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Abstract. Schauder frames satisfying property (I) and property (II) has been
defined and studied. It has been proved that an atomic decomposition satisfies
property (I) if and only if it satisfies property (II). Also, Schauder frames satisfying
property (M) has been defined and it has been proved that, in a uniformly convex
Banach space, if a Schauder frame satisfies property (M), then it also satisfies
property (II) (and hence property (I)). Further, we define atomic decompositions
satisfying property (B) and prove that property (B) is a necessary condition for an
atomic decomposition satisfying property (I). Finally, we define property (SB) for
a Schauder frame and gave a necessary condition for it.

1. Introduction

Frames for Hilbert spaces were formally introduced by Duffin and Schaeffer [7] and
reintroduced by Daubechies et al. [6]. Today, frames are main tools for use in signal and
image processing, compression, sampling theory, optics, filter banks, signal detection etc.

Coifman and Weiss [5], introduced the notion of atomic decompositions for
function spaces. Later, Feichtinger and Gröchenig [8] extended the notion of atomic
decomposition to Banach spaces. Gröchenig [9] introduced a more general concept
for Banach spaces called Banach frame. Retro Banach frames for dual Banach spaces
were introduced and studied in [12] and the notion of Weak∗-Schauder frames for dual
Banach spaces were introduced and studied in [14]. In [3], Casazza, et al. gave various
definitions of frames for Banach spaces including that of Schauder frame. Later, Han
and Larson [10] defined Schauder frame for a Banach space. In 2008, Casazza, et al.
[2] studied the coefficient quantization of Schauder frames in Banach spaces. Liu [15]
gave the concepts of minimal and maximal associated bases with respect to Schauder
frames and closely connected them with the duality theory. In [17], Liu and Zheng
gave a characterization of Schauder frames which are near-Schauder bases. Infact, they
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generalized some results due to Holub [11]. Beanland et al.[1], proved that the upper
and lower estimates theorems for finite dimensional decompositions of Banach spaces
can be extended and modified to Schauder frames, and gave a complete characterization
of duality for Schauder frames. Φ-Schauder frames were introduced and studied by
Vashisht [18]. Liu [16] associated an operator with a Schauder frame and called it
Hilbert-Schauder frame operator.

In the present paper, we study Schauder frames in Banach spaces and discussed
property (I) and property (II) associated with them and proved that the two properties
are equivalent. Also, Schauder frames satisfying property (M) has been defined and
it has been proved that, in a uniformly convex Banach space, if a Schauder frame
satisfies property (M), then it also satisfies property (II) (and hence property (I)).
Further, Schauder frames satisfying property (B) has been defined and it has been
proved that if a Schauder frame satisfies property (I) (or property (II)), then it also
satisfies property (B). Finally, we define Schauder frame satisfying property (SB) and
gave a necessary condition for a Schauder frame to satisfy property (SB).

Throughout the paper, E will denote an infinite dimensional Banach space over the
scalar field K(R or C), E∗ and E∗∗, respectively, the first and second conjugate spaces
of E, indexed by N, [fn] the closed linear span of {fn} and [f̃n] the closed linear span of
{fn} in the σ(E∗,E)-topology. A sequence {fn} in E∗ is said to be complete if [fn] = E∗

and total if {x ∈ E : fn(x) = 0, n ∈ N} = {0}.

Definition 1.1 ([10]). Let E be a Banach space, {xn} be a sequence in E and {fn} be
a sequence in E∗. Then, the pair ({fn}, {xn}) is called a Schauder frame for E if

x =

∞∑
n=1

fn(x)xn, x ∈ E.

The positive constants A,B are called Schauder frame bounds for the Schauder frame
({fn}, {xn}).

2. Main Results

Definition 2.1. Let E be a Banach space, ({fn}, {xn})({fn} ⊂ E∗, {xn} ⊂ E) be a
Schauder frame for E. Then,
(a) ({fn}, {xn}) is said to satisfy property (I), if for each c > 0 there exists a number

γc > 0 such that∥∥∥∥ n∑
i=1

λifi(x)xi

∥∥∥∥ = 1,

∥∥∥∥ ∞∑
i=n+1

λifi(x)xi

∥∥∥∥ ≥ c ⇒
∥∥∥∥ ∞∑

i=1

λifi(x)xi

∥∥∥∥ ≥ 1 + γc,

where {λi}∞i=1 is any family of weights, i.e., λi > 0 for all i ∈ N and x ∈ E.
(b) ({fn}, {xn}) is said to satisfy property (II), if for each ε > 0 there exists a δ > 0

such that∥∥∥∥ n∑
i=1

λifi(x)xi

∥∥∥∥ > 1− δ,

∥∥∥∥ ∞∑
i=1

λifi(x)xi

∥∥∥∥ = 1 ⇒
∥∥∥∥ ∞∑

i=n+1

λifi(x)xi

∥∥∥∥ ≤ ε,

where {λi}∞i=1 is any family of weights and x ∈ E.
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Regarding the existence of property (I), one may observe that if {en} is the unit
vector sequence of E = ℓ1 and {fn} is the unit vector sequence in E∗, then ({fn}, {en})
is a Schauder frame for E satisfying property (I). Also, the Schauder frame defined in
the Example 2.2 does not satisfy property (I).

Example 2.2. Let E = l1. Let {en} be a sequence of unit vectors in E and {hn} be a
sequence of unit vectors in E∗. Define {xn} ⊂ E and {fn} ⊂ E∗ by

x1 =
1

2
(e1 + e2), x2 =

1

2
(−e1 + e2), xn = en, n ≥ 3 and

f1 = h1 + h2, f2 = −h1 + h2, fn = hn, n ≥ 3.

However, it does not satisfy property (I). Indeed, for x = (0, 1, 0, 0, 0 . . .) ∈ E and for
any sequence of weights {λi}∞i=i with λ1 = λ2 = 1, we have

∥λ1f1(x)x1∥ = 1,

∥∥∥∥ ∞∑
i=2

λifi(x)xi

∥∥∥∥ = 1 but
∥∥∥∥ ∞∑

i=1

λifi(x)xi

∥∥∥∥ = 1.

In the following result we prove that the two properties are equivalent:

Theorem 2.3. For a Schauder frame ({fn}, {xn}) ({fn} ⊂ E∗, {xn} ⊂ E) in a Banach
space E the property (I) and property (II) are equivalent.

Proof. Suppose that ({fn}, {xn}) is a Schauder frame satisfying property (I) but not
property (II). Then, there exists an ε > 0, x ∈ E, family of weights {λi}∞i=1 and n ∈ N
such that for each δ > 0∥∥∥∥ n∑

i=1

λifi(x)xi

∥∥∥∥ > 1− δ,

∥∥∥∥ ∞∑
i=1

λifi(x)xi

∥∥∥∥ = 1 but
∥∥∥∥ ∞∑

i=n+1

λifi(x)xi

∥∥∥∥ > ε.

Let γc > 0 be any number. Choose

δ = γc(1 + γc)
−1 and µi = λi

(∥∥∥∥ n∑
i=1

λifi(x)xi

∥∥∥∥)−1

.

Then,
∥∥∥∥ n∑

i=1

µifi(x)xi

∥∥∥∥ = 1. So

∥∥∥∥ ∞∑
i=n+1

µifi(x)xi

∥∥∥∥ > ε

(∥∥∥∥ n∑
i=1

λifi(x)xi

∥∥∥∥)−1

≥ ε

(
sup
n

∥∥∥∥ n∑
i=1

λifi(x)xi

∥∥∥∥)−1

= c > 0, where c = ε

(
sup
n

∥∥∥∥ n∑
i=1

λifi(x)xi

∥∥∥∥)−1

.

But,
∥∥∥∥ ∞∑

i=1

µifi(x)xi

∥∥∥∥ < 1 + γc. This is a contradiction.

Conversely, let ({fn}, {xn}) satisfies property (II) but not property (I). Then, there
exists a c > 0 such that for every γc > 0, there is a sequence of weights {λi}∞i=1 ⊂ K,
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x ∈ E and n ∈ N such that∥∥∥∥ n∑
i=1

λifi(x)xi

∥∥∥∥ = 1,

∥∥∥∥ ∞∑
i=n+1

λifi(x)xi

∥∥∥∥ ≥ c but
∥∥∥∥ ∞∑

i=1

λifi(x)xi

∥∥∥∥ < 1 + γc.

So, there is an ε > 0 such that for no δ > 0, the relation in property (II) is satisfied.
Indeed, let 0 < η < 1 be arbitrary but fixed and δ > 0 be arbitrary such that δ ≤ η.
Choose

γc = δ(1− δ)−1 and µi = λi

(∥∥∥∥ ∞∑
i=1

λifi(x)xi

∥∥∥∥)−1

.

Then,
∥∥∥∥ n∑

i=1

µifi(x)xi

∥∥∥∥ > 1− δ and
∥∥∥∥ ∞∑

i=1

µifi(x)xi

∥∥∥∥ = 1. But∥∥∥∥ ∞∑
i=n+1

µifi(x)xi

∥∥∥∥ ≥ c

(∥∥∥∥ ∞∑
i=1

λifi(x)xi

∥∥∥∥)−1

> c(1− δ)

≥ c(1− η).

By taking ε = c(1− η) our assertion is established. �

Next, we give another type of property, called property (M), for a Schauder frame.

Definition 2.4. Let E be a Banach space, ({fn}, {xn})({fn} ⊂ E∗, {xn} ⊂ E) be a
Schauder frame for E. Then, ({fn}, {xn}) ({fn} ⊂ E∗, {xn} ⊂ E) for E is said to satisfy
property (M) if for any finite family of weights {λi}n+m

i=1 and x ∈ E∥∥∥∥ n∑
i=1

λifi(x)xi

∥∥∥∥ ≤
∥∥∥∥n+m∑

i=1

λifi(x)xi

∥∥∥∥, m, n ∈ N. (2.1)

If the inequality (2.1) is strict then the Schauder frame ({fn}, {xn}) is said to satisfy
property (M) strictly.

In order to show the existence of a Schauder frame satisfying property (M), we give
the following examples.

Example 2.5. Let E = lp (p ≥ 1). Let {en} be a sequence of unit vectors in E and
{fn} be a sequence of unit vectors in E∗. Then ({fn}, {en}) is a Schauder frame for E
satisfying property (M).

Example 2.6. Let E = c0. Let {en} be a sequence of unit vectors in E and {fn} be
a sequence of unit vectors in E∗. Then ({fn}, {en}) is a Schauder frame for E which
satisfies property (M) but not strictly.

In the following result, we prove that property (II) (or property (I)) is a necessary
condition for a Schauder frame satisfying property (M) in a uniformly convex Banach
space.

Theorem 2.7. Let E be a uniformly convex Banach space. If ({fn}, {xn}) is a Schauder
frame for E satisfying property (M), then ({fn}, {xn}) satisfies property (II) (hence
property (I)).



Certain properties associated with Schauder frames in Banach spaces 373

Proof. Suppose on the contrary that Schauder frame ({fn}, {xn}) does not satisfy
property (II). Then, there exists an ε > 0 such that for every δ > 0 one can find
family of weights {λδ

i }∞i=1, x ∈ E and n ∈ N with series
∞∑
i=1

λδ
i fi(x)xi converging in E

such that∥∥∥∥ n∑
i=1

λδ
i fi(x)xi

∥∥∥∥ > 1− δ,

∥∥∥∥ ∞∑
i=1

λδ
i fi(x)xi

∥∥∥∥ = 1 but
∥∥∥∥ ∞∑

i=n+1

λδ
i fi(x)xi

∥∥∥∥ > ε.

Then, in view of property (M) for the Schauder frame ({fn}, {xn}), we have

1− δ <

∥∥∥∥ n∑
i=1

λδ
i fi(x)xi

∥∥∥∥ ≤
∥∥∥∥ ∞∑

i=1

λδ
i fi(x)xi

∥∥∥∥ = 1.

Since, the Banach space E is uniformly convex, there is a δ0 with 0 < δ0 < 1, such
that whenever ∥x∥ ≤ 1, ∥y∥ ≤ 1 and ∥x − y∥ > ε, we have

∥∥∥∥x+ y

2

∥∥∥∥ ≤ 1 − δ0. Take

x0 =
n∑

i=1

λδ
i fi(x)xi and y0 =

∞∑
i=1

λδ
i fi(x)xi then, ∥x0∥ ≤ 1, ∥y0∥ ≤ 1 and ∥x0 − y0∥ > ε.

Hence,

1− δ0 ≤
∥∥∥∥x0 + y0

2

∥∥∥∥
=

∥∥∥∥ n∑
i=1

λδ
i fi(x)xi +

1

2

∞∑
i=n+1

λδ
i fi(x)xi

∥∥∥∥
≥

∥∥∥∥ n∑
i=1

λδ
i fi(x)xi

∥∥∥∥
> 1− δ0

which is absurd. �

Next, we define two more properties for a Schauder frame related to earlier properties.

Definition 2.8. Let E be a Banach space, ({fn}, {xn})({fn} ⊂ E∗, {xn} ⊂ E) be a
Schauder frame for E. Then, ({fn}, {xn}) ({fn} ⊂ E∗, {xn} ⊂ E) is said to satisfy
(a) property (B), if

sup
n

∥∥∥∥ n∑
i=1

λifi(x)xi

∥∥∥∥ < ∞ ⇒
∞∑
i=1

λifi(x)xi < ∞,

where {λi}∞i=1 is any family of weights and x ∈ E.
(b) property (SB), if

sup
n

∥∥∥∥ n∑
i=1

αifi(x)xi

∥∥∥∥ < ∞ ⇒
∞∑
i=1

αifi(x)xi < ∞,

where {αi}∞i=1 is any family of scalars and x ∈ E.

Regarding the existence of a Schauder frame satisfying property (B) and
property (SB) one may observe that for E = lp(p ≥ 1), if {en} be a sequence of unit
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vectors in E and {fn} be a sequence of unit vectors in E∗. Then, ({fn}, {en}) is a
Schauder frame for E which satisfies property (SB) and hence property (B).

In the following result, we prove that property (B) is a necessary condition for a
Schauder frame satisfying property (I) (or property (II)).

Theorem 2.9. If ({fn}, {xn}) ({fn} ⊂ E*,{xn} ⊂ E) is a Schauder frame for E
satisfying property (I) then ({fn}, {xn}) satisfies property (B).

Proof. Let sup
n

∥∥∥∥ n∑
i=1

λifi(x)xi

∥∥∥∥ < ∞. Let {yn} ⊂ E be any bounded sequence such that

yn =

n∑
i=1

λifi(x)xi, n ∈ N.

To complete the proof, it is enough to establish that lim
n→∞

yn exists in E. Choose a
sequence {nk} of positive integers such that

lim
k→∞

∥ynk
∥ = lim

n→∞
∥yn∥ = B.

If B = 0, then lim
n→∞

yn = 0 exists. If B ̸= 0 then, we shall show that {ynk
} is a Cauchy

sequence in E. Suppose on the contrary that {ynk
} is not a Cauchy sequence in E, then

there exist δ > 0 and subsequences {ynkj
} and {ynpj

} of {ynk
} with nkj

> npj
, j ∈ N

such that
∥ynkj

− ynpj
∥ ≥ δ, j ∈ N.

Since
∥∥∥∥ynkj

− ynpj

∥ynpj
∥

∥∥∥∥ ≥ δ

A
= c > 0, where A = sup

n
∥yn∥ < ∞, it follows, in view of

property (I), that
lim
j→∞

∥ynkj
∥ ≥ lim

j→∞
∥ynpj

∥(1 + γc).

This gives B ≥ B(1+ γc), which is impossible. Hence, {ynk
} is a Cauchy sequence in E.

Let lim
k→∞

ynk
= a, where a ∈ E. Then

a = lim
k→∞

nk∑
i=1

λifi(x)xi

= lim
n→∞

n∑
i=1

λifi(x)xi = lim
n→∞

yn. �

Corollary 2.10. If ({fn}, {xn}) is a Schauder frame satisfying property (M) in a
uniformly convex Banach space E, then ({fn}, {xn}) also satisfies property (B).

Proof. The result follows in view of Theorem 2.7 and Theorem 2.9. �

Remark 2.11. The converse of Theorem 2.9 is not be true. In fact, in view of Example
2.2, one may verify that ({fn}, {xn}) satisfies property (B) but does not satisfies property
(I).

Finally, we obtain a necessary condition for a Schauder frame satisfying
property (SB).
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Theorem 2.12. Let ({fn}, {xn})({fn} ⊂ E∗, {xn} ⊂ E) be a Schauder frame for a
Banach space E satisfying property (SB). Then, for every ϕ ∈ E∗∗ the series

∞∑
i=1

ϕ(fi)xi

converges in E.

Proof. Let ϕ ∈ E∗∗ be arbitrary. If ϕ ∈ [fn]
⊥ such that ϕ ̸= 0, then the series

∞∑
i=1

ϕ(fi)xi

is convergent. Let ϕ /∈ [fn]
⊥ and for each n ∈ N, Sn be the partial sum operator to

∞∑
i=1

fi(x)xi with adjoint S∗
n, then

[S∗
n(g)](x) = g

[ n∑
i=1

fi(x)xi

]

=

[ n∑
i=1

g(xi)fi

]
(x), g ∈ E∗, x ∈ E.

This gives

[S∗
n(g)] =

n∑
i=1

g(xi)fi, g ∈ E∗, n = 1, 2, 3 . . . .

Further, we have

[S∗∗
n (ϕ)](f) = ϕ

[ n∑
i=1

f(xi)fi

]
= f

[ n∑
i=1

ϕ(fi)xi

]
.

Therefore

[S∗∗
n (ϕ)] = π

[ n∑
i=1

ϕ(fi)xi

]
,

where π is the canonical mapping of E into E∗∗. Since π is an isometry, it follows that∥∥∥∥ n∑
i=1

ϕ(fi)xi

∥∥∥∥ = ∥S∗∗
n (ϕ)∥

≤ ∥Sn∥∥ϕ∥.

Thus,

sup
n

∥∥∥∥ n∑
i=1

ϕ(fi)xi

∥∥∥∥ < ∞.

Without loss of generality we may assume that fn ̸= 0 for all n ∈ N. Then, there
exists 0 ̸= x ∈ E such that fn(x) ̸= 0 for all n ∈ N. Choose {αi} ⊂ K such that

ϕ(fi)(x) = αifi(x), i ∈ N. Then sup
n

∥∥∥∥ n∑
i=1

αifi(x)xi

∥∥∥∥ < ∞. Hence,
∞∑
i=1

αifi(x)xi

converges.
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