0 65086127 (0-5507))
C;(4) = <0.4257ei2”(0-3355)’ —0.3817ei2”(0~2759)>.
now that yields
CBEWA(c1,ca,...,cn) = (1 — 0.0024¢1~0:00030 () 3955¢0-3214)
(0.9976€0-9997 | —(.4417¢0-0133),

Theorem 4.17. If £ = (%,%,...,%)T then, CBFHA operator becomes a CBFWA
operator.
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Proof. By definition c;(j) = nw;cj,j = 1,2,...,n, since, { = (%,#...,%)T which
implies that ngZ(j) = wjcj. Then,
CBFHA(c1,c9,...,¢) = flc;(l) &) 5202(2) D...P §nc;(n)

= wic1 DwacCs ... D wyeCy

CBFW A(cy, ¢,y Cp)-
O

11 "
— e, — then the CBFHA operator becomes a
n

Theorem 4.18. If w = < 3=y~
n'n

CBFOWA operator.

Proof is similar to the theorem 4.4

Conclusion

In this work, some laws of complex bipolar fuzzy numbers were discussed. Some
new aggregation operators including CBFW operator, CBFOW operator and CBFH
operator were developed which extend the BFW and BFOW operators. In addition,
many further properties of CBF aggregation operator such as including idempotency,
monotonicity, boundedness, shift invariance and homogeneity were presented. Some
numerical examples were provided to illustrate the extended operators.
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