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Abstract. In this paper we have established an extension of the bivariate
generalization of the (p,q)-Bernstein type operators involving parameter A\. We
have gave some inequalities for the operators by means of partial and full modulus
of continuity and obtain a Lipschitz type theorem.

1. Introduction

Let h € C(S) with S = [0,1], A € [-1,1] and m; € N. In 2018, Cai et al. [16]
proposed a new generalization of Bernstein operators based on a fixed real parameter
A€ [-1,1] as

k
h y2 Zle k y2 <m1> , T € S (11)

where the basis functions Q( ) 1k (y2) are defined as:

=0 A
= o(ys) — ——
ma,0(Y2) 1.0(Y2) —

my—25+1
0 _
m? —1 a1k (12) m2 —1

Q Qml+1,1(y2)

A
a >=Qm1,k(y2>+x( Qm1+1,k+1<y2>),

o)
Qm1,m1 (y2) = le,ml (yQ) - my + 1Qm1+1,m1 (yQ)v (12)

The authors have studied the established of some Korovkin type approximation
properties and the degree of approximation by means of the modulus of continuity,
Voronovskaja-type results and shape preserving properties for these operators. This
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work took attention of researchers from approximation theory for a short time. Since
that time, lots of researchers have put forth many relevant studies on this issue and
numerous articles can be given interrelated with their work [1, 2, 3, 4, 7, 8, 16, 18, 22, 15].
In the past two decades there has been a widespread application of (p,q)-calculus
in the area of approximation theory. Mursaleen [20] was the first who introduced
a (p, ¢)-analogue of the Bernstein operators. Later Mursaleen applied (p,q)-calculus
to construct (p,q)-analogue of divided differences. Kang et al. [19] and some other
researchers (see [25], [27], [9] and [6] etc.) studied the approximation properties of
g-Bernstein polynomials. Malik et al. [21] presented a new analogue of Bernstein-
Durrmeyer operators based on certain variants. Furthermore, (p,q)-analogue of
Bernstein-Durrmeyer operators was defined and studied by Sharma [24]. Cai et al.
[12] introduced a Bivariate tensor product (p, q) (p,q)-analogue of Kantorovich-type
Bernstein-Stancu-Schurer operators and studied some convergence properties of these
operators. Again, Cai et. al. [13] gave a new generalized (p, ¢)-Bernstein operator and
studied the rate of approximation with shape preserving properties and monotonicity of
the operator. Now, we give some basic definitions based on the (p,q) -calculus, which
are used in this paper.
Let p, ¢ be any(fixed) positive real number and n € N, the (p, ¢)-integer [n], 4 is defined
as

Eﬁ, #p#q#L
(M]p,q = T—q* ifp=1,

n, ifp=q=1.

The (p, g)-factorial [n], ,! is defined by

], = nlp.gln —1lpq---1, ifneN,
S Y if n=0.

Also, for any n and k in N U{0} such that 0 < k < n, the (p, ¢)-binomial coefficient is
given by

(1) =

Further, the (p, ¢)-analogue of Pochhammer symbol is defined by

n—1

(1+2z)p, = H (p" + ¢'z), forn > 1.
=0

Cai et al. [14] considered the generalized Bernstein type operators based on parameters
g— analogue and for fixed real parameter A € [—1,1] as

miy
S k1lp,,
Bl (i) = 3 000 ()1 (M) e 0.1 (1.3)
1 P1,91

k=0 mi]
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a

where the basis functions €2, , )(yg) are defined as:

Q()\,pl’m)( ) Q(p17q1)(y1) _ A Q(p1,q1) (yz)

m1,0 m1,0 mq mi1+1,1
b [ml]P17(11+1

1—mq 1—jr.
A D M1lp;,q0 — 2P o t+1
B0 ) = e )+ 3 (Bl m I e El0, L ) -
Py [ml]ph(h -1
1—my —J[s
P [ml}(m q1) — QQ1P1 [ﬂpwh -1 (p1,91) .
. 0 (y1) ), 1 <j<mg—1
m 1+1,5+1 ’
o T e
=(\p1,q1) )\ 1
Qi (1) = QErD) (y) — —— it (), (1.4)

pi " mapy g 1

and Q" (“)(yl) " ) Y H (1 — g5y1). Note that for p; = 1, these operators reduce

mi,j

to (p, q)-analogue - Bernsteln operators (1.1) and for p; = ¢1 = A = 1,(1.3) reduce to
Bernstein operators [11].

Therefore, linear operators, in particular the limit (p,q)-Bernstein operator, are of
significant interest for applications.

Our aim in the present paper is to construct an extension of the bivariate A, g-
Bernstein type operators involving parameters and obtain degree of approximation by
means of the Lipschitz type space for functions two variables.

2. Construction of the bivariate A-Bernstein type (p,¢)—analogue operators

The aim of this section is to construct a bivariate extension of the A— Bernstein
(p,q)-operators. Let p1 > 0,p2 > 0 be two given integeers and let

B)i :C(S) = C(9), j=1,2,

m;,Pj,4q;
defined for any mq,ma, p1,p2,q1,92 € Ny A1, Ay € (0,1) and any g € C(S),h € C(S),
respectively by

(A, kl 1,91

B7>7\1117P1,Q1 9 yl Z Qm;,]/lfl ( k7£n1]p q) yY1 € [O, 1] (25)

k1=0 Py [ml]ph‘h
As Oa.2) [F2]ps .40

B i) = 30 0 ) 2 w2 € [0.1] (2.6)
k2=0 P [mQ]pz,QQ

where Q(A ) (yi),1=1,2, defined as relation (1.4).

For 5% = [ ,1] x [0,1] let C(S?) be the space of all continuous functions on S2.

The parametric extensions (for this term, see [10], [17] or [5]) of (2.5) and (2.6) are the

operators Byt . Bp2 . C(5?) = C(S?) defined for any mi,m; € N and any

h € C(S?) as follows:

mi
L =(\a1) Elp.,
By igig) = S 008 (n (e ) @.7)
P [ P1,q1

k1=0 mi]
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mo
(>\27(J2) [k2]p2 q2
Qm k Y1, — : . (28)
Z 2 ( p§2 mz[mQ]pmq'z

A2,
Bm22¥2 42 h yl’yQ
ko=0
For h € C(S?) and A1, A2 € [—1,1], the bivariate extension of the operator (1.3)

defined by
my ma2
Bv/v\wlf,/\vfz’zp,;ni;q,ﬁl h;y1,y2) Z Z 972\11:7)7\122),161 ko (U1,92)
k1=0 ky=0
[k}m»(h , [k'2]p2412 ) ; (2.9)
2T malp, g

h
— %
(pl ml[ml]plﬂl 2
where {gm; }m,en and {pm, bm,en is a sequence satisfying 0 < g, < pm,; < 1 and

=1 gt = cis and p,, — 1, pt — dy; for i =1,2.

dm
AL, A A
Further, Q31705 5 (n.y2) = anf?ﬁ ()27, (92), where QU (1) and
eri\j)gz (y2) are defined similarly as le () in (1.4).
We denote

A1,A2,Pmog qm

B2 a2 (w=11)" (v = y2) "5 91, 42) = Bl pran (W = 91)% 1)

XB’?‘VLQQ pQ,qg((v - y2)t; y2)

= fmgan,s (P @mys Y1) Bma da it (Pms Gma - y2) 8,6 € N U{0} (2.10)
Lemma 2.1. [14] For the operators By, pr,qrs We have
(i) Bv);mpl,th(l Y1) =
n—1 my my41
B t: — [m1+1]p1mq1y1(1 vy ) _Q (1 y )
(ZZ) m17p1,Q1( ayl) Y1+ P (p° 2-2 1mg ]31_1) ( ;Dl) QI[ml]pl,ql (pl [ml]pl,q1_1)+
Almaitpy 9 (Q=yit) 1 1 2
(m1lpy.a1 (piiml[ml]m»ﬂfl) P a Pl(Piiml[ml]m»ql*l
my
A [[O(pf—qul)
PG . :
Py 2 arlmilpy,q (py " malpy g —1)
Tlyi-y) | MG —pDmatley e vi (A—yp )
plql[ml]pl a1 0y " Imalpy gy +1)
mq— 1)

]Pl q1
2X(pTq1 —pi—p1d5 —¢¥) Imi+1]p, 4, i (1—y;
1)

2—-2
plalmilpyq (1 HImal2, g —
my

p1A Ho(pi'—qul)
oo

2. .2 P
(Z”) Bml ,P1,q1 (t 7y1) =Y + = [ma

m 1
P ) )

[ml]P1 .41 —-1)

qf['ﬂn]m,ql(l)l
1—m
i [ml]P1~ql _1)

(p?“’q%))‘[ml‘i’l]zvl,qul(lf?h )+
(m1—1)(m1-2)
2 q%[ml}z}q,ql (P

my—2
Py
+ s
a7 [ml]pl a1 (py [mg]p17q1+l) p
1
2
2‘11(171 ‘I1>‘[m1+1]p1 a1 [m1—1]p1 qu1(1 yml )
+ mq+2 2—2mq
[m1lpy,q, (P1 [ml]m q1 -1
my—1

P}
my—1 Pi—a;
2p7" T (21 —p1) A [mait1]py gy Y1 ( sl;[() (P —aiv1) — (1 —y™))
I m =D 1))
Py 2

+ -2
qf[ml]%l a1 (P ml[ml]glyql D)

Let e,.5(y1,y2) = t7t5, (r,s) € Ny x Ny, with r + s < 2. In order to obtain the main

results, we need the following lemmas
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A1,A2,p q
Lemma 2.2. For the operators B, mj,pe qn, » We have

L) aALA2,Pmy G
(Z) Bﬂ’jl,%zitpr?f,qzl (1; ylva) =1

L A2, Pmy s Gm . _ [mit+1]g v (1—y; M)A 2[ma1+1]g 11 p1—yi"?
(1) Bnimapmyan (€10391,82) = U1 + TG, 50— B, o1 iy
ma X
gy (1 =y ]+ m[l - Ho(l —qiy1) =y =+ g (1 -
i
A -1 2[mi+1]q, y 2
yi )l + W{ﬂml + gy -y ) - qll[T]qqlll(l =)+ g L
ma )
11— giy) =y
i=0
A1,A2,Pmoy qm — A 1 —
(iti) B ype e, (caoiynve) = o+ O 4 PRI gy (1 — 4 ) +
11—yt 2[m1+1]g;, A y1(1—y;"? —
) = el (et a2 )y (=) gl — g (1 -
1 A 2 -1 [mit1]g, 31 (1—y7"t)
yt )] - q1[m1]q1(['1n’7«1]q1+1){[m1 + 11 — ") = = qlq[lmll]ql s +
1*_1:[10(17(;’17;,1)73,{”1“ o 5 o
= almale, b+ [ml]ql([mll]gl_l){%[ml — g, 1 + Ugyy (1 — 9" 7)) —
i i my+1
(=)l +1]gy 520y ™) | prattlg =gy 0 —av)—u™ R
q qi[milg, qi[lmile, q1[m1]q,
ma .
[T —giy) —y s
i=0
] A1,A2,Pmog sdm . . [ma+1]g,y2(1—y5 2)A 2[ma+1]g,y2 e (1—y,*2
() Brnlimz i, (C01391,Y) = U2 + "Gl D T el ey
mao .
e | R T P (=i L _Ho(l —g5y2) — 5 — [ma + g2 (1 —
1=
A 2 -1 2[ma+1]4,y 2
y2 )+ gt {20me + ey (1 — 95" ) = "0 (1 - 92™) + oo -
mo )
I1(1—gsy2) — y5 1}
i=0
M A2, Drms sdm _ Aa[maz+1 _
(v) Buimip s, (o2 y1,y2) = 43 + yi(via]qy;) + [Tfj]qjﬁ;]qiqfl) la22(1 — 95 7) +
1—y2 2[ma+1]g, A 1—y'2 —
[mg]?qz ] - [m2522([m]j%2 i1) [yzfmﬂy; . + (]2(2 + Q2)y§(1 - ygnz 1) + qg [mQ - 1]q2y§(1 -
ma—1 A 2 ma—1 [mat1]g,y2(1—y3"?)
Yg )] - qz[mz]qz([{%z]qz+1){[m2 + l]qzyz(l — Yy ) - ‘1;[27”2]% 2 =+
ma .
1—_1:[0(1—q§yz)—y;"2+1 o 5 S
- g2[ma]q, } + [m2]q2([m22]32—1){QQ[m2 - 1]qz [mQ + I]Q2y2(1 — Y2 ? ) -
T2 i mo+1
(1—‘12)[m2+1]qzy§(1_y;n271) + [m2+1]qzy2(1—y;n2) _ 1—i1;[0(1—q2y2)—y2 ’ .
q2 q3[ma]qy q3[ma2]q, !

. . A1,A2,Pmg s qm
Proof. The results follow from linearity of the operators anll,ézzjmiﬁqril and Lemma

2.1. t

Corollary 2.3. Applying Lemma 2.2, we have
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mg—1

(i) Buioadmz ez (6 —y1;y1,12) = 2”:;;2?2‘?5 ff;; 5 J(1- &)
Ay (1—yy"2 T A[mﬁl]pl,qul(lilyi"z 1
ql[m2]Pva1 (Pi_mz [m2]p11q1_1) [m2]P1«n (Pi_r: [m’-’]m«n_l) P
1 2 Asljo(pi"—q;yl) .
T pl(PiimQ [m2]py,qq +1)) B w‘h[ml]mwn (pt—m1 [m2]p1,q1_1)7
(il) Buiomrpz ez ((ty — 1) 1, y2) = i) + [,,Eﬁ;jl,ﬁifl)[quﬂl -y +

1 m 2[ma1+1]g, A —y 't mi—
=2 L=y~ e (2 o+ (240 )y (1 =y ) a3 [ -

[milg, ml]ql([M1]3l—1) [milq,

: — 4 1 A -yt —
Uasd(l = w7+ PEEEEREES 4 an( - Y]

[nLl]gl—l [milg,

A 2 mi—1 [mi+1]g y1(1—y;h)
‘h[ml]ql(ﬁnl]ﬂJrl){[ml + ”qul(l a Y ' ) - ‘ZI[ml]tn ; +
l—lj:(l—qiyﬂ—ylnl-'—l mi ) mitl m

= alla =2yl - l:[o(l —qiyy) =y = [+ gy (1 — ™))} +
— 1—q1)[mat1]g, 21—yt "
Tty L o — gyl + 1], (1 -y %) - S B
my
myy 1= O—giyn) -yt H!
ma+1]g, y1 (1—y™1 EL S
s q]%[l,zll](ql v . Clmily Y =2y [ml])\gll_l{Q[mlJrl]thy%(l*yl ! 1)7
2[ma1+1]q, v1 m ™ 7 m
Lt (=) + gty - 10— div) =g
cee . >\ 7A »HMm ydYm
(i) | lim Bz ez, (= u)%unw) < o (k) (L4 +93), asmy — o

. . >\ 7)\ wWmaosdm
(V) lim Bailsa i, (e = v2)%wnw2) < 0 (G ) (L y2 +33), as ma — oc.

Mo — 00 2,92

Lemma 2.4. Let h € C(S2). Then ||Bailn=%2 ((h);y1,y2)|| < ||h]], where ||.|| is
the sup-norm in C(S?).

Proof. Using Lemma 2.2, we have
A1, A2,Pmy Gm A1,A2,Pmy ,qm
Bo i ta2 (hsyn, y2)| < ||hl|Baymape: a2 (e00s y1, y2) = ||A]].

O

Lemma 2.5. The generalized bivariate (p,q)-analogue of A—Bernstein operator (1.8)
interpolates the function h in the four corners of the unit square, i.e.,

)‘7)\77)1)77’1, >‘7)\777L77YL

B2 %z (£30,0) = £(0,0); Bz %a2 (£30,0) = f(0,1)
A1,A2,Dms qm A1,A2,Dmq ,qm
B w2tz (£31,0) = £(1,0); Boiyamapz: a2 (fi1,1) = f(1,1).

Proof. The result is derived directly from paper [10]- Lemma 2.5. (]

3. Main Results

In order to get the rate of convergence and degree of approximation for the operators

A1,A2,0mq ,qm .
B mype g, We consider p1 = pp,,P2 = Pm, and q1 = Gm,,q2 = ¢m, such that
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0 < @m; <Ppm, <1and 0 < gm, < pm, < 1 satisfying

. ma . ma . my . ma
mlﬁgnoo Gmi — a,mlzlrﬁnc>o Imz — b, nl;rréopml —c, ml;rﬁnoopnﬁb2 —d (3.11)
and

lim pp, =1, lim p,, =1, lim ¢n, =1, lim ¢, — 1, (3.12)
mi—>00 mo—>00 mo—>00 mo—»00

where 0 < a,b < ¢,d < 1. Here, we recall the following result due to Volkov [16]:

Theorem 3.1. [26] Let I and J be compact intervals of the real line. Let Ly, m, :
B(I xJ)—= B(IxJ),(m2,m1) € NxN be linear positive operators. If
lim Ly m, (eij) = e$7y7(i7j) € {(Ov 0), (17 0)7 (O’ 1)}

mi,Mmo—r00
and

Um Ly, m, (€20 + €02) = €20 + €o2,
mi,Mmg—00

uniformly on I x J, then the sequence (L, m, f) converges to f uniformly on I x J for
any f € B(I x J)

Theorem 3.2. Lete;j(y1,y2) = iy%(O <i+j <2,i,j € N) be the test functions defined
on J1 X Jo and (pm,), (@my), (Pms)s (Gm,) e the sequences defined by (3.11) and (3.12). If

. A 7>\ sPmaog sdm 4
lim Bﬁl,%zszvilq’qil (eij; Y1, y?) = 6ij(y17 y2)7 (Zaj) S {(07 O)a (]-7 0)7 (Oa 1)}

mi,Mmo—>00
and

B)\l A2, Pmg sdmoy

lim 1 1m0y (€20 T €205 Y1, Y2) = €20(y1,Y2) + eo2(y1,Y2),

mi,mo—00

uniformly on Jy X Jy, then

. A 7A wmaosdm
lim Bnlll,WzLﬁ,pilq,qil (f3y1,92) = f(y1,92),

mi,M2—>00

uniformly for any f € C(J1 x Ja) .

Proof. Using Lemma 2.2, it is obvious for i = j =0

. A1,A2,Pmq sqm .
m B s, pe v, (€005 Y1, Y2) = €oo(Y1, Y2)-
mi,Mmo—>00

For i =1 and 5 = 0, we have

. A1,A2 sPmogrdmo
Hm — Biny b ps gy (€105 Y1,Y2) = Y1
ml,mQA)OO

For i =0 and 7 = 1, we have

. A1,A2 sPmg sdmog
im B imspoay doms (eo1;Y1,92) = w1,
mi,Mmo—>00
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and

B)‘l A2 sPmgsdmg

lim ™M1,M2,Pmy 1dmq (e20 + €02; Y1, Y2)

mi,ma—00
_ lim {p?w_lb"m L+ T [mQ — 1}171#11 y2
[m2]p1,Q1 [mQ]thh :
pgnl_lbml qQ[ml — 1}1721112 2}
[ml]pz,qz v [ml - 2]172412 v

miy,ma—00

+

. A1,A2,Pmg s qm
lim (Bn@ll,vfzﬁpﬁlq,qﬁl (€20 + €02) (Y1, y2) = e20(y1, y2) + eo2(y1, y2)-

ma,mi]—0o0

From Theorem 3.1, we completes the proof of Theorem 3.2. (]

In order to discuss the next results, let us recall the definitions of modulus of
continuity and partial modulus of continuity

Definition 3.3. For h € C(5%) and § > 0, the full modulus of continuity in the bi-
variate case is defined as
wc(h;é) = max {|h(t17t2) _h(y17y2)| : (t1,t2),(y1,y2) c 52} (313)
3 (ti-u0)?<
For each fixed 7 = 1, 2, the partial modulus of continuity of A with respect to y; is defined
WO (h; 8) = sup{|h(x1,y) — h(x2,y)| 1y €[0,1] |z — 22| < &}
and
w® (h; 6) = sup{|h(z,y1) — h(z,y2)| : x € [0,1]  |y1 — yo| < 3}, (3.14)
respectively.

The following version of the Shisha—Mond theorem [23] for estimating the rate of
convergence is known.

Theorem 3.4. [23] Let L : C([a,b) X [¢,d]) — C([a,b) X [¢,d]) be a linear positive
operator.  For any f € C([a,b) x [c,d]), and (y1,y2) € la,b] x [c,d] and any
91 €0,b—al,02 € [0,d — ¢], the following inequality

|(LE) (x,y) = f(z,y)| < |Leoo(z,y) — 1| f(z, y) |+

+[L60,0($’ y) + (51_1\/[/6070(%', y)(L( - w))z(mv y) + 52_1\/L€0,0(xa y)(L(* - y))2($, y)+

#6105 Leaale, DL = )2 (o.0) Leaa( )L =)o) Jr£01.0),
holds.

Theorem 3.5. Let h € C(S?) and (y1,y2) € S?. Then, for (m1,mz2) € N? and for any
01,02 > 0, we have

A 7A Wm 1Ym
B s a2 by, y2) — h(y1, y2)| < 4wiotar (h; 61, 02) (3.15)

A1,A2,Pmy A1, A2,Pmy Gm
where 8y = \/Ba A lna 2 (6 —y0)%, 1, ya) and 8y = \/Bai bl e (s — o), 1. o).
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Proof. From Theorem 3.4, we have

A 7A »WFm Ym
By imp a2 h(y1,y2) — h(y1, y2)| < we(f;61,62)

— )\7A7T‘7l)m — A7>\)m7m
[1 + 51 1\/Bm11mzzzszi1q,qri1 ((t - 91)27 Y1, y2) + 52 ! Bmlhnif,pilq,qil ((5 - y2)27 Y1, y2)

—1¢—1 A1,22,Pmq sqm 2 A1,A2,Dmog 5qm 2
+0y "0y \/\/Bml,mz’pil,q{il((t — Y1) 7y1’y2)\/5m1’mz,pi1,qil((5 —y2)%,Y1,2) |-
On choosing

A1,2A2,Pmo sq@m A1,A2,Pmy qm
o = \/B'fﬂllﬁszpnilqﬂil ((t - yl)Qa y17y2) and 01 = \/Bmlhéﬁpfllq,qsq ((S - 92)27y1>y2>7

we get the requires result. O

Theorem 3.6. Let h € C(S?), then the following inequality holds:

A 7A wHmosdm
|BWL11777%LQZTP31,1(17¢1311 (h(t17t2);y17y2) - h(y17y2)| S 2 {w(l)(h‘7 \//Jml,)\l,Z(leayl))

+w(2) (h’; \/MMQ,A2,2(qTI’L2 ) y2)) } .

Proof. Using the defnition of partial modulus of continuity w®(f;6),i = 1,2, we may
write

A1,A2,Pmog qm
|Bm11,w2121?pi1qqril (h(t1,t2);91,y2) — h(y1,y2)]

(A,
< Z Z Q) 2l (t k) — bty )]

J1=0j2=0
mo
A1)
E3 ST A, g) — b )
Jj1= 0]2 0
A2
< Z Z Q) (1, y2) (0 (Bs [t — yol) w1, 92)
Ji= 0]2 0
A1 )2)
+ Z Z anf,mzz e 1, y2) (@M (Bs [t — 1)1, 92) -
J1=0j2=0
1
Applying Cauchy Schwarz inequality with §; = (/lml,)\l,2((Im1;y1))2 and 0y =
1
(Hmz,xa,2(Gms» y2)) 2, we obtain the desired result. O

Now, we want to give the quantitative result in terms of the Lipschitz class functions.
For any functions h : S — R and 0 < s < 1, the function A is said to be in Lipschitz
class Lipp(S?) if 3a M > 0 such that

, |u—v|*
Lippg s = {h s |h(s1,82) = h(y1,y2)| < M = (s
(lull +y1 + y2)2

1/2 .
V s = (s1,82),t = (y1,y2) € S?, where |s —t|| = {(51 —y1)? + (52 —yg)Q} / is the
Euclidean norm and M is a positive real constant.
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The following theorem yields us a estimate of error for functions in Lipy; s, by the

A1,A2,Pmy
operators B, ma,pr g, -

Theorem 3.7. Let h € Lipyse. Then for sufficiently large m and n and for all
y1,Y2 € S2, there holds the inequality

M A2 Py sdms 1\ M { 1 1 }%/2
itz -, € ot i, ol
where M > 0 is a constant.

Proof. Let 0 < 3 < 1. Then, taking into account that g € Lipyss, and using the

.. . . A1,A2,Pmy 4
monotonicity and linearity of operators B, mj.p. .., » We have

A1,A2,Dmo qm A1,A2,Dmq sqm
‘B&ﬁf,piﬂqil (h;yhyz)—h(yhyz)‘ < B tw2 (|h(s1,s2) — h(yr,y2) |1, v2)

A1,A2,Pmo qm lu —v||* .
S MBm,l,mg,p:,l,q,i,l ((HUH i v + y2)% Y1, Y2
M A1,A2,Pmy qm
W [T St/ (llw =[5 91, y2)

where s = (s1,82),t = (y1,92) € S?. Now, applying Holder’s inequality with u; = K%,
2
2—Ko

Uy = we have

vy

A1,A2,Dmg dm M A1,A2,Dmg dm
Bmll,niﬁpiﬁqil (h;y1,y2) — h(y1,42)| < 7@1 FE: {Bn’bll,’l’zﬁp,ill{q,il (IIs — t||2;y1,y2)}
M 2
< (a2 (G s ¥1) + Ly o2 (g 92) )7
(y1 +y2)2

which leads to the required result on applying Corollary 2.3. Similarly the authentication
for s =1. (|

Let C’(52) denote the space of continuous functions h(y;,y2) on S? whose first order
partial derivatives 9;1 and g;2 are also continuous on S2.
Our next result yields us the rate of approximation for continuously differentiable

. A1,A2,Pmy G
functions on S? by the operators Bu, imspe. w42,

Theorem 3.8. Let h € C'(S?). Then for sufficiently large m1 and ma, we have

A1,A2,Pmy qm oh —1/2 oh —1/2
HBml,mrbpil,qil( ) = hHC(S2) <A (|5y10(52)[ml]qm1 + ||aTJ2||C(32)[m2]q,,,L2 ;
where A is some positive constant.

Proof. For y1,y, € S? be arbitrary, we may write
" on 2 Oh

it t2) ~ ) = [ Gt + [ S ), for (t1,t2) € 52
Y1 877 Y2 8¢

. A1,A2, s . .
Hence, applying the operator B,,Jl,riﬁgg,ﬂ;";l on both sides of the above equation, we

obtain

A1,A2,Pmg s dmy . A1,A2,Pmg s qmy t1 9h .
Bmhmz,pml,qml (h;y1,92) — h(y1,ha) = Bm17m27pm17qm1 fyl %(777 t2)dn; y1, Y2

A1,A2,Pmy ,qm t
B iz pr oo (fyj L1, 9)do; y17y2> :
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By using sup-norm on S?

t1 , h
/ hn(ﬁ,tz)dﬁ‘ < |\87|\C(s2)|t1*yl\>
Y1
2 9h oh
LTI d¢‘ < Il s — el
IR
we get

A Ao Doy i A Ao g i
‘Bnil,riﬁpilq,qil (hiy1,y2) — h(yl,hz)‘ < IFElows2Bmymaperas, (t = yiliy1,92)

A1,A2,Pmq s qm
+||aTﬁ||0(52)317@11,vfzzp,pilq,qﬁl (Ita = y2l;91,92) -

Hence, applying the Cauchy-Schwarz inequality and Corollary 2.3, we obtain

A1,A2,Pmg sqmy

‘Bnl17m27p7n17Q7n1 (h/;y17y2) - h(y17y2)‘

6h )\ 7A wmosdm 1/2
<12 o (BN, (=)o)
Y1
oh A1, A2,Pmg dm Yz
+||37y2“c(52) {Bml”’i?p’p"ilq’qfnl ((t2 = v2)* yl’yQ)} ’

from which the desired result is immediate. O

. . . . A 7A wmosdm .
The following result yields the degree of approximation of h by B, mype g2, in

terms of the partial modul of continuity of the partial derivatives of h.

Theorem 3.9. Let h € C'(5%)then for sufficiently large my and ms, we have
A1,A2,Pmy qm —1/2 i [ Oh —1/2
| Bz, () - hHC(Sz) BZ mil {1 + 2w (ayz’ il )}

where w® <<§T7; ) are the partial modul of continuity of 8h fori=1,2 and B is some
positive constant.

Proof. If we use the mean value theorem in the following form, we have

oh Oh
h(ti,t2) — h(y1,y2) = (t1—yl)aTh(n,yaH(tz—yz)@(yl,%)

oh

oh oh
= t - a 9 + t - a b - a7 b
(ty y1)ay1 (y1,92) + (t1 — 1) <8y1 (n,y2) o (11 yz))

oh oh

oh
+(t2 — yQ)@T/g(yl’yQ) + (t2 — y2) <8yg(y1’ x) — ayQ(yl,ZD)) ;

where y1 < 1 < t1 and y2 < » < t3. Applying the operator Bmlﬁzpﬂiﬂgjl to both
sides, we deduce that

A2 Py dmy (. oh Ay A2 P sdm
Bmhmz,%il )q'ril (hv Y1, y2) - h(ylv y2) = 8y1 (ylv yQ)Bmhmz,p:Ll ,qril

A2, Dm0 oh Oh
B g2 a2 <(t1 - 1) <8y1("’y2) - 8y1(y1,y2)> ;y1,yz)
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Oh AL A2 Py 4
+ 25— (Y1, Y2) Bini i prs 0o
0y2 e

A1 A2 Py dm oh oh
B, (- (Gt = o)) ).

Y2
Since g—?ﬁ and % are continuous in 52 there exist positive constants A; and As such that
667?1 < A; and ‘5—772’ < Ay, for all (y1,y2) € S%. Hence, applying the Cauchy-Schwarz

inequality, we obtain
2

A A2 P
‘Bnil,éﬁpif,qil (hi y1,y2) — h(yl,yz)’ <>
1=1

2
A 7>\ sPmodm t - ! ] ah
JrZBmlezlﬁpiﬂqril <ti — il <1 + & 5‘yl> 591,92) w <6y»;5i)
i=1 ¢

7

oh
yi

A1 7)\271177712 sdmo .
Bin i pry s ([t = Yil 91, y2)

2
A A2 Py sdm 1/2
< E {Mz‘ {6”7411’725?7?L1(1,Q7?L1 (( *yi)z;yl,m)}
=1

i 8h A1,A2,Dmoq qm 1/2
+w® <8y- ; 5i> |:{Bn111,rif,pn211q,qyil ((ti - yi)2;y1,y2)}

LA Aoy
+§B77L11,7V2121jp7i1q7q311 ((tz - yi)2; Y1, 92) :| }
%

)71/2 , 1 =1,2 we get the required result. O

Choosing 8; = ([m]

Gm,;
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