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Abstract. In this paper we give sufficient conditions for the absolute Noérlund
summability of Fourier series of functions of the class pABV([—m,7]). The crucial
step of the proof follows from Jensen and Holder inequalities.

1. Introduction

Absolute summability of Fourier series is one of the important problems in Fourier
Analysis. Many authors (see, e.g., [4, 6, 7, 8, 10, 13, 15]) have studied absolute Nérlund
summability of Fourier series. In 1942, McFadden [10] established the theorem for
absolute Norlund summability of Fourier series to class of functions of Lip(a) and
Lip(a,p). Then this theorem was extended by many authors like S. N. Lal [6, 7], S.
N. Lal and Siya Ram [8], M. Izumi and S. Izumi [4], S. M. Shah [13] and R. G. Vyas
and K. N. Darji [15]. S. M. Shah extended this theorem for functions of bounded
variation whereas S. N. Lal and Siya Ram extended this theorem for functions of r-
bounded variation. Lastly this theorem was extended by R. G. Vyas and K. N. Darji
for functions of A-bounded variation and r-A-bounded variation. Here, we study the
absolute Norlund summability of Fourier series of functions of ¢ A-bounded variation.

2. Preliminaries

Let {p,} be a sequence of non-negative numbers and let {P,} denote the sequence of
partial sums of > ° / p,. We assume that P, # 0 for all n e NU{0} , Py =p_; =0,
P_5 =p_o=0. We will call {t,,} the Norlund transform of an arbitrary sequence {S,},
where

1 n
tn:P—nkZ_Opn,kSk, n=0,1,2,....
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The sequence {S,,} is said to be summable (N, p,) to s, if limy_,oot, = s. It is said
to be absolute summable (N, p,,) or summable |N, p,|, if

oo
> tn = tna] < oo (2.1)
n=1

McFadden [10] proved that summability |N, p,| implies summability (N, py).

The series Y a,, with the sequence of partial sums S, is said to be summable (N, p,,)
if sequence S,, is summable (N,p,). It is said to be absolutely summable (N, p,) or
summable |N, p,|, if sequence {S,} satisfies condition (2.1).

Remark 2.1. Note that, if pg = 1 and p, = 0 for n € N, then P,=1 for all n € NU{0}
and hence t,, = S,,. Therefore the series

Zan is summable (N,p,) <= {S,} is summable (N, p,)
<= {t,} converges
< {S,} converges
= Zan converges.

So, the summability (N,p,) of > a, reduces to ordinary convergence. Also, in this
particular case as t, = S, (2.1) becomes

oo o0
00> Y |9 = Spal = lanl.
n=1 n=1

Therefore, the summability |N, p,| of > a, reduces to absolute convergence of Y a,,.

In what follows, f is a 2m-periodic function, T = [—m,7), T is a finite collection of
non-overlapping subintervals T, = [z, yn] in T, f(T,,) = f(yn) — f(2n), L is the class of
all non-decreasing sequences A = {\,,} of positive numbers such that the series ) %
diverges, Ay = Zszl i, On = Zszl /\Li’ P(t) = Py and p(t) = ppy where [t] denotes
the integer part of ¢t and A denotes a positive constant not necessarily the same at each
occurrence.

The modulus of continuity of a function f defined on the interval T is defined as

w() =w(f,d) =sup{|f(x+h)— f(x)|:z €T, 0<h<§}, §>0.

We know that w(f;0) is monotonically increasing function and for any positive number
A, we have
w(f,A0) < (A + Dw(f,9).
The integral modulus of continuity of order p > 1 of f € L'(T) is defined as

wp(f;é)zsup{(/ﬂ |f(x+h)—f(x)|1’d:c>;’ :0<h<5}, 5> 0.

—T
For a function f € L'(T), its Fourier series is defined as

1 oo
500 + Z(an cosnt + by, sinnt),

n=1

where a,, and b,, are given by the usual Euler-Fourier formulae.
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If S, is the nth partial sum of Fourier series of f then,
™

1
Sp(x) == f(z+t)D,(¢t)dt,
L
where D, (z) = 1 + 3°}_, coskt is the Dirichlet kernel.
In 1972, S. M. Shah [13] proved the following result concerning absolute Norlund
summability for functions of bounded variation. To state this result, first we recall the
definition of a function of bounded variation.

Definition 2.2. A function f ;T — R is said to be of bounded variation over the
interval T, in symbols: f € BV(T), if

V(f;T) = SlTlp{zn:lf(Tnﬂ} < 0.

Theorem 2.3. Let {p,} be a non-negative, non-increasing sequence such that
lim, 00 P = 0, {Pn — DPn+1} is non-increasing and

an'Y(n) < P, < con"p(n), (2.2)

where ¢1 and co are fized positive constants, v is a fized constant, 0 < v < %, and ¥(x)
is positive on [0,00) and slowly oscillating in the sense of Karamata (see [5], [9]), that

is, Y% 5 1 g5 2 — oo for all ¢ > 0. If f € BV(T),

7 Y(x)
> 1\ ?
;nPn (w(f,n>> < 00, (2.3)

and

n=1
then the Fourier series of f is summable |N,py|.

R. G. Vyas and K. N. Darji [15] gave the following result for functions of A-bounded
variation. To state this result, first we recall the definition of a function of A-bounded
variation.

Definition 2.4. Let A = {\,} € L. A function f: T — R is said to be of A-bounded
variation over the interval T, in symbols: f € ABV(T), if

Va(f;T) = Sl%p{zn: If()\j;"”} < 0.

Theorem 2.5. Let {p,} be a non-negative, non-increasing sequence such that
limy, 00 P = 0, {Pn — Pny1} is non-increasing, and

0 P2 P2
k—’; < Af. (2.5)
k=n

If f € ABV(T),

> Pi <w££;2”>> < 00, (2.6)
n—i.m n

and (2.4) holds, then the Fourier series of f is summable |N,py]|.
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Now we define ¢A-bounded variation [see, e.g., [11]], which is as follows.

Definition 2.6. Let ¢ : [0,00) — [0,00) be a strictly increasing convex function and
let A ={A,} € L. A function f defined on the interval T is said to be of pA-bounded
variation (that is, f € pABV(T)) if

V¢A(f7 = sup {Z ¢ |f£Tn)|)} < 0.

n

Remark 2.7. In above definition, putting ¢(x) = = and A = {1} we get class of
functions of bounded variation, putting ¢(z) = 2" (r > 1) and A = {1} we get class
of functions of r-bounded variation, puttlng ¢(x) = x and we get class of functions of
A-bounded variation, putting ¢(z) = 2" (r > 1) we get class of functions of r-A-bounded
variation and putting A = {1} we get class of functions of ¢-bounded variation.

Remark 2.8. If f € pABV(T), then f is bounded. In fact, let f € pABV(T). Then
for any x € T, we have

7@ = 1FO)] < 15~ F0)] = 9(17@)] - 1F(O)) < 6(1f(x) = FO))
— olls)| - 1)) < 2 A= SO
= (@)= FO)) < MVaal£, D) = A, say,
— /(@) <671 (4) +1£(0)] < A

Thus f is bounded on T.

Remark 2.9. Since ¢(z) is strictly increasing and convex on [0, 00), ¢~ 1(z) is strictly
increasing and

¢~ (br) < by~ (z) (b>1).
Definition 2.10. The function ¢ is said to be a As-function if there is a constant d > 2
such that ¢(2z) < d¢(z) for all z > 0.

Notation. In this paper, we use the following notations:

92(t) = f(z + 1) + f(x — 1) = 2f(2),

oo
= Z Dp COS N,

n=0
= Z Pn sinnt,
n=0
an(x) = /7r g (t)a(t) cosntdt,
0
Bn(x) = /0 9. (t)B(¢) sin ntdt.

We note that if p,, decreases to 0 as n tends to oo, then ZZO:O Pn cOsnt converges
everywhere except for z = 0 (mod 27) and ZZOZO P Sinnt converges everywhere (see [1,
pp. 87]). Using above notation of g,(t) we have

Sk(z) — f(x) = 1 /07r 92 (£) Dy (t)dt. (2.7)

™
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3. Main Results

We prove the following results. In these results we assume that, {p,} is a non-negative,
non-increasing sequence such that lim, oo pp, = 0, {pn — Pn+1} is non-increasing, and

= P} P
k’; <A™ - (3.1)
k=n

Theorem 3.1. If f € pABV(T), where ¢ is a Ag-function with constant d > 2,

S (o0 () ) <

0 dlog: P!
k2

< 00, (3.3)
k=1
and (2.4) holds, then the Fourier series of f is summable |N,py|.

Remark 3.2. We note that there are sequences {pn} which satisfies the conditions of our

theorem. For example, take pg = 1 and p,, = mcEsy) +1) for n € N. Then clearly {pn} is non-

negative, non-increasing, and converges to zero. Since p, — pn4+1 = for n >

n(n+1)(n+2) ’
1, po—p1 = % and p; — po = %, {pn — Pn+1} is non-increasing. Also, we have Py = 1
and for n > 1,

1
p0+zpk—1+zkk+1 _1+Z( k+1>=2—n+1.

Therefore, as log, x < z for x > 0, we have

oo 4 00 log,(2—21)* 0 S(2— L)t © 16

dloga Py 1082 oy d F+1 d
Z K2 Z L2 < L2 < Z 2 <%
k=1 k=1 k=1 k=1

and for n > 1,

= P} k+14 1 A _A 1 \* pt
= <1 —< =< =(2- =A—".
Zk2 Z 6Zk’2_n_n< n—i—l) n

k=n k=n
Therefore, {p,} satisfies (3.1) and (3.3).

Putting A = {1} in Theorem 3.1, we get the following result as a corollary for the
class of functions of ¢-bounded variation.

Corollary 3.3. If f € BV (T), where ¢ is a Ao-function with constant d > 2,

1
=7 (e (5)/7)
Z— wlf;—))o — n| < oo, (3.4)
5 (D) (4
and (2.4) and (3.3) hold, then the Fourier series of f is summable |N, p,|.

Putting ¢(x) = x in Theorem 3.1, we get the following result as a corollary for the
class of functions of A-bounded variation.
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Corollary 3.4. If f € ABV(T)
- f w(f5)\°

n < 0, 3.5
and (2.4) holds, then the Fourier series of f is summable |N, p,|.

Finally, putting ¢(z) = « and A = {1} in Theorem 3.1, we get the following result as
a corollary for the class of functions of bounded variation.

Corollary 3.5. If f € BV(T),

S (D) < 20

and (2.4) holds, then the Fourier series of f is summable |N,p,|.

Remark 3.6. We note that, in the case of a function of bounded variation, our
Condition (3.1) is weaker than Condition (2.2) of Theorem 2.3 because if (2.2) holds
then by [3, Lemma 5], we have

Z _Z Z C2k ’Y’ll) ) _ Z Cék4772w4(k) S An4’Y*1,¢)4(n) S Aié
k=n

n
k=n

But our crucial Condltlon (3.6) of Corollary 3.5 is stronger than the crucial Condition

(2.3) of Theorem 2.3 because

S (+(0) =St 0D

n=1

We also note that, in the case of a function of A-bounded variation, our crucial Condition
(3.5) of Corollary 3.4 is stronger than the crucial Condition (2.6) of Theorem 2.5 because

1
2n 2 2n
1 1
(=) < (X)) =t
<k=1 Ai) - <k=1 A") i

o) . % oo . %
3 1 (w(f, n)) <y 1 <w(f, n))
=1 P, nAay, el P, \n Oap,
Further, our Condition (3.1) is stronger than of Condition (2.5), in view of Lemma 4.6.

We would like to draw the attention of readers that O. P. Varshney [14, p. 594], S.
M. Shah [12, p. 249], S. M. Shah [13, p. 314], S. N. Lal and S. Ram [8, p. 91-92], R.
G. Vyas and K. N. Darji [15, p. 157] have used that o2(t + h)|g.(t + h) — g.(t — h)|? is
m-periodic, which is not true in general because

and hence
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and g,(t) is 2m-periodic as f(t) is 2m-periodic. So, we feel that there is a lacuna in
the proofs of above results where it is used that o?(t + h)|g.(t + h) — g.(t — h)|* is
m-periodic. Thus, though our results may look weaker, are worth to study as far as the
correct mathematics is concern.

4. Proof of the result
We need the following lemmas to prove our theorem.

Lemma 4.1 ([10, Lemma 5.11]). If {p,} is non-negative and non-increasing, then for
0<a<b< oo, 0<t<mand any n, we have

i pkei(n—k)t

k=a

< P(t™h).

Lemma 4.2 ([10, Lemma 5.13)). If (i) {pn} is non-negative and non-increasing and
(i) {pn, — Pn+1} is non-increasing, then

(’Il—|— 1)2(;7)n _pn+1) < A

Lemma 4.3 ([10, see proof of Lemma 5.31)). If {p,} is non-negative and non-increasing,
then

Py < APy -1 forv=12,....

Lemma 4.4 ([10, Lemma 5.20]). If {p,} is non-negative and non-increasing, and if we
write y(t) = > pe o pre'™, then, fort in [h, 7],

[Y(t +2h) = y(t)| < Aht~'P(h7Y).

The following lemma is almost proved in [2], but for the sake of completeness we give
details.

Lemma 4.5. Suppose ¢ is convex on [0,00). If ¢ is a Ag function with constant d > 2
then for a > 0, ¢(ar) < [a + d'°829FY)¢(x), for all x > 0.

Proof. Since ¢ is convex on [0,00) and ¢(0) = 0, for any 0 < a < 1 and 2 > 0 we have
olax) = dlaz + (1 - a)0) < ad(x) + (1 - a)(0) = ad(x).
Further, as ¢(2z) < d¢(zx), for all > 0, by using induction we get
¢(2"x) < d"¢(x), >0, neN.

Next, if a > 1 is any real number, choosing n € N such that 2”71 < a < 2" we get

0< % < 1. Therefore for all z > 0 we have

Pax) = ¢(2(i2"$€) < %¢(2”x) <1-d'p(z) < d°229 ().

So, for any a > 0 and x > 0, we have

¢(ax) < max{a,d°® T} (z) < [a+ d°% ().
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Lemma 4.6. Under the Hypothesis (3.1) of Theorem 3.1 there exists a constant A such
that, for n € N,

= Py
k2 —Ai
k=n
and
2
Zp’f <AP.

Proof. Since {P,} is non-decreasing, for n € N, we have
oo o pd 4 4
Z&:Z B PSAP P
=k = P3k? P}~ k* = P} n n

Similarly, we can prove second inequality.

Proof of Theorem 3.1. As proceeding in the [10, Lemma 5.16], we have

1 0o
lan ()] | |Bn(@)] 1 /W ’
Tt (x) — th—1(x)| < + + =t cos|(n — k)t|dt
)~ tna @) < FGEL R4 | [T 0003 pcosln =
Dn /
+ ZPk cos[(n — )]dt‘
PoPoa k=0
1 T oga(t) , 1
. — 3 k — — |t|dt
+P’n, 1 /711 QSin%kz:;L(pk Pr+1) sin n+2
n—1
Pn " g.(t) . 1
—k+ = |t|dt
T BP, /1 2sin;k_0p’“sm[(” +2H ‘

1 DPn Pnfl
o, (1_ P, )
7
= Ag(n), say. (4.1)
k=1

In order to prove the theorem, by (4.1) we have to show that

ZAk < oo, fork=1to 7.

First we show that >~ , Ay(n) < co. Since |Rez| < |z| for z € C and || =1 for
t € R, using Lemma 1, for 0 <t < 7, we have

a2(t) _ —ikt i(n—k)t < P2(t_1).

(4.2)
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Since a?(t) is even, from this inequality, we get

/027r Q2 (t)dt = /7; o2 (t)dt = 2/07r a?(t)dt < 2/; P2(t™1)dt.

Put 1 =y 0<t <. Then—y:fi2 t—=0y < y—oo andt =7 < .
So, above inequality becomes

/:Wa%t)dts/: P2<y><—;)dy=4wp2<t><;)dt
/11P2(t)(t12)dt+/1mpz(t)<t12)dt
g/ Pir 2dt+2/k+1 ( >dt

<A+Z/k+l P2

kdt

by Lemma 4.6. Therefore a(t) € L2. Since f € ¢>BV(T), it is bounded. So, it follows
that g, (t)a(t) € L?.

Let 0 < h <7 be fixed and let a,, (n =0,1,2,...), b, (n = 1,2,...) be the Fourier
coefficients of g, (t + h)a(t + h) — gz(t — h)a(t — h). Since g,(t) and «(t) are even,
gz (=t +h)a(—t + h) — g.(—t — h)a(—t — h) = g.(t — h)a(t — h) — g.(t + h)a(t + h)

—(92(t + h)a(t +h) = go(t = h)a(t — h)).

Therefore g, (t+h)a(t+h)—g.(t—h)a(t—h) is odd, and hence a,, =0 forn =0,1,2,....
Also, forn=1,2,...,

b, = % /Tr [92(t + h)a(t + h) — g.(t — h)a(t — h)] sinnidt

—T

—T ™ —T

1 [" 1 (7
=— / 9z (t + h)a(t + h) sinntdt — — / gz (t — h)a(t — h) sin ntdt
™

-/ Da(o)sinn(e - nyit - - / " gu(alt) sinn(t + h)dt

—T —1T

1 ™
=— / gz (t)a(t)[sin nt cosnh — cosnt sin nh — sin nt cos nh — cos nt sin nh]dt

=_Z / 9z (t)a(t) cos nt sin nhdt
T

—T

4 ™
= ——sinnh / gz (t)a(t) cos ntdt
n 0

4
= —— sinnhay, (x).
T
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Hence the Fourier series of g, (t + h)a(t + h) — g.(t — h)a(t — h) is
4 . .
—— Z o, (x) sin nh sin nt.
g n=1

So, in view of Bessel’s inequality, we get

o0 T

2
Z ( - %an(:ﬁ) sinnh) < % |go(t + h)a(t + h) — g.(t — h)a(t — h)|dt.

n=1 -7

Since the integrand of right hand side is even we get

o}

Z |ovn () sin nh|?
n=1
<af " ga(t  M)alt + 1) — ga(t — h)alt — B2t
0
_ A/W (gu(t 4+ B)a(t + ) — gu(t — Yot + h) + gu(t — K)ot + h)
0
— go(t — h)a(t — h)|dt.

Since (a + b)? < 2(a? + b?) for a,b € R, from above inequality we get

nil |t () sin
SA/Oﬂa2(t+h)|ga:(t+h)—gz(t—h)|2dt+A/07rgg(t—h)|a(t+h)—Oé(t—h)th
/0 A2 (t + h)|ga(t + h) — go(t — h)[2dt + A/_:h g2 (t)|eu(t + 2h) — a(t)|dt
< A/OW a2(t+h)|9x(t+h)—gx(t—h)|2dt+A/7;g§(t)|a(t+2h) ()t
| e miae ) = g.te - h)|2dt+A/_};gi(t)|0<(t+2h) - a()dt

LA /W P (B)]alt +2h) — at)2dt.
h

Again using (a + b)? < 2(a? + b?) in second term of right hand side, we get
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Z |, () sin nh|?
<A/ 20t 1 1) gu(t + h) — gult — )| dt+A/ G2 (1)a2(t + 2h)dt
+A/_hgm( Ja (t)dt+A/h B (®)]alt + 2h) — a(t)2dt

4
= Bi(h), say. (4.3)
k=1

Next, we shall estimate By (ﬁ) Then

T 4 T
B A t+ — t4+— | —g.t— dt
() = (v )Jor( ) (- 5)|
T T
<A t+ — t+— ) —g:|t— dt.
< [ w(en gy orlo ) ool )|
Put t — W—S Thent - —7m <— s — ﬁ—ﬁandt—wrﬁs—)ﬂ——ln

view of this substitution and the 27-periodicity of the integrand, we get
B, <A/7T27IFV042 5+1 s+1 — gz(s)
\av) =0 N[\ N) T
™ 2
2 T )
[ﬂa <t+N> gm<t+N> g(t)| dt
_ T2 T )
A el
f<x+t+]7\rf> Jrf(th) —2f(x) — flx+1t)— flx —t) +2f(x)|dt

< Aw(f; ;) /:a2<t+ ;) gw<t—|— ;) —gl(t)‘dt.

Now, if w(f; %) = 0 then Bl(ﬁ) =0 = Aw(f; %)(b_l (\/elj) . So, assume that

w( I %) > 0. Then by using properties of ¢, Jensen’s inequality, and Lemma 4.5, we

have
o B ) <o

2
ds

I
S
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A/ ¢<a2 <t+ ;\T,) gw(t—&- ;) —gw(t)Ddt
" 2 1 log, az(t-l-%)-i-l 1 _
AKJaG+N>+d }¢<%G+N> %@Dﬁ
< " 2 1 log, az(t-i-%) 1 _ )
_A/_ﬂ{a (t—I—N)—i-d o\ |9z t+N g:(t)| | dt
Using Holder’s inequality, we get
T 2 2
¢< Bl(QN) ) g A / |:O[2 <t+ 7T> +d10g2 O‘2(t<i>17\r7):| dt
w(fi %) — N
x /7r o lga(t+ =) = g.(t) a)
. B N Iz

— AIFIZ, say. (4.4)

IN

IN

Put i+ =sin ;. Then% =Lt—=-—7m < s> —7mtyandt > 7 < s T+
Using this substitution and the fact that «(t) is 2m-periodic and even, we get

T+ 2 u 2
I = / {a2(s) + d'os2 “2(8)} ds = / {042(3) + d'o8 “z(s)} ds

—4 5 -7
Q 2
=2 / [aQ(t)—l—dlog?"z(t)} dt.
0

Using (4.2) and the fact that, (a +b)? < 2(a? + b?) for a,b € R, from above equality we
get

™ 2 —1 2 4 2 —1
11§2/ [PQ(t—1)+d1°g2P(t )] dt§4/ [P4(t‘1)+d21°g2p(t )} dt.

0 0

Put%zs.Thend—: t—>7r<=>s—>fandt—>0+<:>s—>oo Therefore,
in view of (3.1) and (3. 3) we get

Il g A/W[P4(S)+d21052pz(s)} <_12> ds
00 S

00 P4(t) dlog2P4(t)
=A A [ i o L

1 4 log, P*(t) oo 4 log, P*(t)
{P (), 4 ]dt+ [Pt(t)+d ’ }dt}

t2 2 t2
log, P
< A|(PY 7 4+ dos2 o . g2 + @
1 — — k2
pA > dlog Pt
gA[1+11+ k2 k}SA. (4.5)
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Since g, (t) is 2m-periodic, putting ¢t = s + w in Iy for k=1,2,...,2N, we get

e [ fooe (e ) o (o 557 )]

ol )
:/_w)\k Ak
o

9o (t+ 57) — g2 (¢ + 4527 )
Ak

X dt. (4.6)

Since g, is of ¢A-bounded variation, it is bounded. Also as {A;} is increasing we have

¢ |9z (t+57) — go (t+ EPT ‘

(o ¢+ 5 =0 (¢ + “57)]) _ o)
)\k - )\1

Using this inequality in (4.6) we get

e[ ¢(9r(t+’?>‘iﬂﬂ(”w)’) it

s (E+57) = ga (t+ (k— ””)D
Ak

dt

dt.

gA/\i/w ¢(

—T

Since A\? > 0, we get

Lo [ [l R (5,

Summing above inequality from & =1,2,...,2N, we get

0o (14 5) — o (14 52 )

IQZiSAZ/ ¢( X dt

:A/_WZEJE_qﬁ(gm(t—&-?\?)—)iz(t"‘%_]vl)ﬂ)‘)- dt < A, (4.7)

because g, is of pA-bounded variation. Using (4.5) and (4.7) in (4.4), we get

o () (5 () =268 ()
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Now, as w is increasing, by (4.2), we have

Ba(h) < A/_h gi(t)PQ(Hl%)dt

h
" 2 2 1
<4 P2 —La
= /_h“ ®) (t+2h>
3h
SAwQ(h)/ P2(t71)dt.
h
Therefore
3h
Ba(h) < Aw?(h)P2(h1) / dt < Ahw?(h) P2 (h~Y).
h

Again, as w is increasing and « is even, by (4.2), we have

h h

Bs(h) < A/ a?(t)dt = Aw?(h) /h o (t)dt
0

—h

w(t)a(t)dt < Aw?(h) /

< Aw?(h) /h P2(t1)dt.

Therefore, by Lemma 4.6, we have

B) < 4ty [ F )

1 12
h

dt

1

_Auﬂ(h)[/l[h]+1 P2(t)dt+/;] PQ(t)dt]

t2 11 t2

h

— AR(WRP2(hY ]3(2[(’;1]:)1) < AP(WAPX ()
because
P31 +1) PG +e@+Y o p((E]) _,
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Since |Re z| < |z| for z € C, we have

|a(t + 2h) — a(t)| = an cosn(t+ 2h) — an cosnt
n=0 n=0

00 S
— |Re (Z pnein(t+2h) _ aneint> ‘
n=0 n=0
oo S
anein(t-l—Qh) _ Z pneint
=0 n=0

I (t +2) — (8)],

IN

where 7(t) is as defined in Lemma 4.4. Using above inequality, Lemma 4.4, and
|92(1)] < w(t) in By(h), we have

By(h) < A/;gz(t)|’7(t+2h) (t)|2dt < A/ (O)R*t=2P?(h~")dt

< AR*P?*(h~ )/ WA(t)t2dt
h

— Ah2P2(h*1)/h G2t DdE (411)

Taking h = 55 in (4.3), by (4.8)—(4.11) we have

el . nm 2 s _ 1 _ T 2N
2 [on(e)sin (2N) SA[“’ (ri3) (m) N 1w2(2N>P2(w>
+N2P2<27ZTV> /ITLUQ(t 1)dt}
™ B oON\ %,
Aot 5 (i) () o],
(4.12)
because
~ IN\ [+ IN r\[2N 1
N 2P2<W>A Wt h)dt > N~ 2P2< - >w2(2N> {W—W]
- 2N 7 \[2N N
= v () () |5 T
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Note that for p € N, we have

2+t )7 nmw 287

pn—1 Iz
2 tlsns?d = T S url = g
T T < nm <7T
= 1T S =g
T nm <7T
I
1 . nmw <1
> E<Sln 2H+1
.o nm
— 1< 2sin <2u+1)'

Therefore, using (4.12) for N = 2* and the fact that, |a +b[P < |a|? + b, for 0 <p < 1
and a,b € R, we get

2K 2
Y lan(@)?
n=2r-141
1
oK 5\ 2
_ nm
<V2 Z ap () sin <2u+1>

IA
h
| — |
&
YoumnS
=
Rl
N—
<
7 N\
%H
T
t
N——
+
[N}
&
hS
|
[
7 N\
2
A3
£
N————
3
&
[\
=
L
=
Py
=

calu(rg) o ()] e a|rer () ([ e

’ (4.13)

Since {p,} is non-negative and non-increasing, by Lemma 4.3, we have
2 P e LD Y
L P SmL P e po sy sy O

and
P(22) Py

(]327/j ) ;;:1 s4. (4.15)
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Therefore, using Holder’s inequality and (4.13)—(4.15), we have
oK

Z |y ()]
n=ge—141 - 71
1 1
om 2 on 1 2
< Z |O‘n(-r)|2 P2
n=2n—141 n=ou—141 "1
& T 1 3 ou+1 ait 3
<A ( ;7) -1 9-1p / 2471 dt
- P (OJ f 24 ¢ \/@2u+1 + s 1 v ( )

ou+1 oH+1

TN -1 1 : —%P( —) T 20,1 :

<Al (w(f,w)qﬁ ( sz)) R </ WA (¢ )dt)
2% s 1

<4 (w (fig5)9 ( )

Therefore, we have

ZAl("):Z Z \Oléjn(xﬂ

n=2 p=1n=20—-141

p=1

om+1

(3 () o ([
(4.16)

2%
P
Observe that

X 94 5 oo -1 . B 1
Yo (0 () e (03 ()

p=1
(4.17)

Note that for 2#7' < m < 2#, we have w(f;9%) < w(f; =), O2m = Ziﬁé <

2(2%) 1 Ogut1, and P, < Pyu. Therefore

k=1 32 =
oK1 1(
PN

o
Bys
| =
N—
L
N
D —
[\&}
3
N———
\
3
N———

S|

m=2#»—1
2K 1 1
1 T 1 2
> ( —) o7t oK
> Y i 05)e () /7)

ou! N a1 2
= 3%p,, (w (f, 27)<b (m» . (4.18)

Nl=
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Using (3.2) and (4.18) in (4.17) we get

< A. (4.19)

Using the fact that w(f;0) is increasing and w(f; Ad) < (A+1)w(f;3) for A > 0, we have

om+1

/" w2(t1)dt
1
2“
of ™\ 2
- ) Zat
/1 w (2t>7r

QK
< A/ Wittt

2 2K
:A/ w2(t_1)dt+A/ Wit )dt
1 2

2 2" =1 k41
< Aw2(2)/ dt+ AN w? (¢~ dt
1 k
2 k=2

21

SA+AD ST
k=2

SA+AY WSET. (4.20)

k=2

Using (4.19) and (4.20) in (4.16) and the inequality |a + P < |al? 4 [bP for 0 < p < 1
and a,b € R, we get

1
2

oo oo [eS) 2K
S An)<A+AY 27E+AY 278 (Zw2(k_1)>
n=2 p=1 p=1 k=2
0o ”w 2m %
SA+A+AY 275y ( > w2(k_1)) : (4.21)

pn=1 m=1 k:2'm,—1+1
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Observe that

#:1 m=1 k:2n7—1+1

) m 1 om %
e

St e(me)( X )

n=1 m=1 k=2m—-141

> a . 1
_ K m—

ORI E oy

pu=1 m=1

Using above inequality in (4.21), we get

oo o0 1
An)<A+AS w(=—). 4.22)
> > (Qm) (

Since w(f;J) is increasing, we have

Su(g)-s ¥ e ey v el yel)

m= lk om—1 m=1 k=2m—1 n=1

Using (2.4) and above inequality in (4.22), we get

iAl( <A+AZ %
n=2

Similarly we can prove that > >~ , As(n) < oo, by using the fact that the Fourier series
of go(t +h)B(t +h) — go(t — h)ﬁ(t —h)is

- Z Bn(x) sin nh cosnt.

Also for k = 3,4, ..., 7, it follows from the proof of [8, Theorem] that

ZAk(n) < oo
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and hence the result follows. O
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