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Abstract. In this paper, we introduce and study a new subclass of meromorphic
Kummer function defined by a Hurwitz-Lerch Zeta function operator and obtain co-
efficient estimates, growth and distortion theorem, radius of convexity,integral trans-
forms, convex linear combinations, convolution properties and §—neighborhoods for
the class ¥ (a, 8).

1. Introduction

Let A denote the class of all functions f(z) of the form
oo
f(z)=z+ Z anz" (1.1)
n=2

in the open unit disc F = {z € C : |z] < 1}. Let S be the subclass of A consisting
of univalent functions and satisfy the following usual normalization condition f(0) =
f'(0) =1 = 0. We denote by S the subclass of A consisting of functions f(z) which are
all univalent in E. A function f € A is a starlike function by the order o, 0 < @ < 1, if

it satisfy
2f'(2)
3?{ B }>a(z€E). (1.2)

We denote this class with S*(a) .
A function f € A is a convex function by the order o, 0 < a < 1, if it satisfy

2f"(2)
?R{l—s— 5 }>a(zeE). (1.3)

We denote this class with K(a).
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Let T denote the class of functions analytic in E that are of the form
flz)=2=) anz" (an >0, z € E) (1.4)
n=2

and let T*(a) = T N S*(a), C(a) = T N K(«). The class T*(«) and allied classes
possess some interesting properties and have been extensively studied by Silverman [16]
and others.

A function f € A is said to be in the class of uniformly convex functions of order ~y
and type 3, denoted by UCV(8,7), if

2f"(z) } 2f"(2)
R1+ -y >pB
{ f'(2) f'(2)
where 8 > 0,7 € [-1,1) and 8+~ > 0 and it is said to be in the class corresponding
class denoted by SP(8,7), if

: (1.5)

R{Z )l o

SERbIEds 1o

where 8 > 0,7 € [-1,1) and 8+ v > 0. Indeed it follows from (1.5) and (1.6) that
feuCvV(y,B) & 2f" € SP(v, B). (L.7)

For 8 = 0, we get respectively, the classes K(y) and S*(y). The function of the
class UCV (1,0) = UCYV are called uniformly convex functions were introduced and
studied by Goodman with geometric interpretation in [7, 8]. The class SP(1,0) = SP
is defined by Renning [14]. The classes UCV (1,v) = UCV () and SP(1,7v) = SP(y)
are investigated by Regnning in [13]. For v = 0, the classes UCV(5,0) = 8 — UCV and
SP(B3,0) = 8 — SP are defined respectively, by Kanas and Wisniowska in [10, 11].

Further Bharathi et al. [1] and others [19] have studied and investigated interesting
properties for the classes UCV (8,v) and SP(8,7).

In this context, the term hypergeometric function, first coined by Wallis in the year
1655, also known as the hypergeometric series is in the complex plane C and the open
unit disk E = {# € C : |z| < 1}. This function was discussed by Euler first, and then
systematically investigated by Gauss in 1813. It is formulated as [2]:

N = (@)m(V)m 2™
2F1(vi,waz)_;)mﬁa (Q,’UEC,UJEC\{O, 1a },|Z|<1),

here (w), is the Pochhammer (rising) symbol and is defined as:

(@) = { 1 sm =20
m ww+1)--(w+m—-1) ;meN={1,2,---} "~
Subsequently, in 1837, Kummer presented the Kummer function, namely confluent hyper
geometric function, as a solution of a Kummer differential equation. This function is
written as [2]:
o
K(gw,2) =

m=0

k
m z
(5)) = f(ewiz) (€ Cwe C{0,—1,.. .} [z < 1).

Furthermore, the Zeta functions constitute some phenomenal special functions that
appear in the study of Analytic Number Theory (ANT). There are a number of
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generalizations of the Zeta function, such as Euler-Riemann Zeta function, Hurwitz Zeta
function, and Lerch Zeta function. The Euler-Riemann Zeta function plays a pioneering
role in ANT, due to its advantages in discussing the merits of prime numbers. It also
has fruitful implementations in probability theory, applied statistics, and physics. Euler
first formulated this function, as a function of a real variable, in the first half of the 18
th century. Then, in 1859 , Riemann utilized complex analysis to expand on Euler’s
definition to a complex variable. Symbolized by S(z), the definition was posed as the
Dirichlet series:
S@) =Y % for  R(x)> 1.

m=1
Later, the more general Zeta function, currently called Hurwitz Zeta function, was also
propounded by Adolf Hurwitz in 1882, as a general formula of the Riemann Zeta function
considered as [12]:

o0

S(p,x) = Z m for  R(z) > 1,RN(u) > 1.

m=0

More generally, the famed Hurwitz-Lerch Zeta function f(u,z, z) is described as [3] :

e m

Guz(z) = Z (miiu)x for  R(z) > 1,R(u) > 1, (1.8)

m=0
(1€ C\Zy,x € C when |z| < 1;R(z) > 1 when |z| =1).
A generalization of (1.8) was proposed by Goyal and Laddha [9] in 1997, in the following
formula:
P ()= i ®hn 2" R) > 1LR() > 1 (1.9)
e m! (m+ p)* ’ ’

m=0
(p e C,ueC\Zy,z € Cwhen |z| < L;R(z — p) > 1 when |z| =1).

Along with these, there are more remarkable diverse extensions and generalizations
that contributed to the rise of new classes of the Hurwitz-Lerch Zeta function in
([4, 5,17, 18]) . In this effort, by utilizing analytic techniques, a new linear (convolution)
operator of morphometric functions is investigated and introduced in terms of the
generalized Hurwitz-Lerch Zeta functions and Kummer functions. Moreover, sufficient
stipulations are determined and examined in order for some formulas of this new operator
to achieve subordination. Therefore, these outcomes are an extension for some well
known outcomes of starlikeness, convexity, and close to convexity.

Let X represent the class of normalized meromorphic functions f(z) by

f(z) = % + ) amz" (1.10)
m=1

that are regular in the punctured unit disk
E*={z:2€C and 0< |z| <1}.

Furthermore, it indicates the classes of meromorphic starlike functions of order £ and
meromorphic convex of order £ by Xg-(¢) and X,,(¢), (§ > 0), respectively (see [17, 18]).
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The convolution product of two meromorphic functions f;(z)(¢ = 1,2) in the following
formula:

1 oo
—— 2™ (=1,2
Z+m§:‘la NEAN )

is defined by

(f1* f2) ( *+Zam1am22

The meromorphic Kummer function K (0;w, 2) is formulated as

Q m+1
K(ojw,2) = = + Z Do 1 71)!, (1.11)

(peCweC\{0,-1,---},z € EY).

Corresponding to (1.11) and (1.9), based on a convolution tool, we imposed the following
new convolution complex operator for f(z) € ¥ as:

L2 (0w, 0)f(2) = K(03w, 2) % Ay pu(2) % f(2)

N\>—~

Z D, (1, 0, 0,2, w)amz", (1.12)

m=1

where

D, (s 0, 0, 7,W0) =

(©)m+1(9)m+1 ( p+1 )x
(@)mtr(m+ D m+ 1 \p+m+1

1 1
and ngg,p(z) = (M+ 1) |: 1, ’I‘(Z) - E + Z(M_A'_l)l:|

_1 (9)m+1 p+1 xzm - N
_z+z(m+1)!( ) (z€E).

m=1 M+m+1

Now, we define a new subclass X, (a, 5) of X,,.

Definition 1.1. For —1 < a < 1 and § > 1, we let £,(a, 5) be the subclass of X,
consisting of the form (1.10) and satisfying the analytic criterion

(L2 ow ) C) |\ _ |2 L 0w 0]
‘%{ Zilo.o I (2) } Zr (0.0, 9) ()
Zi(o,w, ) f(z) is given by (1.12).

+1

, (1.13)

The main object of the paper is to study some usual properties of the geometric
function theory such as coefficient bounds, growth and distortion properties, radius of
convexity, convex linear combination and convolution properties, integral operators and
d—neighbourhoods for the class¥,(«, 3).
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2. Coefficient inequality
In this section we obtain the coefficient bounds of function f(z) for the class X, (a, 5).
Theorem 2.1. A function f(z) of the form (1.10) is in Xp(a, B) if
Y Culupoz,w)[(1+BH)(m+1)+1-a] lan| < (1-a) (-1<a<land§>1).
" (2.1)
Proof. 1t sufficient to show that

2Lt (o,w,9)f(2))
Z2(0,w,9)f(2)

2Lt (o,w, 9)f(2))

v Zi (0.0, 9)1(2)

+1‘+§R{ +1}§(1a)~

We have 3 ‘ Z(‘g‘f((@’wv ©)f(2))

Zi(ow, 9)f(2) i 1‘ i %{
2L (0,w,0) f(2))
Zir(o,w, ) f(2)

(145) 55 Bl 0,2,)(m + la |2

(L (0,0, 9)f(2))
Zilow )i 1}

S(Hﬁ)’ +1’

<
- 0
ﬁ_ Z (I)M(/-j/7 [ ny,w)|a,m||z’m|

m=1
Letting z — 1 along the real axis, we obtain

(1+6) il (11, 9, 0,2, w) (10 + 1)
< m=

00
1 - Z (Pm(:ua @7 va7w>|am|
m=1

The above expression is bounded by (1 — «) if

Y Pl g, 0@, )(L+B)(m+1) +1—a jan| < (1-a).

m=1

Hence the theorem is completed. O

Corollary 2.2. Let the function f(z) defined by (1.10) be in the class ¥,(«, 3). Then

(1-a)

am < —5 (m >1). (2.2)
Z;l P (9, 0,2, W)[(L+ B)(m + 1) +1—q
Equality holds for the function of the form
1 1-—
fnl2) = = + Gl o (2.3)

z 0 Pl 02,0)[(1+B)(m+1) +1-a
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3. Distortion Theorems
In this section we obtain Distortion bounds for the class X,(«, §).

Theorem 3.1. Let the function f(z) defined by (1.10) be in the class Xp(cr, 3). Then
for0<|z|=7r <1,
1 (1-a) 1 (1-a)
- = r<|f(z)<-+
r (I)l(/L,KJ,Q,x,OJ)[?)“FQB_OZ} |f( )| r ¢1(Mvpaguxaw)[3+2ﬂ_a]
with equality for the function
1 (1-a)
z)=—-—+
I& =t S )BT 25 —a)

Proof. Suppose f(z) is in ¥, («, ). In view of Theorem 2.1, we have

r (3.4)

z at z =r,ir. (3.5)

(I)l(ﬂa £, anaw)[?) + Qﬂ - a] Z am

m=1

<D Pl g, 0,2,w)[(L+ B)(m+ 1) +1 -
1l-«a

(1—-a)

o0
. . . 11—«
which evidently yields m{:l am < Fpor o) BIeF—al

Consequently, we obtain

o0

1 G m 1 m
FEI= |+ 3 | < [+ 2 anle
m=1 m=1
oy
=5 TmZIGm
1 n 11—«
— r
o él(u,p,g,x7w)[3+2ﬂ—a]
M0, 17 = | 2+ 3 anz| = (2= 3 anler
z m=1 R m=1
1 o0
> 2
> - rmzzjlam
> 1 11—«
- — r
oo (I)l(#apagv‘raw)[3+2ﬁ_a}
Hence the results (3.4) follow. O

Theorem 3.2. Let the function f(z) defined by (1.10) be in the class Xp(c, ). Then
for0<|z| =71 <1,

1 11—« 1 11—«

- — <|f < =+ )

2 Dy (u, p,0,2,w)[3+ 28— a sIf G s r2 " Dy (p,p,0,2,w)[3+ 28— al
The result is sharp, the extremal function being of the form (2.3).
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Proof. From Theorem 2.1, we have

(I)l(/ia £, g,x,w)[?) + 25 - 0[] Z mam

<Y Cul(pp 0w [(1+B)(m+1)+1-q]
(1-a)

which evidently yields >~ ma,, < 3 { =
ot} 1(,p,0,,

IN

w(;[3+26—a] '

Consequently, we obtain

1 0o
‘fl(z)| S ﬁ =+ Z mamrmfl
m=1
<i+y
— may,
B T2 m=1
1 (1-a)
< =+ :
r2 " ®1(u, p,0,7,w)[3+26 — q
1 0o
Also, [f'(2)] = | 5 = n;mamr |
25>
- — may,
a 7‘2 m=1
> 1 (1-a)

+ .
r? (I)l(/iﬂ £, Q?wi)[3+25_a]
This completes the proof. [l
4. Class preserving integral operators
In this section we consider the class preserving integral operator of the form (1.10).

Theorem 4.1. Let the function f(z) defined by (1.10) be in the class Xp(c, 3). Then

z 1 oo
f(z) =cz ! /tcf(t)dt =+ Zl ﬁ amz™ (¢ > 0) (4.1)
0 m=

is in X,(0, 8), where

§(a, B,c) =

(m+1)(1+8)+ac(l—08)+(1—a)
(c+m+1)(1+8)+(1—a) '

(1-a)
,0,7,w)[3+28—a

The result is sharp for f(z) = % + e Z-

Proof. Suppose f(z) =1+ 3 apz™ is in Xy(a, B). We have

m=1

f(z) =czct gtcf(t)dt = % + mgl gt am2™ (c>0).



148 B. Venkateswarlu, P. T. Reddy, A. Shashikala, and Sujatha

It is sufficient to show that

- 2)"[(1 D+1-46
P (R UED R WY (4.3)
m=1
Since f(z) is in ¥p(«, B), we have
> (m—|—2)"[(1+1,8)_(21+1)+1—a]|am| <1. (4.4)
m=1
Thus (4.3) will be satisfied if
L [A+B)(m+1)+1—7) = [(1+5) (m+1)+1-a]
mz::l 1-94§ c+m+1 mz:; l—a
Solving for §, we obtain
s< 1AM+ tacl-p)+(1-a) — Gm). (45)

(c+m+1)(1-58)+(1-a)

A simple computation will show that G(m) is increasing and G(m) > G(1). Using this,
the result follows. U

5. Convex linear combinations and convolution properties

In this section we obtain sharp for f(z) is meromorphically convex of order ¢ and
necessary and sufficient condition for f(z) is in the class ¥,(«, 8) and also proved that
convolution is in the class.

o0

Theorem 5.1. If the function f(z) = 14+ Y amz™ is in Sy(a, B) then f(2)
m=1
is meromorphically convex of order §(0 < § < 1) in |z| < r = r(w,B,0) where

r(a, B,0) = H;fl { (176)@"(“’(ff}&z);ﬁngﬁﬁ_)g?m)ﬂfa] }m . The result is sharp.

Proof. Let f(z) be in ¥,(«, 8). Then, by Theorem 2.1, we have

Y Culip,02,0)[(1+B)(1+m) +1—allan] < (1-a). (5.1)

m=1

It is sufficient to show that ‘2 + Z;,lzg) ’ < (1-9) for |z| < r =r(a, B,0), where r(c, 3, 9)

is specified in the statement of the theorem. Then

S m+ Dapy,z™ ! S m(m + 1)a,,|z|™*
R > mlm 1) _ Zymim st D
/ — o0
f(Z) T}_~_ Z My 2™ 1 1— Z mam|z|m+1
m=1 m=1
This will be bounded by (1 —¢) if
= m(m+2—9) m

m=1
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By (5.1), it follows that (5.2) is true if
m(m+2—9) o+ < D (0, 0,2, W) [(1+B)(m+1)+1—q]
1-6 - l1-a
(1= 8)®m(ps 0, 0,2, w)[(1+ B)(m+1) + 1 —a] | ™
(1—a)ym(m+2—9) '
Setting |z| = r(a, B,6) in (5.3), the result follows. The result is sharp for the function

|am| (m = 1)

or |z| < (5.3)

1 (1-a)
N0 [ () I s R R
]
Theorem 5.2. Let fo(z) = L and f,,(2) = %—i—q)m(M7p797$7w)(&1_fg)(m+1)+1_a] 2™ (m > 1).

Then f(2) = 1+ 3 amz™ is in the class Sy (av, B) if and only if it can be expressed in the
m=1

form f(z) = wofo(2)+ > wmfm(2), wherewy > 0,wpmm > 0,m > 1 andwo+ Y, wm = 1.
m=1

m=1
Proof. Let f(2) = wofo(2) + >, wmfm(z) with wy > O,w, > 0,m > 1 and
m=1

wo+ Y. wm =1. Then

f(2) = wofo(z) + Z Wi fm (2)
IRV (1-a) Zm
_z+mz::1 "y 0, 0,2, W)[(L+ B)(m+1) +1—a]”
Since
i[(I)m(ﬂapvg7xaw)[(1+ﬁ)(m+1)+1_O‘}w (1—0()
m—1 (1—&) mq)m(:u’pvgawi)[(l+5)(m+1)+1_a]

:iwmzl—wogl.
m=1

By Theorem 2.1, f(z) is in the class £,(a, §).
Conversely suppose that the function f(z) is in the class ¥,(a, ), since

0, < (1-a)

= @i, 0, 0,7,w) (14 B)m+1)+1—a] 2™ (m > 1).

Wm = Z ‘Pm(u,p,g,x,w)[gjgi(m—s-1)+1 _a}am and wo =1~ Z Wi«

m=1 m=1

It follows that f(z) = wofo(2) + > wmfm(2).
m=1
This completes the proof of the theorem. Il



150 B. Venkateswarlu, P. T. Reddy, A. Shashikala, and Sujatha

For the functions f(z) = 1 + E amz™ and g(z) = 2+ 3 bp,2™ belongs to ¥, we
m=1

=1
denoted by (f * g)(z) the convolutlon of f(z) and g(z) and defined as

m=1

&) &)
Theorem 5.3. If the function f(z) =1+ 3 apz™ and g(z) =2+ Y by2™ are in
m=1 m=1
the class X, (a, B) then (f x g)(2) is in the class (e, B).
Proof. Suppose f(z) and g(z) are in ¥,(a, 5). By Theorem 2.1, we have

— P (1, 9, 0,2,w)[(1+ B)(m+1)+1—a]

(1-a) =1

m

m=1

i Z (s 9, 0, @, w)[8+§§<m+1)“_0‘]bm§1.

Since f(z) and g(z ) are regular are in E*, so is (f * ¢g)(z). Further more
i Lo (ps 95 0, W)[(L+ B)(m+ 1) +1 0]

mbm
— (1-a)
o [Pl 0 0 2,w) (L4 B)(m+1) +1 0]\
<m§_:1{ = } mbm
- (I)m(ﬂap7gvwi>[(1+ﬁ>(m+1)+1_a]
S('mz_l = am>
=D (p 0,2, |1+ 8)(m+1)+1—a
y (Z (1.0 )[El 03( ) 1bm>
<1 )
Hence, by Theorem 2.1, (f * g)(2) is in the class ¥, (e, §). O

6. Neighborhoods for the class X,(a, 3,7)

In this section we define the d—neighborhood of a function f(z) and establish a
relation between d—neighborhood and ¥,(«, 3,7) class of a function.

Definition 6.1. A function f € ¥, is said to in the class ¥,(«, 8,7) if there exists a
function g € 3, («, 8) such that

fz) — ) (2 € B
e ‘<(1 7) (z € E*, 0< vy < 1). (6.1)

Following the earlier works on neighborhoods of analytic functions by Goodman [6]
and Ruschweyh [15]. We defined the d—neighborhood of a function f € X, by

Ns(f) = {QGZp | g(z :f+zbmz Zmambmga}. (6.2)
m=1




A new subclass of meromorphic Kummer function related to Hurwitz- Lerch zeta function 151

Theorem 6.2. If g € ¥,(a,5) and

_[3+28—q]

1= AT

(6.3)

then Ns(g) C Zp(a, 8,7).
Proof. Let f € Ns(g). Then we find from (6.2) that

o0

Zm|am—bm\ <

m=1

o0
which implies the coefficient of inequality > |am — bp| <6 (m € N).
m=1

Since g € ¥,(«, B), we have > by, 1o
m=1

~ 3128-a-

So that

=, S aen
1= 3 by
m=1

provided v is given by (6.3).
Hence, by Definition 6.1, f € ¥,(«, 8,7) for v given by (6.3), which completes the proof
of theorem. O
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