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Abstract. We establish some new properties of the Dunkl-Wiener amalgam spaces
defined on the real line. These results allow us to obtain the boundedness of
Dunkl-type fractional integral and fractional maximal operators in the Dunkl-Fofana
spaces.

1. Introduction

Let us start with some notations that will be used throughout this paper. Let k > —%
be a fixed number and p be the weighted Lebesgue measure on R, given by

du(z) = (2T (k + 1))71 |z da.

For 1 < p < oo, we denote by LP(u) the Lebesgue space associated with the measure
w, while LP>>°(p) is the weak LP(u)-space. We denote by L°(u) the complex vector
space of equivalence classes (modulo equality p-almost everywhere) of complex-valued
functions p-measurable on R. For f € LP(u), || fll, stands for the classical norm of f.
For any subset A of R, x4 denotes the characteristic function of A. For z € R and for
r > 0, we set
B(z,r)={y € R : max{0, |z| —r} < Jy| < |z| +r}
if £ # 0 and
B, =B(0, r)=(-r,1).

The letter C' will be used for non-negative constants not depending on the relevant
variables, and this constant may change from one occurrence to another.

The study of the boundedness properties of certain integral type operators in the
topological vector spaces where they act is an important problem in harmonic analysis.
Many useful results concerning this topic, which were established in classical Fourier
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analysis have been generalized within the framework of Dunkl analysis (see, for example
[3], [8], [9], [10], [12], and the references therein). Recently, P. Nagacy and J. Feuto
[15] introduced the Dunkl-Wiener amalgam spaces and the Dunkl-Fofana spaces on the
real line as described below. As an application, they established the boundedness of the
Hardy-Littlewood maximal operator associated with the Dunkl operator in the Dunkl-
Fofana spaces. Recall that on the real line, the Dunkl operators are differential-difference
operators associated with the reflection group Z, on R.

For 1 < ¢, p < oo, the Dunkl-Wiener amalgam space (L%, L?)(u) is defined as the
subspace of L(u) such that || f]|, ., =1 || fll,, < oo, where for > 0,

HUR(Ty|f|‘1)xBT(z)du(x)]% )
I xBwn sl o

if gq<oo,

el = (L.1)

with the LP(u)-norm taken with respect to the variable y. Here and in the sequel,
7,(y € R) stands for the Dunkl translation operator (see Section 2 for more details).
The space (L9, LP)(u) is a complex Banach space endowed with the norm ||-[|, .

Let 1 < g < a < p < oo. The space (L%, LP)” (i) is defined as the subspace of L°(1)

such that [|f||, , , < oo, where

It is proved in [15] that the map f — || f]|
for a € {p, q}, (L9, LP)* () = L*(p).

In this paper we obtain several new properties of the spaces (L4, LP) (1) by examining
their relationship with other topological vector spaces. We also define an equivalent norm
to |||l4, p. Furthermore, we show that ((L?, LP)* (u), [[[l4.p.a) is & complex Banach space.

g.p,e 18 & TOTM On (L9, LP)" (). In addition,

These results allow us to establish norm inequalities in the spaces (L4, LP)® () for the
Dunkl-type fractional integral operator, defined by

Isf(x) = / o f(2)[ 2P~ R (),

and the fractional maximal operator
_B__
Mf (@) = supl(BO. == [ 5|l @)dutw).
r>0 B(0,r)

where 0 < 8 < 2k + 2.

In the limiting case 8 = 0, the fractional maximal operator reduces to the Hardy-
Littlewood maximal operator associated with the Dunkl operator, denoted by M.

Our main results read as follows.

Theorem 1.1. Let1<q§a§p<ooand0<5<2’%2. Put

1 1 1 1 1 1
— === p ,—=—-(1- of ) and — = —(1— of ).
a* a 2k+2'p p 2k +2 q q 2k +2
Then , .
1— & = 7= o
s fllgpas < Cllfllgpa I fllgscia,  f€ (L9, LP)*(n)
and

15 f

apor < Cllfllgpar  f€ (LY LP)*(pn).
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For ¢ = 1, we prove the following

Theorem 1.2. Letl <a<p<oo and < f < % Put

1_1 B 1_1(1 aﬂ) gt __°oB

ot o 2%+2p po 2%k+22"GTT T %t
Then

1— 28 B o
s fll(pae zoyar () < Cllflhpia 1T f € (LY LP)*(n),
where
1_1_1 1
s f Nl (Laoe, Lrye= () =§1ilgu(3(0ﬂ”))a* P s fr xB, lLas s

and

s fll(Lae, Loye () < Cllfll1p,as fe (LY, LP)*(p).

As a consequence of Theorems 1.1, we obtain the corresponding boundedness results
for Mg.

Corollary 1.3. let I <g<a<p<ooand 0 < f < 2’%2 Put

11 B 1_1(1 ap
af o 2k+2° p p 2k +2

) and

1
qd q 2k + 2
Then

Mg fllgpar < Clfllgpar [ €LY L)*(w).

As a consequence of Theorem 1.2, we obtain the following weak-type inequality for
Mag.

Corollary 1.4. let I <a<p<ooand 0 < < 2’%2 Put

1 1 B 1 1, o

7 2=
a* a 2k+2° p p( 2k + 2

) and

Then
Mg fll(pas zoyor () < Cllflipas  f € (LY LP)* ().
Remark 1.5. Note that

(1) Theorem 1.1 and Corollary 1.3 in the case @ = p or a = ¢ were proved in [8].

(2) Theorem 1.1 and Theorem 1.2 are generalizations, within the framework of
Dunkl analysis, of Theorem 4.5 and Corollary 4.4 established in [6] in the one-
dimensional case.

The remainder of this note is organized as follows. Section 2 contains the prerequisite
for Dunkl analysis on the real line. In Section 3 we gather some basic results about the
spaces (L%, LP)(). New properties of the spaces (L9, LP)(u) and (L9, LP)*(u) are
established in Section 4. Section 5 is devoted to the proof of Theorems 1.1 and 1.2 as
well as Corollaries 1.3 and 1.4.
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2. Prerequisite on Dunkl analysis on the real line

The Dunkl operator associated with the reflection group Zs on R is defined by

Avfa) = Ly 4 2H1 (f<r> 2f(x)> |

dx x
For A € C, the Dunkl kernel denoted by €5 (X) (see [4]), is the only solution of the initial
value problem

Apf(z) =Af(z), f(0)=1, =zeR
It is given by the formula

. x| )
Er(\z) = jr(idz) + m]k+1(1)\.f)7 z e R,
where
) Ji(2) = (—1)nz2n
_ ok k _
Jr(2) = 2T (k + 1)~ _F(k+1);n!22nf(n+k+1)7 zeC

is the normalized Bessel function of the first kind and of order k. Notice that A_ 1= %
and €_, (Az) = e . Tt is also proved (see [16]) that |€(ix)| < 1 for every = € R.

The Dunkl kernel &, gives rise to an integral transform on R denoted Fj and called
Dunkl transform (see [2]). For f € L(u)

Fof\) = / €r(—ire) f(2)du(z),  AER.
R
We have the following properties of the Dunkl transform given in [2] (see also [5]).

Proposition 2.1. (1) Let f € L'(u). If Fr(f) is in L'(u), then we have the
following inversion formula :

fz)=C / &4 (izy) Fu () (v) duly).

(2) The Dunkl transform has a unique extension to an isometric isomorphism on
L?(p).

Definition 2.2. Let y € R be given. The generalized translation operator f +— 7, f is
defined on L?(u) by the equation

Fi(my f)(x) = Eplizy) Fr(f)(x), x € R.

Mourou proved in [14] that generalized translation operators have the following
properties:
Proposition 2.3. (1) The operator 7., x € R, is a continuous linear operator from
E(R) into itself,
(2) For f € £(R) and z,y € R

(a) 7o f(y) =7y f(2),
(b) of =1,
(¢) TgoTy =Ty 0Ty

Proposition 2.4 (see Soltani [17]). For x, A € R and f € L(p),

Fi(1af)(A) = € (ixA) Fr(f)(A).
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For z € R, let B(z,r) = {y € R:max{0,|z| —r} <|y| <|z|+7r} if z # 0 and
B, := B(0,7) = ]—r,r[. We have u(B,) = dpr***? where dy, = [2871(k + 1)I'(k + 1)]71.
For z € R and r > 0, the map y — 7, x5, (v) is supported in B(z,r) and

2C r\ 2!
< T <min< 1, " — , B(z, ), 2.1
oTxBT@)mm{ 2 () } yeB@r, @1

as proved in [9].
The following property of the translation will be useful.

Proposition 2.5. There exists positive real numbers C; and Cy such that for all
(y, f) € R x LO(u) we have

Cy / 1 @) X100 (@)dia(z)

IN

/R ol F9 @) 0. (2)du(e)

IN

C, / 19 @) X100 (@) ().

Let f and g be two continuous functions on R with compact support. We define the
generalized convolution *; of f and g by

[ g(a) = / e F—0)g()du(y).

The generalized convolution xj, is associative and commutative (see [16]). We also have
the below result.

Proposition 2.6 (see Soltani [17]). (1) For all € R, the operator 7, extends to
LP(M% p > 17 and
I fll, < 411f1, (2.2)

for all f € LP(u).
(2) Assume that p,q,r € [1,00] and satisfy % + % =1+ % Then the generalized

convolution defined on C. X C,., extends to a continuous map from LP(u) x L9(u)
to L™ (u), and we have

I1f *k gl < 41 f1l, gl -
It is also proved in [7] that if f € L'(u) and g € LP(u), 1 < p < oo, then
Tz(f *E g) = Tx.f *L g = f *g T2g, T € R.

For any measurable function f on R, we define its distribution and rearrangement
functions

drN) =p({ zeR:|[f(x) > A }),
feA) =inf{ t>0:dsi(t) <A }.
For 1 <p < ooand 1< q< oo, define

(v renree]” it 1<pg<o

sups%fk(s) if 1<p<oo,q=oc0.
5>0

”f”Lp,q(“) =
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The generalized Lorentz space LP>9(u) is defined as the set of all measurable functions
f such that ||| 1,.4(,) < oco. (See [10], [13] ).
A particular case of this space is the weak-Lebesgue space LP>*°(u).

Proposition 2.7 (see [10] ). If f € LPv % (u), g € LP2%(u) and p% + p% > 1, then

f*rg € LP3 93 (1) where p%—!—l = p%"'p% and g3 > 1 is any number such that q% < q%—kq%.
Moreover,

ILf 1 gllLes. as () < 3pall fllzer ar (wllgllLra: a2 (-

3. Preliminaries results on the Dunkl-Wiener amalgam spaces

The propositions of this section are proved in [15].
Holder inequality remains valid in the Dunkl-Wiener amalgam spaces as stated below.

Proposition 3.1. Let 1 < ¢, p1 < oo and 1 < g, p2 < 0o such that

1 1 1 1 1 1
—F —=-<land —+ —=-<1.
q1 q2 q pP1 D2 p

If f € (L%, LP)(u) and g € (L%, LP*)() then fg € (L9, LP)(ps).

Moreover,

1fally p < fllgy.py 1914y, s -
The following result shows that L*(u) C (L9, LP)(u) when 1 < ¢ < s < p < o0.
Proposition 3.2. Let 1 < ¢ < s < p < oco. We have
1 1_1.1
1l p < 47 [ fllgp(Br)» =75 (3.1)

The family of spaces (L9, LP)(p) is decreasing with respect to the g-power. More
precisely, we have the following result.

Proposition 3.3. Let 1 < ¢; < ¢ < o0 and 1 < p < co. For any locally p-integrable
function f, we have

1 _ 1
1fllg, p < m(Br)™ 72 [ fllg, p - (3-2)

4. New properties of the spaces (L4, L?)(u) and (L%, LP)*(u)
For (z, r) € R x (0, 0o0) and for § > 0, we set
Iz, r)=(x—r,z+7r) and 6I =I(x, or).

We will examine the relationship between the Dunkl-Wiener amalgam spaces and other
topological vector spaces.

Proposition 4.1. Let 1 < p < oo. Then

£y, p = 1(B)7 [ £]l,
and consequently, (L?, LP)(u) = LP(u).
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Proof. The case where p = oo is proved in [15]. So we suppose that p < co. We have

1l = | [ 1P xaon @]

- [/R [/R TmXB(OvU(y)du(y)] Ifl”(x)du(x)r
= (uBy)? [/Rmp(x)du(x)r.

Proposition 3.3 and Proposition 4.1 yield the following remark.
Remark 4.2. For 1 < p < ¢ < oo, we have (L%, LP)(u) C LP(u).

Let us denote by S(R) the Schwartz space. We endow it with the topology induced
by the family of semi-norms given by

Nin(f) = sup(L + fe])™ Z f()

n<m

. [ eSM),

where m and n are non-negative integers.

Proposition 4.3. Let 1 < ¢,p < oco. Then S(R) is continuously embedded in
(L9, LP)(p).

Proof. Let m be a non-negative integer and f € S(R). We have

[f@) < A+ |2))""Nm(f), =R (4.1)

e Suppose that g < oco.

Let y € R. It follows from (4.1) that

1 1

1)
[f(@)|r2 xB, (2) < (L+[2)) "N (/)72 x5, (),  z€R
Therefore,

HfT_yXBll\q Nop(HOIE+|-D™™ _yXBlllq~ (4.2)
Since

1
A lel) <14yl <41+ [z)), yeR, e By 1), (4.3)
we get from (4.2) that

172 xmlle < A" No(HA + )~ 172, x5 o
< AN (F) (1 + Jy) T (B

according to [1, Theorem 6.3.4]. Hence, for all m > 2’%2,

1l = HIIfT% xllally < 47N (HB)]7 (14 )7l < oc.

Therefore, for all m > 2’”2
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e Suppose that ¢ = oo
Let y € R. From (4.1) we have

|f(@)xBn @) < @+ [2) "N (fXBen (@), zeR.
It follows from (4.3) that
N (ONA+1- D)7 X B lleo

AN ()X + 1Y) ™" X By oo
A" N (F)(L+Jy)™™

HfXB(y,l) ||oo

IN A

Hence, for all m > 2k+2

[ lloo.p = Il XBwD lollp < 4™ Non (AIA+ |- )™ [l < 00

Therefore, for all m > 2’”2

[fllg.p < Cla, m, k, p)Nin(f)
and the result follows. O

The following result asserts that for 1 < ¢ < s < p < oo we have
L™ () € (L4, LP)(p).
Proposition 4.4. Let 1 < g < s < p < co. Then there exists a constant C' = C(p, q, s)
such that
1fllg.p < CNFllLs ) fe L.

Proof. Let f € L°(u) and 1 < ¢ < s < p < o0.
The result is obvious if f is not an element of L**°(u1). So we suppose that f € L% (u).
We have

PSSy g BSTPAEPS 4 _a
qs — qp + ps ps S p

so that according to Proposition 2.7,

11§, = 1" *k xBonll, 2

La(u)
3p w
< 5 n(B(0,1)) (LF1 oo () ) -
O
Proposition 4.5. Assume that 1 < rqy, ro, $1, 52 < 00. Let 6 € (0, 1) satisfying
1 06 1-—90 1 0 1-—90
- = —+4 and — = — + . (44)
r 1 ) S S1 52

Then, for all f € L°(u) we have
||f||97” S ||f||91,rle| 92,7"2
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Proof. Let 1 <71, 12, 51, 52 < o0 and 6 € (0, 1) satisfying (4.4). Let f € L°(u).
e Suppose that s; < oo and sy < 0.
Let y € R. By Holder inequality we have

[ 15 @ )i
R

0, 5(1-0)

= [T @) E S )
(/R (|f|59 (x)(T*yXBl)g(x)) & du(x)) o X

(/R (|f|5(179) (x)(T*yXBl)S(l"j) (:c)) wn du(az)> 62

By applying again Holder inequality, it follows that

IN

s

(/R |fI° (@)7— () XB, (x)d”(x)>

([ @ xm) @)

T

0

6
S1

IN

X

T1
1—6 | 1—0
52

(/R | f172 (x)(T(‘)XBl)(x)d,u(m)>

T2
Hence,
£ lls, e < IFIS, o LFNEE,

e Suppose that s; = s9 = s = 00.

If » = oo then vy = ro = oco. In this case, the result is obvious. So we suppose that
r < 0Q.

It follows from Hoélder inequality that

1l = / 1 xBe I2 Fen 1280 duy)
< M xBen oM B0 ol

Hence,

0 —0
[ fllocr < I 1S r 11507,
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e Suppose that s; = oo and sy < 0.
From Hoélder inequality, we have

1

s

£l ( / AP (@) x e (@) 7y Xy (x)du(a:))

T
1—-6
s2

IN

H||fxB<.,1>||zo (L1 @rxm@auto)

1 1-0
D)

A

0
< lfxsenlsllr,

(/R 17 @) 7 xB: (ac)du(x)>

r2
Hence,

0 —0
1 s, < 1A NGr, IR,

e Suppose that s; < oo and sy = co.
This case is similar to the previous one. [l

Now, we focus on the existence of an equivalent norm to ||| q.p- For this purpose, we
set
Q=[,1+1), leZ.
It is clear that {Q; : | € Z} is a disjoint family which covers R.
For any 6 > 0 and for any integer I, we denote by 6Q; the half-open interval [a;, b;),
whereal:l—i-l—;‘; andbl:l—i-lTH.

Lemma 4.6. Let [ be an integer. The following assertions hold.

(1) For all y € R, the set Ly, = { i €Z:Q;NI(y,1)#0 } has at most three
elements.

(2) For a’”y S Ql ’ Ql C I(y71) C 3Ql
(8) w is doubling with respect to Q.

Proof. We give the proof of the last assertion because the others are trivial.
Let [ be an integer. Put u =1+ 1. It is proved in [15] that for any (z, r) € R x (0, co),
w is doubling for I(z, r). Then there exists a constant C' > 0 such that

w21, 3) < Cull(u, 3).

As

p(2Q1) = p2I(u, 5)) and (I, 3)) = #(Q),

we deduce that
n(2Q1) < Cu(Qu).
This ends the proof. (]

For 1 <p, ¢ < oo and for any p-measurable function f on R, set
1
p
— (Sn@lnal;)” it p<x,
Hf”q,p = leZ )
sup || fxaqll, if p=ooc.
leZ
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Proposition 4.7. Let 1 < p, ¢ < oo. Then, there are positive constants C; and Cy
such that

Cillfllyp < Wfllyp < Collflly, o € LOh).
Proof. Let f be any p-measurable function on R.

17st case. We suppose that g < co.

According to Proposition 2.5, there exists a constant C > 0 not depending on f such
that

/ 7| 719@) X s(0.0) (@) du(x) < C / 19 @)Xt (2)dia().
R R
e Suppose p < oo. Then

1
P

i, < c@| [/ Iflq(x)xf(y,l)(x)du(w)]gdu(y)]

< C(q) Z/ Z/ |17 (@) X1,y (W)dp(z) | du(y)
1€z /@ |ieL, /@i
By Lemma 4.6, we get
Ifl,, < Clg.p) [ZZ/ I £xq. i,’du(y)]
icZ lez Y QuN3Qi
< C(g,p) [ZM(QD 1/ xq: ’;] =C(g:p)Ifll,, -
i€z
Applying again Lemma 4.6 and Proposition 2.5 we have
1l = [Z / ||foi||f;du<y>]
iz Qi
< Z/ ||fX1(y,1)||§d/l(y)] {/ HfXI(y,1)||§d/J‘(y):|
iez ” Qi R
< C(q) /R|:/RTy|fq(m)XB(O,l)(m)dﬂ(x)} du(y)] :

Hence,

11l < C@I£l,., -
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e Suppose p = co. On the one hand, according to Proposition 2.5, there exists a constant
C > 0 not depending on f such that

[ @) < ¢ i)
B(0,1)

I(y,1)

<c ) If\ (@)X1(y,1) (@)dp(@)
1€2:QNI(y,1)#£0

< Csupllfxall Z L.
(S

1€2:QNI(y,1)#£0

Hence,  |[fllg,00 < C(OIf]lg,00-
On the other hand by applying again Lemma 4.6, we have

IfxQlls < Ifxrwnlle, v € Q.

Moreover, there exists a constant C' > 0 not depending on f such that

/ fr@du@) <€ [ nlfr()dnte)
I(y,1) B(0,1)

Hence, ||f||q o < Clq) Hqu,oo .

274 case. We suppose that ¢ = oo
e Suppose p < co. Thanks to Lemma 6.2 in [15] we have

ooy < M Pxaeslloll, + X9l ll, = 1+ T2

Notice that

| ( XIy,3) |<Z|f XI(yS) XQI( ) ) z €R.

leZ

Since for every integer [,

I(x,3) C7Q;, x€Q,
we get
1 X1(y,3) e < > 1 X@ulloo X701 (¥)-

1€Z:Q NI (y,3)#0

Thus,

S

p

< / S el xra @) | dut)

1€Z:QiNI(y,3)#£0
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As for all y € R the set { 1eZ:QNI(y,3)#£0 } has at most seven elements, then
by applying Holder inequality we have

- 1
_1 ?
S < T /ZIIfXQZI’;Xml(y)du(y)]
L/R ez

1

7 Z/QZIIfXQZIII; X7Ql(y)du(y)]

Li€Z P IEL

IN

1

< 7% Zu(7Ql)||fXQl||Zo‘| :

LIEZ

Since p is doubling, we get J; < C’(p)moo,p.

Also, Jo < C(p)|fll.,, because p is a symmetric invariant measure. Thus the result
follows.
For the reverse inequality, we apply Lemma 4.6 to get

3 /Q 1£xa I, duy) < 3 /Q 1 xso |17, duy).

l€Z leZ

Then the previous inequality becomes

3 /Q 1 Fxa %, du(y)

LEZ
< / | fxre 5, diy) +/ I Fxren |2, diy).
B(0,1) B(0,1)

Since I(y,1) C B(y,1) for |y| > 1, we deduce that

Lo el < [ P
B(0,1)° B(0,1)°

[ Mxmanll. dut) = 171 -

As I(y,1)\ {0} € B(y,1) when |y| < 1, then

Y d / P g
/B<o,1) 1 X1 lI5 dry) o 17100 [ )

[ Mxmanll. dut) = 11 -

IN

IN

IN

= 1

Hence, | fllop <27 I fllccp -

e Suppose p = 0.

By Proposition 4.1, [|f|l . = lIfll.o- To get the desired result, we will show that
[flloe,00 = I1flloc-

Since
Ifx@lleo <llflle, EZ,
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it follows that moo o <l
For the converse, we assume that || fllcoc > 0, otherwise the result is obvious.
Let r be a real number satisfying 0 < 7 < || f||.. Then

O0<p({zeR:|f(z) >T})=u<U {z e : [f(2) >T}>-

lEZ
Thus, there exists an integer [ satisfying 0 < u ({x € @Q; : |f(x)| > r}). Hence,

r < FxQillee < 1fllos 00

Therefore, || f],, < ||Afﬂoo7Oo and the claim follows. O

It is easy to see that the map f +— mq’p defines a norm on (LP, L?)().
Lemma 4.8. There is a constant C' > 0 such that for all integers | we have
1(1(0,1)) < Cu(Qu).
Proof. Tt is proved in [15] that
u(I(0,1)) < 2p(I(z,1)), =z€eR.
Thus, for z € Q;, we have by Lemma 4.6 that

1(1(0,1)) < 2p(I(x,1)) < 2u(3Q1).
The desired result follows from the fact that u is doubling with respect to Q. O

Proposition 4.9. Let 1 < ¢, p1, po < oo and ps > p;. Then there exists a constant
C > 0 such that

1llg,pp < C MFllg,py s F € L)

Proof. Let f € LO(u). If py = po then the result is obvious.
e We suppose that p; < ps < co. We have

1

T = S0 101"

Li€Z

1

> n@ ||fXQi||§‘1

LicZ

IN

1

= ZN Qz Q’L) ”fXQ7 p1‘| .
Li€Z

An application of Lemma 4.8 and Proposition 4.7 leads to the desired result.
e Suppose p; < ps = o00. Foralll € Z,

I £xalP <Y 1l FxellP < Cu(I0,1))™" > w(@0) [l fxa 2

lez lEZ
according to Lemma 4.8. The result follows by Proposition 4.7. (]

Proposition 4.7 and Proposition 4.9 lead to the following remark.
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Remark 4.10. For 1 < gq, p1, p2, < 0o and pa > p; we have
(L, L) (p) < (L7, LP) (p).
If in addition ps = ¢, then by Proposition 4.1,
(L9, LP)(p) < L (p)-

For 1 < ¢ < oo, we denote by L%(u) the set of elements of LI(p) with compact
support. For any element f of L°(u), we will denote by supp(f) its support.
The following result shows that LI(p) C (L9, LP)(u) when 1 < ¢,p < co.

Lemma 4.11. Let 1 < ¢, p < co. If f € L(u), then there is a constant C > 0 such
that

||f||q7p S C ||f||q :
Proof. Let f € L%(u). Let us set K = supp(f). We have

g, = Yo w@) Ifxanxly
1€EZ:QINK#D
< fxwly | Yo w@)| =Clflle
1€2:QiNK #0
since the set {{ € Z : Q; N K # 0} has a finite number of elements. O

Proposition 4.12. Let 1 < ¢, p < oo. Then L%(u) is a dense subspace of (L4, L?) ().

Proof. Let 1 <g¢q, p<ooand f € (L9, LP)(u). Let n be a positive integer. We consider
the function f,, defined by

fulz) = f(z) max(1 — |%|,0), z€eR.

a) We have suppf,, C B(0,n).

We will show that f, belongs to L?(u) by examining two cases.
e Suppose that p < q.

We have

1
P

lez

allyq < [Z [(u(Ql»énfxczlq}q] <[Z<u<@l>>€||fm||§
ez

IN

[Z(M(Qz))ilu(Qz) 1fxa, ||Z]
leZ

< ||qu,p- If p < ¢ then an application of Lemma

9,9 — -
q,q g C”qu,p

It follows that if p = ¢ then m

4.8 ensures the existence of a constant C' > 0 such that m
We deduce from Proposition 4.1 that f € L9(u).
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e Suppose that ¢ < p.
We have

e, < S Q) /B PNUCICISIRAE

IEZ: Q,NB(0,n)#0

Tt q
< Y @)t [ e @) dut),
I€Z: QiNB(0,n)#0 B(0,n)
where s = Q and s’ = —q Then, it follows from Holder inequality that
- a
lEZ: QmB (0,n) (2) lEZ

Since the set {l € Z : @Q; N B(0,n) # 0} has 2n elements, we have that

1
S/q

D, = DRI

1E€Z:QNB(0,n)#£0

is a positive real number satisfying m aq S Dnm 0.p- 1t follows again from
Proposition 4.1 that f, € L(u).

b) We have,
Vo fll, = ”H rh XBow
allp
1 1
= ’ fanyXB(o,l) - foyXB(o,n )
allp
1
where H(fn - FT2,XB0,1) denotes the LP(u)-norm of the function

2lp

1
Y= HH(fn -7 T2 XB(0,1)
9lp

1
Let y € R. Then ( fanyXB(OJ))nzl is a p-measurable sequence of functions which
1

converges to fTEyX B(0,1) M-almost everywhere. In addition, for p-almost every y € R,

1
< | friyxBo,| € LI(n)

1
InT2yXB(0,1)

because f € (L9, LP)(u). Hence, applying the dominated convergence theorem we obtain

1

faT2XB01) — [T XB0)|| =0

q

lim
n— oo

Moreover,
1

1 1
InT2yXB(0,1) — FTLyXB(0,1) T2y XB(0,1)

<]

q q
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belongs to LP(u) since f € (L%, LP)(u). Hence,

q
applying again the dominated convergence theorem we obtain

1
and the function y — || 72, X B(0,1)

1 1
Jim A faT X B0y — FTEyXB01) =0.

qllp

From parts a) and b), we conclude that L%(u) is a dense subspace of (L7, LP)(n). O

Let 1 < ¢q,p < co. For all »r > 0, we define
(L9, LP) () ={ FeLOn) s ollfllgp <oo }
and for any p-measurable function f on R, we set
1
(Z wQp) ||fXQ{H§> if  p<oo,
leZ

if p=o0,

""Hf”q,p =

il

where Q] = [rl, 7l + 7).
It is easy to see that an adaptation of the proofs of the propositions stated in [15,
Section 3] and those given in this section (by replacing p(Bq) and Q; by wu(B,) and Q]
respectively) yields the following result.
Proposition 4.13. Let 1 < ¢,p < oo and r > 0. Then the following assertions hold.
(1) (L9,LP),(p) is a complex subspace of the space L°(u).
2) The maps f +— .| fllqp and f — ,.mq)p define norms on (L4, L?),(u).

(2)

(3) The norms .|| flg,, and .| f[|,, are equivalent.

(4) ((L9,LP), (1), »|| fllq,p) is a complex Banach space.

(5) If 1 < p; < py < oo then there exists a constant C' > 0 not depending on r such
that

T ||f||q,p2 g C’/’L(‘B(O/r))giH T ||qu’p1 ’ f € LO(M)

Now, we state some new properties of the spaces (L%, LP)* (u).
Using the same arguments as in the proof of Proposition 3.1 with B, instead of By, it
is easy to see that Holder inequality remains valid in the Dunkl-Fofana spaces. More
precisely, we have the following

Proposition 4.14. Let (q1,p1, 1) and (g2, p2, ) two elements of [1, 4+oc]? such that
@1 < a1 <ppand g2 < az < po.
If

1 11
S 1 and ?1 + ?2 = o
then for all f and g of L°(u), we have

1 £9llg.pa < 1 fllgs,p1,01 191l 2,p2,00
From Proposition 4.4 we deduce the following result.

Proposition 4.15. Let 1 < ¢ < s < p < oo. Then

I llgpe < Clfllpacequy, € Lo%(w),
where C' > 0 is a constant not depending on f.
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The above result shows that L*>°(u) is continuously embedded in (L9, LP)(u).
The following proposition asserts that endowed with the norm || - ||.p.a, (L9, LP)*(p) is
a complex Banach space.

Proposition 4.16. Let 1 < «, p, ¢ < co with ¢ < a < p. Then ((L%, LP)*(u), || - lg.p.a)
is a complex Banach space.

Proof. Let (f;);en be a Cauchy sequence of elements of (L9, LP)™ ().
Fix € > 0. Then there exists an integer IV such that for all integers m and n we have

m,n>N = ||f;m — fn

apa < €

This implies that for r fixed and for m, n > N,

1_1_1
w(B(0,7) " a7 % ol frn = fallgp < €.

Hence, (f;);en is a Cauchy sequence of (L9, L), (u). Since (L9, LP),(u) is a complex
Banach space, (f;j);jen converges to f € (L9, L), (u). In addition, for all m,n > N we
have

[l fmlla.p.a = [.fr < fm = fallgpa <e

Therefore, (|| fjllq.p,a)jen is a Cauchy sequence on R. Let us note M > 0 its limit. It
follows that for m > N,

|¢Z>P;a

By letting m go to oo, we get
111
p(B0, 7)) 757w o[ fllgp < M.

Hence, || fllg.p,a < M and f € (L9, LP)*(p).
Let m be an integer such that m > N. For all » > 0 and [ € N, we have

1 1

W(BO,r)5 575 | frn — f

|‘17P

< N fm = Frnstlapa + 0BOP) 775 | frnss = fllaw
< € —i—,u(B(O,T))é_%_% rll fntt = fllg.p-
Since
ll_i)r&M(B(O,T))Eigii rll fm+t = fllgp =0,
we have
[fm = fllgpa <€
This ends the proof. =

The family of spaces (L7, LP)” (u) is increasing with respect to the p power as stated
below.

Proposition 4.17. Let 1 < ¢ < a < p; < ps < 0o. There exists a constant C' > 0 such
that

[fllapzra < Cllfllgpr,ar feL’w,
and consequently, (L7, LP1)* (u) C (L9, LP2)® (p).
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Proof. Let f € L%(u). Since for p; = ps the result is obvious, we give the proof for
p1 < p2.

Let » > 0.

e Suppose that py < co.

According to Proposition 4.13, there exists a constant C' > 0, not depending on r and
f, such that

11
T ||f||q7p2 g C/'L(B(O7T))p2 Pl ||qu,p1 :
This implies that
_L _
w(B(0,7)) 72 o [ fllgp, < C(BO, )71 1 [ fll,,, -
Multiplying the both sides of the above inequality by (u(Z(0, r)))é_%, we get
1 1 1 1

H(B(O,1))* 7772 o |1 £ll,, < Cu(B(O,r)= 75 |If]

Hence  |[fllg,pz.a < Cllfllgpisa-
e Suppose that ps = oco.
By Proposition 4.13, there exists a constant C' > 0, not depending on r and f, such that

q,p1 °

1

rlfllg.oo < C(u(B(O, 7)) 1 [l fllgp-
This implies that

1

p(B0,m)= "0 1 [ fllg0 < C(B(O, 7)) > o771 1 [[fllg 5, -

Hence || fllg00,0 < Cl|fllq,p1a-
We conclude that (L9, LP*)* (u) C (L9, LP2)* (p). O

5. Proof of the main results

For 1 < ¢ < oo, we will denote by ¢’ its conjugate exponent: % + % = 1. We will

need the following results.

Proposition 5.1. ([15]) Let 1 < ¢ < a < p < 0. There exists a constant C > 0 such
that

IMfllypa < Clfllgpar fE Linel).

Proposition 5.2. ([15]) Let 1 < o < p < 0o. There exists C' > 0 such that
IMfllroe poyaguy < Clliflipar € Lioe(w).

Proof of Theorem 1.1. et 1 <g<a<p<oo, 0< < %%2 and f € (L9, LP)*(p).
We assume that f # 0 p-almost everywhere, otherwise the result is obvious.
Let » > 0 and « € R. Then

Iof(z) = /B o, PO +

/ 7 ()25 2dp(z) = A(2) + B(a).
B(0,r)c
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Following the ideas of part (1) of the proof of Theorem 4 in [8], we have

A = Z i ()
B(0,2—*r)\B(0,2—*"1r)
= 27 4] - |ﬁ_2k_2XB(o,2—ir)\B(o,2—i—lr))(Z)dﬂ(z)
< /|f |ﬁ 2k 2XB(0,2*1'7‘)\B(0,2*77*17‘))(Z)d:u’(z)
( accordlng to [1, Theorem 6.3.4]).
It follows that
IS A FP—2u(z)
B(0,2-ir)\B(0,2-"~ 1)
< Z(2fi717,)572k72dk(Zfir)2k+2Mf(z)
=0
o0
< d 22k+2 B ﬁMf Z
=0

Hence,
|A(z)| < CrP M f(z).
On the other hand, we have
IB ()]

Tof (2)]2)° 72 2dp(z)

B(0,2i+17)\ B(0,2¢r)

. |6—2k—2

2)7_5(] XB(0,2i+17)\B(0,2¢r)) (2)dp(2) | .

By Holder inequality we have

P L (R i B(0,2i+1r)\ B(0,2i7)) (2)dp(2)
< 3 [ @I P poamninsoan) 7 (dulz)
2 ;
< Z (/ |f(2)| 97— (] - B%2XB(0,2'i+1r)\B(0,2ir))(Z)d#(z)> '
i=0 /R L
) "

( [t |ﬁ%2><B<o,2i+1r)\3(0,2ir>><z>du<z>)

(5.1)
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So, thanks to [1, Theorem 6.3.4], we write that

oo

B < Z( Lo Txlf(Z)QIZIB_%‘Qdu(z)>

=0
L
7

/ |28 2dp(z) |
2ir<|z|<2i+ 1y

IN

=0

<

(2')7 22 u(B(0,27417))) ¥

(/ | Tfo(z)quu(Z)> < (/ | Tzlf(Z)quu(Z)>
2ir<|z|<2itlr B(0,2¢t1r)

it follows that

Q=

' (2ir) </21-T§|Z|<2i+1rvauww(z))

B < D) B (B0, 2 ) (0,2 17)”

X
=
&
N
82
+
—
=
S~—
ol
|
Q=
~
SR
°
RN
t
2
bl
=
)
S—
=
1S9
=
2
S~—
~_—

< Fllasoa 227 20(B0,2 1) %
i=0
Since 1
1(B(0,20 1)) - = di_§(2i+lr)(2k+2)(1_é)7
we have
(o)
] L 1
z:(217d)ﬁ72k72u(3(07 21+1T))175
i=0
b e S s
i=0
In addition, 3~ (21)~%% < 00, So
i=0

2k

_ 2642
|B(2)| < Cr7 757 £llg.00,a-
It follows from (5.1) and (5.2) that

[Isf(z)| < COPMf(x) + P~ 537 fllgrooa)

for all » > 0. Thus, taking r = (%) m, we get

o ap
5 f ()] < C(Mf ()~ 55 | |25

1
a

X

Q=

+

1
a

X

Q=

1
q

315

(5.2)
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for all z € R.
From (5.3), we have
s fllagp < C||f||5,'§a2a 0.7 a2
< ZIGOEZOC . M 2k+2
— CHf”Q; || f”_(l 2£2),p(17%)
1— a8
< C||f||;’i;2a M fllgp ™.

Then, multiplying both sides of the previous inequality by u(B(0, r))%* i, we get
L_l_l
(B0, 7“)) T U fllap

_1_1 1— 28
< Cllfllé,’“&fa( (B(0,r)))7" "7 MIIMfIq,p”““
_aB
< cnfn;%z?au( B(0,7) &5 055 | M f]|g 7
,_1_, _apB
< ONFIPEZA (B0, ) F =35 M f )

Hence,

_af
M g

s fllgp.0n < ClSI

and by Proposition 5.1,

s flla.p.0- < CIIf 5,@32a||f q,p?k“- (5.4)
We end the proof by combining Inequality (5.4) with the fact that

1fllg.00.0 < Cllfllgp.ar
where C' is a constant not depending on f. O

Proof of Theorem 1.2. Let 1 < a < p < 00,0 < 3 < 2542 and f € (L', LP)* (). We
assume that f # 0 p-almost everywhere, otherwise the result is obvious. From (5.3) we
have

ap __aB
15 fl(pae,Lryes (u) < C||f||12k§22a\|(Mf)l 92 || (Laoo Lr)at ()
Now, let 7 > 0. Then

NOLF=2 78 el
[ — 1 2k+2
‘1<1 2k4€2)

= (Mf)r_ XB,

La:°°(p) 7

__aB
2k+2

_ aB
L 2k+2>’°°<u> »

2k+2

ﬁ
Hl 2k+2
(1) ’
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Sinceo}*—l,—l,:(é_ _%)(1

then

2k+2)

u(B(0,r)a a7 || (M) 2’”27(5 X8, L s

1_q_1y(q__aB_ 1- 5775
= (B0, ) F P03 ||| (a1
1_4_1 1_%
= |uBo.ri W]
Thus,
_ap_
IO | g oy = IV e
and
||Iﬁf|| L3:° LP)>" (p) < C||f||1 ,00,0 L12:°+2P) ()"
By applying Proposition 5.2, the previous inequality becomes
I f (Lo, Loye (ua) < Cllfllfko?allf |1,p,2’°“~ (5.5)

We end the proof by combining Inequality (5.5) with the fact that
Hf”l,ooa < C”f”l,p,m

where C' is a constant not depending on f. O

Proof of Corollary 1.8. Let 1 <g<a<p<oo,0<f< % and f € (L9, LP)*(u).
Let z € R and r > 0. We have
1
[ nlfien)
u(B(0,) =75 S50
1
- [ wlfie) ——du(2)
B(0,r) w(B(0,r)) 2+
1

- ol f1(2) ——————du(z
fr PO

- 1
= a7 [ ) g dnt)
k B0 r2k+2—p

5
< a7 [ e )
B(0,r)
B _
< a7 [ nlf@ ),
R
Hence,
_B__1q
Mg f(z) <dg" g f|(x). (5.6)
We end the proof by taking the norm ||-||7,5,o+ on the both sides of (5.6) and by applying
Theorem 1.1. O

Proof of Corollary 1.4. The result follows from Inequality (5.6) and Theorem 1.2. O
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