Poincare Journal of Analysis & Applications ENW%
Vol. 9, No. 1 (2022), 69-75 UBLISHARS
(©Poincare Publishers

ESSENTIALLY RATIONALIZED TOEPLITZ HANKEL
OPERATORS

RUCHIKA BATRA

Date of Receiving ¢ 20. 03. 2022
Date of Revision :13. 06. 2022
Date of Acceptance : 18. 06. 2022

Abstract. In this paper, the notion of Essentially Rationalized Toeplitz Hankel
Operators on the space L2 is introduced and some properties about the set of all
such kind of operators are discussed, Conditions under which the product of two such
operators commute are also discussed. We also discuss essential spectrum of such
operators. We define the set ERTHO (L?2) as the set of all Essentially Rationalized
Toeplitz Hankel operators. Precisely, we attempt to investigate the properties of
ERTHO (L?).

1. Introduction

The study of Toeplitz and Hankel operators and their generalizations have been a
subject of investigation by many researchers around the globe. Toeplitz in the year
1911 introduced the notion of Toeplitz operators and subsequently many researchers like
Devinatz [8], Barria and Halmos [7] give the generalization of these operators. Along
with Toeplitz operators, Hankel operators were also introduced and become a subject
of investigation for the researchers. Hankel operators are the formal companions of
Toeplitz operators which have occured in realization problem for certain discrete time
linear systems and in determining which systems are exactly controllable. Motivated by
these, Ho in the year 1995 [10] introduced Slant Toeplitz operators on the space L?(T), T
being the unit circle in the complex plane. We introduced [2] the notions of Slant Hankel
operators and also generalized the notion of Slant Toeplitz operators [2] of k" order.
After that a lot of mathematicians have worked on these kind of operators and also give
many kinds of generalizations. The notions of Essentially Toeplitz operators, Essentially
Slant Toeplitz operators were also introduced and studied by different mathematicians
around the globe.

Ever since the introduction of the class of slant Toeplitz operators,the study has
gained importance due to its applications. Villemoes [12] associated the Besov regularity
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of solutions of the refinement equation with the spectral radius of the associated Slant
Toeplitz operator.

Motivated by these, in [5], the notions of all kinds of Toeplitz, Hankel, Slant Toeplitz,
Slant Hankel are further generalized and a rationalization of these operators is introduced
as the Rationalized Toeplitz Hankel operator on the space L?(T). Precisely we define [5]
for ¢ € L*°, a Rationalized Toeplitz Hankel operator on the space L? of order (kp,kz)
as

R, L? — L?, Ry(f) = Wi, M,2WE ()Y f €L,

/Lk .. o e .
where k1 and ko are non zero integers and Wy (2%) = 2, is c?1v151ble by k

0, otherwise
It is also proved in [5] that if k; and ko are relatively prime then a bounded linear
operator R on L? is a Rationalized Toeplitz Hankel operator if and only if M_x, R =
RM i, .
Further if k1 and ko are not relatively prime then if d = g.c.d(k1, k2). i.e, let k1 = dn
and ko = dm then a bounded operator R on L? is Rationalized Toeplitz Hankel operator
if and only if
R|N; = W, Ms, W} |N;

for some ¢; in L*> and fori=1,2,---d — 1.

I2=Ny®N, @ ®Ny_1
where _
NOZNo@Nl@"'@Nm—l

N1 =Np @ N1 @+ & Nappy

Na_1 = Ng—1ym ® Ng—1yms1 @ -+ ® Nigm—1),

where N; denotes the closed linear span of {z*1t*+1 ¢ € Z}.

Here in this paper we introduce a new class of operators as the Essentially Rationalized
Toeplitz Hankel operators which is the Rationalization of all kinds of Essentially Toeplitz
and Essentially Hankel operators.

2. Essentially Rationalized Toeplitz Hankel Operators

It is known [5] that a bounded linear operator R on the space L? is the Rationalized
Toeplitz Hankel operator of order (ki, k2) if and only if M, x, R = RM s, , we introduce
the following.

Definition 2.1. A bounded linear operator R on the space L? is said to be a Essentially
Rationalized Toeplitz Hankel operator of order (k1, ko) if M x, R— RM 1, = K, for some
compact operator K on L2
The class of all Essentially Rationalized Toeplitz Hankel operators on L? of order (ki, k2)
is denoted by ERTHO (L?)
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Example 2.2. Let k; = 2 and ky = 1. Define an operator S on L? as S = Wy, where

WQ(ZTL) = {

where e, (2) = 2" V n € Z. Then
(M S — SM iy )en(z) = (M,S — SM,2)en(2) .
For n = 2k, we have (M,S — SM,2)ear(2) = ex11(2) —ex+1(2) = 0 and for n = 2k +1,
we have (M,S — SM,2)ear4+1(2) = 0. Hence S is an Essentially Rationalized Toeplitz
Hankel operator.

In fact, more general example would be if ko = 1 and k; = k, a fixed integer k£ > 2.
Then S = Wy, is an Essentially Rationalized Toeplitz Hankel operator.

22 if nis even

0, otherwise

If K, is the ideal of all compact operator on L? then from above definition we can say
that every compact operator on L? is in ERTHO (L?) and therefore ERTHO(L?)NKo =
Ko.

In [6], we have proved that the only compact Rationalized Toeplitz Hankel operator
is the zero operator. So if RTHO(L?) is the set of all Rationalized Toeplitz Hankel
operator then

RTHO(L?*) N Ky = {0}.

Remark 2.3. If R is a Rationalized Toeplitz Hankel operator of order (ki,ks) then
M, R = RM_x, and therefore M, x, R — RM_», = 0. As zero operator on L? is a
compact operator, therefore R in an Essentially Rationalized Toeplitz Hankel operator.
That is, every Rationalized Toeplitz Hankel operator is member of the set ERTHO (L?).

Infact, if T is any compact perturbation of a Rationalized Toeplitz Hankel operator
on L? then T € ERTHO(L?).

By above Remark, every Rationalized Toeplitz Hankel operator is a member of
ERTHO(L?). However we have the following example to show that the converse need
not be true.

Example 2.4. Let k; and ky are relatively prime integers and Let X on L? be defined

as
Ken {el, if, m=0

0, otherwise

where e, (z) = 2" V n € Z. Define an operator S on L? as S = Wy, M, + K, where

nlk - if nis divisible by k
for non zero integer k, Wy (z") = AL ZS_ T oY R
0, otherwise

Then Mk, S — SMye, = Mo Wi, My — Wi, Meo Mk, + K (where K’ € Ky is a
compact operator). So, Mk, S — SM_1;, = 04+ K’ € Ky. Hence S is an Essentially
Rationalized Toeplitz Hankel operator. However it is in not Rationalized Toeplitz Hankel
operator. We begin with the following result.

Theorem 2.5. The space ERTHO(L?) is a closed vector space of B(L?) under the *-
strong operator topology, where B(L?) is the set of all bounded linear operators on the
space L2.
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Proof. Let S1,S2 be in ERTHO (L?) and let a, 3 are complex numbers. Then consider
aS1 + BS2, we get
M, (aSl +/8S2) - (0451 —i—ﬁSg)Mzkl = Oé(MZk2 S1—51M 4k, )—Fﬁ(Mzkg So—SoM ik, ) € Ky
= aS1 + (52 € Ko.
Now for each n, consider the sequence of operators (S,,) and (S} )in ERTHO(L?) such
that S, — S and S — S* uniformly in B(L?). So for each n, we have Mk, S, — S, M _x,
=K, and M1, S¥ —S*M_«, =K, , where K, and K|, are compact operators on L2.This
implies that

M.y S — SMopy — K| = |[MakaS — SMoky, — My Sy, + S Mo, |
< (IMoee | + [IMs)[[[1Sn = SIl = 0 as n — oo.

Thus the sequence of compact operators K|, — M1, S — SM_x, uniformly. Since (K,)
is uniformly closed,therefore M x, S — SM_k, is compact and hence S € ERTHO(L?).
Similarly, we can show thatS* € ERTHO(L?).

Thus the space ERTHO(L?) is a closed vector space of B(L?) under the *-strong operator
topology. O

In the following example we can see that the product of two Essentially Rationalized
Toeplitz Hankel operators in not an Essentially Rationalized Toeplitz Hankel operators,
and so ERTHO (L?) is not an algebra of operators on L? and also it is not a self adjoint
set.

Example 2.6. Let S; = Sy = Wi, M, x, + K as defined in Example 4. Then we have
seen that S1, Sy € ERTHO(L?). But the product S =SS, ¢ ERTHO(L?)

as
My S — SM_ iy, = M,y $1S5 — Sy Sa M1,

= My (Wi, M1y)* — (Wi, M5 )* My, (modKy).

Thus MszS — SMZkl € Ky if and only if Mzk2 (Wklek2)2 — (WklMZkQ)QMzkl € Ky
which is not true. Hence the product S;Sy ¢ ERTHO(L?).

However for the product we have the following theorem.

Theorem 2.7. If S1,S82 € ERTHO(L?) then the product S1S2 € ERTHO(L?) if and
only if
S1Mzk2 SQ = Slekl Sg(mod’(:o).

Proof. Let S1,S2 € ERTHO(L?). Then Consider

Mzkg 5152 — SlszMzkl = Slekl SQ — 5152Mzk1 (modlCo)

= Slekl Sg — Slek2 SQ(mOdIC()).
Hence S1S2 € ERTHO(L?) if and only if S1 M x, So = S1 M x, So(modKy). O
In general, we can prove the following result.

Theorem 2.8. Let S € ERTHO(L?) andr € N, r > 1. If n(r) denotes the number of
partition of r as the sum of two natural numbers r = s; +t;(s;,t; € N;i=1,2,...n(r)).
S%i St € ERTHO(L?). Then the following are equivalent.
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(1) S" € ERTHO(L?).
(2) S%i M, St = S% M, St (modKo)i = 1,2, .....n(r).
(3) St Mk, S5 = St M _x, S%i (modKo)i = 1,2, .....n(r).
We can see that the product is the Essentially Rationalized Toeplitz Hankel operator
under the following condition.

Theorem 2.9. (i) If S1,S2 € ERTHO(L?) such that S; commutes essentially with
M,r, OR Sy commutes essentially with Mk, then the product S1S, € ERTHO(L?)
(ii) In particular, if S; commutes essentially with Mk, and So € ERTHO(L?) then
S1S2 € ERTHO(L?). Similarly if S; € ERTHO(L?) and Sy commutes essentially with
M., then S1S2 € ERTHO(L?).

Proof. Let S1,S2 € ERTHO(L?).
Case-I Let 57 commutes essentially with M, then
Slek2 = MZkQ Sl(modng).

So,
Mzk2 5152 - SlSQMzkl = Mzk2 S152 - SlekQ Sg(mOdKo)

=51 My So — 51 M 1y So(modKy)
= 0(modKy).
Case-II Let Sy commutes essentially with M, then
SoM k; = Mk, S2(modKy).

So,
Msz 5152 — S]_SQMZkl = SlMZkl SQ — S]SQMzkl (mOd’Co)

= 8182Mzk1 — SngMZkl (mOd’C())
= 0(modKy).
Therefore S1S2 € ERTHO(L?).

In particular part (ii) is the trivial consequence of part (7). (]

Corollary 2.10. For ¢ in L, if M, is the Multiplication operator on L? induced by
¢ and S € ERTHO(L?) then both SM,, and M,S are in ERTHO(L?).

We can observe in the following example that the class ERTHO(L?) is not closed
with respect to adjoint.

Example 2.11. Let k; = k, (k > 2 be fixed) and ko = 1. Define an operator S on L?
as S = Wy, where

Wi(2") = { 2k if s 'divisible by k
0, otherwise

where e,(z) = 2" V n € Z. Then

(M, 1y S — SM 1y )en(z) = (M,S — SM_x)en(2).

For n = ki, we have

(M.S — SM_x)eri(2) = eir1(2) — eiy1(2) = 0.

If n is not a multiple of k, then
(M,S — SM_)en(z) = 0.
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Hence S is an Essentially Rationalized Toeplitz Hankel operator. But we can see that
its adjoint S* is not Essentially Rationalized Toeplitz Hankel operator as (M,S* —
S*M 1 )en(2) ¢ Ko. So S* ¢ ERTHO(L?).

However for the adjoint, we have the following theorem.

Theorem 2.12. If S and its adjoint S* both are Essentially Rationalized Toeplitz Hankel
operators then T.S* = S*T™*(modKy), where T = Mx, + Mk, .
Proof. Tt is given that both S and S* are members of ERTHO(L?), so by definition
M,y S — SM e, = Ky (2.1)
Mk, S* — S5* Mk, = Ko, (2.2)
where K; and K, are compact operators (ie., K1, Ko € Ko)

From equation (2.1) and (2.2), we get on taking adjoints of both sides of (2.1) and then
subtracting (2.2), we get

/

(Mgkl +Mzk2)s* - S*(M2k2 +Mzk1) =K,

for some K' € Ko. So if T = Mk, + M1,
Then we get
75" — S*T*(modKy)

This completes the proof. O

Now,we can deduce the following Corollary.
Corollary 2.13. A necessary condition for any operator S € ERTHO(L?) to be self
adjoint is that TS in essentially self adjoint, where

T = Mzk-2 + Mzkl.
Foe essentially nornal operators we have the following.

Theorem 2.14. If S € ERTHO(L?) be an essentially normal operator. Then the
operators SS* and S*S are both in ERTHO(L?) if and only if S* commutes essentially
with SMzkl .

Proof. Let S € ERTHO(L?) be an essentially normal operator. So SS* = S*S(modKy)
Then we get
MZA-,Q S*S — S*SMzkl = Msz SS* - S*SMZkl (mOd/C())
= (SM_1, )S* — S*(SM k, ) (modKo)

Therefore, S*S € ERTHO(L?) if and only if S*commutes essentially with SM x, .
Similarly,

M,y SS* — SS* M xy = SM 1y S* — SS* M iy (modKo)
= (SMZkl )S* — S*(SMzkl)(mOdK:o) '
Therefore, SS* € ERTHO(L?) if and only if S*commutes essentially with SM_x, .
This completes the proof. Il

The concluding result of this section proves that the essential spectrum of an
Essentially Rationalized Toeplitz Hankel operator contains zero.
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Theorem 2.15. If S € ERTHO(L?).Then, 0 € 0.(S),the essential spectrum of S .

Proof. Let S € ERTHO(L?) and let if possible 0 ¢ 0.(S) .This gives us that the
operator S is essentially invertible in L2.Since S € ERTHO(L?), therefore,we have
Mk, S — SMx, € Ko and therefore it follows that Mk, — SM_x, S~! € Ko. This gives
that M,x, and M,x, are essentially similar. But this is not possible as the Fredholm
indexes are different.Hence our assumption was wrong and so 0 € o.(S). This completes
the proof. O
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