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Abstract. This paper studies the properties of finite order transcendental
meromorphic solutions to certain differential-difference Painlevé I1I equations. Also
discussed the exponent of convergence of poles of divided difference Af/ f, existence
of “Borel exceptional value” and rational solutions.

1. Introduction

A meromorphic function is defined in this paper for the entire complex plane C.
Standard notations can be found in [2, 5, 12] as well as the fundamentals of Nevanlinna
theory. Let F = {f : f is finite — order transcendental meromorphic function in C}.
For 8 € F, the term “small function” of f means if T(r,5) = S(r, f). Also, S(r, f)
denotes any quantity that can satisty S(r, f) = o(T'(r, f)), r € E, r — 0.

If all the solutions of ordinary differential equations are single-valued around all
removable singularities,they possess Painlevé property (for more details see[11]). In
1895-1900, Painlevé [9], Fuchs [6] and Gambier [1] worked on second order differential
equations with an interpretation of Painlevé property, proposed by Picard. Painlevé and
his colleagues established six non-linear differential equations, which cannot be solved
using known functions, are called Painlevé equations. In physics as well as mathematics,
Painlevé equations play vital role due to their applications of plasma physics, non-linear
optics and solid state physics etc.
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2. Definitions
Let f be a non-constant meromorphic function. The “ order of f” is given by:
log™ T'(r,
o(f) =limsup gi(f)
r—00 logr
Let f be a non-constant meromorphic function. The “exponent of convergence of zeros”

of f and “exponent of convergence of poles” of f for the value point a are respectively
defined as:

log™ N r,%a + _
Af) = limsup(f) and A (}) = limsupw.

r—o0 logr oo log r

Let f be a non-constant meromorphic function. The fixed points of f is given by

log N (r, +—
7(f) = limsup #Z)
r—00 10g r
Let f be a non-constant meromorphic function. The value point ‘a’ is called the “Borel
exceptional Value (BeV)” of f if

log™ N (r, fia>

lim sup < p(f).
P00 logr
For simplicity we denote:
F=f+1), f=f(z-1), w1£§ and wgzj:. (2.1)

Recently, an independent effort of Halburd and Korhonen [10] and Chiang and Feng
[15] achieved an important result on the derivative of the logarithm, entitled “Difference
analogue of the lemma on the logarithmic derivative”. After their fabulous work, many
authors [3, 4, 8] have focused on the properties of meromorphic solutions of differential
and difference equations. In particular, the following equations were studied by Y. Du
et al. [14] and L. Liu et al. [7], determined the properties of meromorphic solutions.

. [P=M+up
fr= (f—1)2 (2.2)
where p and A are constants such that Ay # 0 and
] (23)
L f2 —1 .

where \ # +1 is constant.

Theorem 2.1. [14] If f € F be a solution of (2.2), then the following holds:
(1) for any n € C\{0}, 7(f(z +n)) = o (f);
(2) A(25) = (%) —o(f).

Theorem 2.2. [7] If f € F be a solution of (2.3), then the following holds:

(1) M%) = (1) = o)
(2) IFX#0, then A(f) = o(f);



Some results on differential-difference Painlevé equations 323

(8) [ has at most one non zero finite Borel exceptional.
Theorem 2.3. [10] Let f(2) be a non-constant meromorphic solution of

f(z)"P(z’f) = Q(Z7f)7

where P(z, f) and Q(z, f) are difference polynomials in f(z), and let § < 1 and € > 0.
If the degree of Q(z, f) as a polynomial in f(z) and its shifts is at most n, then

m(r, P(z 1)) = o (W) T o(T(r, f)

for all r outside of a possible exceptional set with finite logarithmic measure.

r

Theorem 2.4. [5] Let f(z) be a non-constant meromorphic function, then every
irreducible rational function in f,

> ai2) fi(2)

> _ P(va) _ =0
R(z, f) Q(z, f) i:oﬁj(z)fj(z)

here a;(z), B;(z
T(r,R(z, f)) =

) are small functions of f, i1 =0,1,...,p and j = 0,1,...,q, satisfying
dT'(r, f) + S(r, f), d = max{p, q}.

3. Preliminaries

Lemma 3.1. [15] Let f(2) be a meromorphic function of finite order o and let n be a
non-zero complex number. Then for each € > 0, we have

Lemma 3.2. [2] Let f; be a meromorphic functions and g; be a entire functions, for
j=1,...,n(n > 2) satisfying

(1) 3251 fi(2)e% = 0;

(ii) when 1 < j <k <n, then g; — gr;

(iii) when 1 < j <n,1 < h <k <n, then

T(r, f;) = O{T (r, egh*g’“)} (r = oo,r ¢ E),
where E C (1, 00) either logarithmic or finite linear measure. Then, f; =0(j =1,...,n).

Lemma 3.3. [2] Let f be a meromorphic function in | z |< R < oo, for every b € C
and r € (0, R),

T < f{b) = T(r, f) + S(r, f).

Lemma 3.4. [2] Suppose f(z) is a non-constant meromorphic function in the complex
plane and k is a positive integer, and let

k

U(z) = ai(2)f'(2),

=0
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where a1(z),as(z), - ar(z) are small functions of f(z). Then

v
m (r, f) =S(r, f)
and T(r,0) < (k+1)T(r, f) + S(r, f).

Recently, Y. Du et al. [13] investigated differential-difference Painlevé III equations

(ff)'—a(f_lﬂ); a0, B#1 (3.1)

2
Fr=f=0 s (32)
f—-1
and obtained relation between growth order, exponent convergence of zeros, fixed points
and rational solutions.
Motivated by [13], we investigate the following differential-difference Painlevé III
equations, obtain the properties of meromorphic solutions and existence of rational

solutions.

() = W (3.3)
=L (3.4
[ (35)

4. Main Results

Theorem 4.1. If f € F is a solution of the equation (3.3) and p, A are non-zero
constants with pX # 0, then

(1) 7(f) = A(f) = (/)
@) (2 ) = ot
(8) If X\ a+b, then f has at most one non zero finite Borel exceptional value.

Proof:
(i) Let g(z) = f(z) — z. Since f(z) is meromorphic, we can write
T(r,g) =T(r, f)+ S(r, f). Replacing f(z) by g(z) + z in equation (3.3), we obtain

(@+z+1)(g+z—1])(g+2-1)°=(9+2)>—Ag+2)+pu.

Denote

Qu(z9)=(G@+2+1(g+z-D])g+z-1)*~(g+2)* = ANg+2) +p (41)
It yields from (4.1) that Q1(z,0) = 223 — 522 + (A + 2)z — p # 0, combining this with
Theorem 2.3, we get m (r, é) =S5(r, f).

N (7", ﬁ) =T(r,f)+ S(r, f), and hence 7(f) = o(f).
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If 1 # 0 then (3.3) yields, let Qa(z, f) := (Ff)'(f = 1)* = (f> = Af + p).

Clearly Q2(z,0) = —u # 0, combining this with Theorem 2.3, we get

/AN Y ST AN RS VRS
f? FASE) -2
() (% /_2<1’ TE\ _P =M+
f)\ )\ r? =12
Equation (4.2) and (2.1), yield

(3o -=(3Y o=

and we have from (2.1) and Lemma 3.1, that

T(ryw) <T (r, Aff> +S(r, f).

fz+1)
f(2)

T(r,ws) <T (r,wy) + S (r, > +0(1)

T(rwy) <T (r, Aff> +S(r, f).

T(r,wiwse) < 2T (r, Aff> + S(r, f).

In order to prove A <A1f> = o(f), we take up the following three cases:

i
Case a: A —pu # 1.

325

(4.4)

Since Ay # 0 and in the view of equation (4.3), (4.4) to (4.6), Theorem 2.4, Lemma 3.3
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and Lemma 3.4, we get

5T(r,f) =T <r, W) +0(1)

oo G-+ (3) ) o

<T (n ch) +T (1, (wiws)') + T (r,wiws) + T (r, (}))/ +0(1)
< 3T (r, wiwg) + 3T (r, f) + O(1)
20(r, f) < 6T (r, Aff> +S(r, f)
Therefore we have
%T(r, Ry (n Aff> +S(r, f). (4.7)

From equation (4.7) and Lemma 3.1, we see that

N(r Aff) —T(T,Aff> —m(r,Aff>
> 3T )+ 50,

) > o(f) and by the fact we have A (Alf) < o(f) hence A (A1f> =
T 7

which implies A ( y;
Bl

a(f)-

Case b: u=1,\— pu =1, equation (4.2) becomes

po(#) 5 (7)

1 If i
f2f/ f/ <f2> f <f2> +O( ) (4~8)

Equation (4.8) and (2.1), yield
1 1 1
T
Taking LHS of (4.9), Lemma 3.3 and Lemma 3.4, we get

T <r, f21f') =T (r, f2f) +0(1)
ST (r, f')+T (r, f) +5(r, f)
1
T (7’7 fo/) <AT (r, f)+ S(r, f). (4.10)

(wiwz) + O(1). (4.9)
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On the other hand, we have
T (v fap ) =T O =TS+ T )+ 0.
T 20) T (r g ) T 50 )

f2f /
>1 (R E) - cr e + s
> ZT(T7 f) - (72T(T7 f)) + S(Tv f)
1
T <r, f2f’> >AT(r, f)+ S(r, f). (4.11)
From equation (4.10) and (4.11), we get
AT(r, f) = ( fo,) +S(r, f). (4.12)
From (4.4) to (4.6), (4.9), (4.12), Lemma 3.3 and Lemma 3.4, we have
AT (r, f) =T <T, f21f/) +0(1) (4.13)
1 ;2
< T<7”,1,> + T (r, (wrws)") +T( f) + T (r, wywsz) + S(r, f)
< 3T(r, f) + 3T (r,wiwz) + S(r, f)
T(r,f) <6T (r, Aff> + S(r, f). (4.15)

From (4.15) and Lemma 3.1, we get
N (rdr) 2 470 0) 4 50),
j

which implies A ) > o(f) and by the fact we have A(

() o0

Case c: pu# 1,A— p =1, equation (4.2) becomes

RO2T) - G) (J;J;) 7 (;) (JJC“JZC) 119

From (4.16) and (2.1), yield

Firn = (7) <w1w2y - (jf)/(w”””) | (417

) < o(f) hence

|
‘\,
\‘D =
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In the view of (4.17), Theorem 2.4, (4.4) to (4.6), Lemma 3.3 and Lemma 3.4, we get
f—n )
AT, f) =T (r, -2t )+ 00
D)= (7o 25 ) + 0

T <7’7 (}) (wiws) — 2 <ch> (w1w2)> +o() (4.18)
<r(nd)+r ( (J;f)) cr(nd) ( (;f)) +oq

< 3T(r,f)+ 6T (r, Af) +S(r, f)

f
T(r, f) <6T (r, Aff) + S(r, f). (4.19)

From equation (4.19) and Corallory 2.5 in [15], we get

() (s

T(r, f)+5(rf)

>

| =

which leads to A <A1,> > o(f) and by the fact we have )\(
7

() =

(iii)Suppose a and b(# a) be two non-zero finite Borel exceptional values of f. Set

) < o(f) hence

D
~JBp

_fE)—a
Y(z) = o —b (4.20)
Clearly
o) =0o(f), M) =A[f—a)<o(f), A <1> = A(f —b) <a(f).
9 - ) ’L/} —

Since 9 is of finite order, we write ¢ in the form
b(z) = h()e", (4.21)

where ¢ is a non-zero constant, n be a nonnegative integer and h(z) is a meromorphic
function with o(h) < o(¢p) = n.
From equation (4.20) and (4.21), we get

a — bhet®"
= 4.22
fe) = (422)
and _ . .
— a— bhhye? a — bhhye®*
_ 7 = — 4.23
/ 1 — hhiecz" ! 1 — hhgec® ( )

where hy(z) = e(me=" " +1) and hy(z) = e(-nez" e (=1)"e)
Putting (4.22) and (4.23) in (3.3), we get

A(2)4+B(2)e™" +C(2)e2*" +D(2)e’" +E(2)e*” +F(2)e’ +G(2)e’*" =0, (4.24)
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where

A(z) = a® — Xa+ p,
B(z) = h(A(a +b) — 2(ab+ p)) — 24;(a® — Xa + p) — (a — 1)%a(a — b) By,
C(z) = h2(b> = Ao+ p) — 2A1h(MNa + b) — 2(ab+ p)) + Bs(a® — Xa + p)
+2B1h(a —1)(b — 1)a(a — b) — Ba(a — 1)%(b* — a?),
D(z) = Bsh(Ma +b) — 2(ab + p)) — 202 A1 (b — A\b+ 1) — 2Bg(a* — Xa + p)
— Bih2a(a — b)(1 — b)? + 2hBa(1 — a) (b — 1)(b* — a®) — Bzb(b — a)(a — 1),
E(z) = Bsh*(b*> — A\b + p) — 2Bgh(Ma + b) — 2(ab + p)) + A3(a* — Aa + p)
+ 2bhBz(a — 1)(1 — b)(b — a) — Bah*(1 — b)*(b* — a?),
F(2) = A3h(Ma +b) — 2(ab + p)) — 2h*Bg(b*> — Xb + p) — Brh*b(a — b)(1 — b)?,
G(z) = A2h%(D* — Ab + ).

Here
Ay = hhy + hho,
As = hhhihs,
By = Kq + Ko,

Ky = E/hl + hh + hhienz"1,

Ky = B hy + hhly + hhocnz"" 1,

By = hha Ky + hhi Ko, (4.25)
Bs = (hhy + hhy)(hha Ky + hhy Ks),

By = (hhihhy)(Ky + Ka),

Bs = (hhy + hh)? + 2(hhihhs),

Bg = (hhy + hhs)(hhihhs),

Br = (hh1)*Ka + (hh2)?K;.

It follows from the equation (4.24) and Lemma 3.2, we get A(z) = B(z) = C(z) =
D(z) = E(z) = F(2) = G(z) = 0.

Since A(z) =0 and G(z) =0, we have a®> — Aa + p =0 and b> — \b+ p =0,

on simplifying, we get (b—a)(b+a— ) =0.

Since A\ # a + b, which implies ¢ = b, which is a contradiction.

Therefore f has one Borel exceptional value.

Theorem 4.2. If f € F is a solution of the equation (3.4) and let A # 1 be a constant,
then

(1) 7(f) = o(f);
@) ()=o)

|

(8) If A # 0, then f has at most one non zero finite Borel exceptional value.
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Proof:
(i) Similar to case(i) of Theorem 4.1, one can conclude 7(f) = o(f).

(ii) To prove A <A1f> = o(f). We rewrite equation (3.4) as follows
7

2 ) N\ (TEY (Y (T
s =(7) <f> (5 (f) (426)
Equation (4.26) and (2.1), yield

From (4.4) to (4.6), (4.27), Theorem 2.4, Lemma 3.3 and Lemma 3.4, yield

2 _
5T(r,f) =T (r, f3f(f2if1)) +0(1)

()Y ) o
< 3T(r, f) + 6T (7’, Aff) +S(r, f)
r, Af) +8(r, f). (4.28)

éT(r, < T(

From equation (4.28) and Corallory 2.5 in[15], we get

N (r, %) > 1T(r, f) + S(r, f), which means A (Alf) > o(f) and by the fact we have
T

A () <o(f).
A <A1f> = o (f).
f

(iii) Suppose a and b(# a) be two non-zero finite Borel exceptional values f.
Similar to case(iil) of Theorem 4.1, one can obtain (4.20) to (4.23). Substituting (4.22)
and (4.23) in (3.4), we get

A(2)4+B(2)e" +C(2)e2*" +D(2)e’" +E(2)e**” +F(2)e’" +G(2)e®*" =0, (4.29)
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where
A(z) = ala—N),
B(z) = Bia(b—a)(a® — 1) + (AM(a + b) — 2ab)h — 2A1a(a — \),
C(z) = Bsa(a — \) — 2A1h(A(a + b) — 2ab) + b(b — \)h?
—2hBya(a — b)(1 — ab) — By(a® — 1)(b* — a?),
D(2) = Bsh(\a +b) — 2ab) — 2A,h*b(b — \) — 2Bga(a — \)
— Bih*a(a — b)(b* — 1) — 2hBy(1 — ab)(b* — a?) — Bz(a® — 1)b(a — b),
E(z) = AZa(a — \) — 2Bsh(A(a + b) — 2ab) + Bsh?b(b — \)
— 2hBzb(a — b)(1 — ab) — Bah?(b* — 1)(b* — a?),
F(z) = A3h(Ma + b) — 2ab) — 2Bsh?®b(b — \) — Brh?b(a — b)(b* — 1),
G(z) = A2h2b(b — \).
where Ay, Ay, K1, K9, By, ..., By are defined in equation (4.25).
From Lemma 3.2 and (4.29), we have
A(z)=B(2) =C(2) =D(2) = E(z2) = F(2) =G(z) =0.
Since A(z) =0 and G(z) =0, we get a(a — A) = 0 and b(b— ) = 0.

Since a # 0 and b # 0, implies a = A = b, which is contradiction.
Hence f has one non zero finite Borel exceptional value.

Theorem 4.3. If f € F is a solution of (3.5) and let A # 1 be a constant, then
(1) 7(f) = A(f) =a(f):
@) () =t
(8) If A # 0, then f has at most one non zero finite Borel exceptional value.

Proof:

(i) Let w(z) = f(z)—=z. Since f is transcendental, we conclude T'(r,w) = T(r, f)+S(r, f).
Replacing f by w(z) + 2z in equation (3.5), denoting by

Q3(z,w):=W+z+ 1) (w+2z—1)(w+2z-1)2—(w+2—-N)?=0.

Q3(2,0) := 14+ 2(A —1) — A2 # 0, clearly Q3(z,w) # 0, combining this with Theorem
2.3, we get m (7", i) =S(r, f).

N (7, 55) = T(r, /) + S(r, ), and hence 7(f) = o(f).
If A # 0, then from (3.5), denoting by Qa(z, f) := (F f)(f> = 1) — (f = A%, Qu(2,0) =
—A2 £ 0, combining with Theorem 2.3, we get m(r, %) =S5(r, f),

which implies T'(r, f) = N (n ?> +S(r, f).
Hence A\(f) > o(f). And hence 7(f) = A(f) = o(f).

(ii) To prove A <A1f> = o(f). We rewrite (3.5) as follows
T

L o (4.30)
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On simple calculation, we get

~
~

|~
=

|l
|

&.,‘\H‘
Il
N
N———

[l
|
— Tt

1
e e S

NS Y

—/

(&)

=l
|
=

\
| — |
/|~ =
hl~s|| <l
N————
| F—

Ia= ) (431
From equation (2.1) and (4.31), we get
_ 1)/
,ffZ - [(ui)] (w1)2 (4.32)
Similarly
f/ 1397
i [()] (wn)”. )

On multiplying (4.32) and (4.33) and combining with (4.30) we get

A [@ ] o [(f)] w” (439
w1 wao
By using (4.34), Theorem 2.4, (4.4) to (4.6), Lemma 3.3 and Lemma 3.4, we get
=T (n > 0(1)
’ l(jz)]/wz)z) +0(1)

il
L ) o

l
f
w1
< 2T f) +oT(r, wT) +2T(rwy) + 2T (7«, ch) LT, w%) + 2T (rws) + S(r, f)

—-— >+T(T w2)—|—0( )

(4.35)
Af
<AT(r, f)+8T <T, f) +0(1)
iT(r, [T (r, Aff> +0(1). (4.36)

From equation (4.36) and Lemma 3.1, we get

N (r M) > 1T(r, f) + S(r, f), which means A (

F ) > o(f), by the fact we have

D
<[Pl
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A (;) = a(f).
f

(iii) Suppose a and b(# a) be two non-zero finite Borel exceptional values of f.
Similar to case(iii) of Theorem 4.1, one can obtain (4.20) to (4.23). Substituting (4.22)
and (4.23) in (3.5), we have

A(2)+B(2)e" +C(2)e2*" +D(2)e*" + E(2)e*” + F(2)e®" +G(2)e*" = 0. (4.37)

d

) <o)

D
\L =

where
A(z) = (a =),
B(z) = 2h(a — A)(A = b) — As(a — X)),
C(2) = (a = N)(As(a = A) = 4(A = b)hAs) + (A = b)*h* — (a — b)*(a — 1)* A3 A4,
D(z) =2(a — \)(A — b)hAg — 2A5(\ — b)? — 2A7(a — \)* — 2hA3Ay4(a — b)?

(a—1)(1-0b),

B(2) = (a — \)*As — 447(a — )X = b)h + h2Ag(A — b)* — h?(a — b)*(1 — b)* As Ay,
F(z) =2(a — \)(A — b)hAg — 247(\ — b)?h?,

As = B'hy + RA, + hhycnz""",
Ay = W'hy + hhly + hhocnz""",
As = hhi + hho,

Ag = (hh1)? — 4hhhihy + (hhs)?,
A; = (E/h + ﬁhQ)(Ehlth),

Ag = (hhhiho)?.

From equation (4.37) and Lemma 3.2, we get

A(z)=B(2)=C(2) =D(2) = E(2) = F(2) =G(2) =0.

Since A(z) =0 and G(z) =0, we get (a — \)? =0 and (A —b)? = 0.

which implies that a = A = b, which is a contradiction to that a and b are distinct.
.. f has one non-zero finite Borel exceptional value.

Theorem 4.4. Let A # 1 be a constant and f be a rational solution to the equation

(3.4)
R(z) ao+aiz+ -+ am 12"+ 2™
T =06 = Bot ot + Buae 4 Bz (438)
where R and @Q are relatively prime polynomials, o, # 0,m-1, - a9 and B, #

0,Bn—1," - Bo are constants, then m =n and A = Z=.

n
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Proof: Substituting f(z) = 322

E(@ )@@

Let [ = m — n, we see three cases which are as follows:
Case(i) If I > 0, then g = (%—:) 241+ O(1)) as r — oo, putting in (4.39), we get

u(5) o () oeom )= ((5) -

A <Oﬁ":> zl> (1+0(1)).

1
2

in (4.38), we get

(4.40)

as r — 00. Suppose equation (4.40) holds then | =
(4.38) has no rational solution.
Case(ii) If [ < 0, On simplification of equation (4.39), we have

((QR)RQ + RQ(QR' — RQ))(R* - Q%) = (R* — ARQ)(QQ). (4.41)

Since the degrees of (4.41) are not equal, it is contradiction. Therefore if m < n, then
(4.38) has no rational solution.

which is a contradiction, then

Case(iii) If [ = 0, then % = G= + O(1) as r — oo, putting in (4.39), we get
A= %
Bn

Theorem 4.5. Let A\ # 1 be a constant and f(z) defined in (4.38) be a rational solution
to equation (3.5), then either of the following holds:

(1) m=n+1 and a = £06;
(2) m=n and A = G=.

n
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