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Abstract. In this paper, we have defined and studied woven K-frames in
quaternionic Hilbert spaces. Also, we have studied conditions under which a woven
frame(K-frame) form a woven K-frame. Further, we have studied conditions under
which a bounded image of woven K-frame forms a woven K-frame. Finally, we
prove a perturbation result for woven K-frames in quaternionic Hilbert spaces.

1. Introduction

Frames is an over-redundant family of vectors which was introduced and studied
by Duffin and Schaffer [9] in the context of the non-harmonic Fourier series. In the
year 1982, it was reintroduced by Daubechies, Grossman, and Meyer [5], and after that
many generalizations of frames have been given. For details regarding frames and their
applications one may refer to [8] and reference therein. Although, frames have many
applications, there are some problems in sampling theory which can not be tackled
by frames, which required an atomic system related to a bounded linear operator. In
[6], Gavruta introduced and studied the K-frames which is a generalization of ordinary
frames. Recently in [16], the concept of weaving frames has been introduced by Bemrose
et al. , which is used in distributed signal processing. For details regarding weaving
K-frames and their properties one may refer to [1, 2, 18, 17].

In 1843, Hamilton discovered the field of quaternions which is the largest non-
commutative, associative real algebra generated by 1,4, 7, k. Quaternions are used in
quantum mechanics, the theory of relativity, number theory and to study rotation
in higher dimensional Euclidean spaces. For details regarding various operations,
properties and applications of quaternions, one may refer to [10, 12]. In the case of
finite-dimensional quaternionic Hilbert spaces, frame was defined by M. Khokulan, K.
Thirulogasanthar and S. Srisatkunarajah [7], further Sharma and Goel [14], has studied
frames in quaternionic Hilbert spaces. Recently H. Ellouz [3] has defined and studied
the concept of K-frames in quaternionic Hilbert spaces. For details regarding K-frames
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in quaternionic Hilbert spaces, one may refer to [3, 4]. In paper [13], we have defined
the woven frames in quaternionic Hilbert spaces and recently in [11] Ruchi et al. have
defined OPV -frames in quaternionic Hilbert spaces.

2. Definitions

Quaternions are four dimensional non commutative real algebra generated by 1,1, j, k
where i, j, k are called imaginary units. As we know that quaternions are an extension
of the complex number(C) and operations on C are those of 9 restricted over C, for
operation and various properties of quaternions see [10], for further details.

In [14], authors introduced frames in separable right quaternionic Hilbert spaces.

Definition 2.1 ([14]). Let H?(Q) be a right quaternionic Hilbert space and {u;};cz be
a sequence in H?(Q). Then {u;};c7 is said to be a frame of H(Q), if there exist two
finite real constants with 0 < r; < ry such that

ri|ul]? < Z [(ug|u)|? < rollul|?, for all u € HE(Q).
i€Z
The above inequality is called frame inequality and rq,7s are called lower and upper
frame bounds respectively. If only the upper bound condition holds then {u;};cz is said
to form a Bessel sequence with Bessel bound 7. For details regarding frame operators,
perturbation and dual frames see [14].

Definition 2.2. [15] A family of elements {u; };c7 of H?(Q) is called an atomic system
for K € B(H%(Q)) if the following holds.

(1) The series Y u;q; converges for all {g;}ier € 2(Q).

i€z
(2) There exist C > 0 such that for every u € HF(Q) there exist a, = {qi}icz €
1?(Q), such that [|a,||2(q) < Cllu|| and K (u) = 3 uig;.
i€z

Definition 2.3. [15] A family {u;};e7 is said to be K-frame for H?(Q) with lower and
upper K-bounds 7 and ro, if {u; };e7 satisfies (2) of Proposition 3.2.

By Proposition 3.2, if {u;};cz satisfies any of the three conditions then it form a
K-frame of HE(Q).

Definition 2.4. [13] Let [m] be the set of first m natural numbers, H?(QQ) be a right
quaternionic Hilbert space and § = {{u;j}jen : @ € [m]} be a family of frames for
HR(Q). Then § is said to be woven if there are universal positive real numbers r; and
ry so that for every partition P = {0;}icm) of N, the family §p = {ui;}jco, icim) 15
a frame for H?(QQ) with lower and upper frame bounds r; and 7, respectively. Each
family §p is called weaving. If every weaving is a Bessel sequence, then § is called a
woven Bessel sequence of H?(Q).

3. Preliminaries

Proposition 3.1. [13] Consider a family of Bessel sequences § = {{u;;}jen : ¢ € [m]}
of H(Q) with bounds ro;. Then for any partition P = {0;}ic[m of N, the family

{uij}jeo, icim is a Bessel sequence with bound ) 7.
i€[m]
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Proposition 3.2. [15] Let {u;};ez C HE(Q). Then, the following are equivalent:

(1) {u;}iez is an atomic system for K € B(H(Q)).
(2) there exist 71,79 > 0 such that r{||K*u||> < 3 [{(uiju)|> < mal|ull?, Yu €
i€z

HE(Q).
(3) {u;}iez is a Bessel sequence and there exist a Bessel sequence {p; };ez such that
K(u) = 3 uilpilu), Vu € HY(Q).
i€z
Lemma 3.3. [3] Let HE?(Q) and HE(Q) be two right quaternionic Hilbert spaces and
T € B(HE(Q),HE(Q)) be a bounded right linear operator with closed range. Then there
exists a right linear operator TT € B(HF(Q),HE(Q)) such that

TN Hlall < IT*ull < (1T ]ull, ¥ w € R(T).

Lemma 3.4. [4] Let Ly € B(HE(Q),HE(Q)), Ly € BHE(Q),HE(Q)) be two bounded
right linear operators. Then, the following are equivalent:
(1) R(L1) C R(L2).
(2) LiLi < N2LyL3, for some X > 0.
(3) there exists a bounded right linear operator M € B(HE(Q), HE(Q)), such that
Li=LM.

4. Main Results

In this section, we have defined and studied the woven K-frame in H?(9Q). We have
studied conditions under which a bounded image of woven K-frames is a woven K-frame,

also we have studied the conditions under which a family of K-frame of H?(Q) form a
woven K-frame of H?(Q).

Definition 4.1. A family of K-frame § = {{ui;}jen : i € [m]} of HE(Q) is said to
be a woven K-frame with universal woven K-bounds r; and 73, respectively, if for any
partition P = {0;};c(m) of N, the family {u;;};e0, ic(m) forms a K-frame of H?(Q) with
bounds r; and ro, respectively.

Lemma 4.2. Consider a family of K-frames § = {{ui;}jen : i € [m]} of HE(Q) with
upper bounds ra;. Then for any partition P = {0;}icim) of N, the family {wi;}jeo, icm]
is a Bessel sequence with bound > ro;.

i1€[m]

Proof. Every K-frame is a Bessel sequence, hence this result will follow from Proposition
3.1 .

Remark 4.3. A bounded image of K-frame may not be a K-frame of H?(Q).

Example 4.4. We will consider the K-frames of example 3.1 of [3] let T = K. Consider,
{9: Y2, = {Kfi}3_, = {e1,ea,e3} is not a K-frame because for u = ez, the lower bound
condition does not hold.

In the next Theorem, we studied a condition under which a bounded image of K-
frame form a K-frame.
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Theorem 4.5. Let {u;}icr be a K-frame of HE(Q) with bounds ry, 2, respectively and
let T € B(HE(Q)) be an invertible right linear operator with bounded inverse such that
TK = KT. Then {Tu;}icz forms a K-frame of HE(Q).

Proof. For any u € HE(Q),
|77 2K P < [T K P = e [T <Y (Tugu)[* < o [T
i€l
(I

In the next result, we studied a condition under which a bounded image of a woven
K-frame is a woven K-frame.

Theorem 4.6. Let {u;}icr, {u;}icr be a woven K-frame of HE(Q) and let T €
B(HE(Q)) be an invertible right linear operator with bounded inverse and KT = TK.
Then {Tu;}iez, {Tu,}icr forms a woven K-frame of HE(RQ).

Proof. From Theorem 4.5, {Tu;}ez, {Tu;}iez be K-frames of H*(Q). Let r1, ro be
the bounds for woven K-frames {u; }iez, {u<}i€z. For any subset o C Z, consider

Y KTl + > (Tugfu)? Yol T ) + 3 [T )

€0 i€0C i€0 1€0°¢

< | TP full?, v e HY(Q),
and
ru| TPl < o (1T Kl |2 <Y [ Twslw) )+ [(Tuglu)]?,u € HE(Q).
1€0 1€0°

In the next result, we have studied the bounded image of a woven K-frame.

Proposition 4.7. Let {{u;;}jen : i € [m]} be a family of woven K-frame of H?(QQ) with
bounds 71, 7o respectively and T € B(HE(Q)). Then the family {{Tu;;};en : i € [m]}
is a woven TK-frame of H?(Q).

Proof. Let {0;};c[m) be any partition of N, for any u € H?(Q)
rl[(TK) ul* = r||[K*T*ul* < Z > W Tuigu) [ < v [T ful >

m]jEoi

O

Remark 4.8. If U®, UV is a woven UK-frame for some U € B(H?(Q)). Then it is
not necessary that ®, ¥ form a woven K-frame.

Example 4.9. Let HY(9Q) be two-dimensional quaternionic Hilbert space with
orthonormal basis {e1,ea}. Let U, K : HE(Q) — HF(Q) be two right linear operators
defined as K(e1) = ez, K(ez) = 0 and U(e;) = 0,U(e2) = e;. Theirs corresponding
adjoint operators be K*(e;) = 0, K*(e3) = ey, and U*(e1) = e, U*(e3) = 0. Consider
two families ® = {u;}5_; = {e1,e1,ea}and ¥ = {p;}3_, = {e2, e1, €1} of K-frames, these
two families do not form a woven K-frame. But U® = {0,0,e1} and U¥ = {e;,eq,0}
form a woven U K-frame of HF(Q).
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In the next result, we have studied a necessary and sufficient condition for a family
of K-frame to be a woven K-frame of H().

Proposition 4.10. Let § = {{u}32, : i € [m]} be a family of K-frames of H*(Q).
Then § = {{ui;}32, : i € [m]} is a woven K-frame if and only if {{U(us;)}32, i € [m]}
is a woven U K-frame, where U € B(H()) is any bounded right linear operator.
Proof. Let § = {{ui;}32, : i € [m]} is a woven K-frame with bounds ry and 7,
respectively. Let {0;};c}m) be any partition of N, for any u € HE(Q)

Yo D U =D > KuglUw)® < raf lU*|Pul?,

i€[m] jET; i€[m] JET;

and for the lower bound, consider

Do WU =" > WuylUmw)? = r || KUl = r|(UK) ul[

i€[m] jET; i€[m] JET;

For converse part take U = I. (I

In the next theorem, we have proved that the bounded image of a woven frame of
H?(Q) is a woven K-frame of H?(Q).

Theorem 4.11. Let {{ui;}jen : i € [m]} be a family of woven frames of HE(Q). Then
for any K € B(HR(Q)), {{Kuij}jen : i € [m]} form a woven K-frame of HE(Q).

Proof. Let {0i}icim) be any partition of N, r; and ry be woven frame bounds for
{{ui;}52, i € [m]}. Then for any u € H¥(Q),

rl[ Kl <Y (g [P < ol | Kl < o K2 .

i€[m] j€o;

The converse of Theorem 4.11 may not be true, consider the following example.

Example 4.12. Let H(Q) be a three dimensional right quaternionic Hilbert space
with an orthonormal basis {e1,e2,e3}, let ® = {u;}}_; = {e1,e1,ea,e3} and ¥ =
{pi}t, = {e1,ea,e3,e2}. Then {u;}i_, and {p;}{_, forms frames of HZ(QQ) but not
forms a woven frame. As, for o = {1,2,3}, u = e3 the lower bound condition does not
hold. Consider an operator K, K(e;) = e, K(e2) = ez and K(eg) = 0, the adjoint of
K is K*(e1) = e1, K*(e3) = eg and K*(e3) = 0. Further, {Ku;}1 ; and {Kp;}+_; form
a woven K-frame of H(Q).

Corollary 4.13. If {e;};en be an orthonormal basis of H?(Q). Then for any K €
B(HE(Q)), {K(e;)}ien is a woven K-frame of H(Q).

In the next result, we have obtained a new family of woven K-frame from a given
family of woven K-frame of H?(Q) under certain conditions.

Theorem 4.14. Let {{ui;}jen : i € [m]} be a family of woven K-frame of HE(Q) with
bounds 1 and 73, respectively. If T € B(HE(Q)) be a right linear operator such that
TKK* is a positive right linear operator on HE(Q). Then {{(I + T)ui;}jen : i € [m]}
forms a woven K-frame of HF(Q).
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Proof. Let {0;};cm) be any partition of N, for any u € H?(Q) and using Theorem 4.1
[3] we have

ril|K | <[5+ T) | < Y70 [+ Tuiglu) P < ol (1 +T)| P ul >
i€[m] jEOT;
[l

In the next result, we have obtained a woven T-frame of H*(Q) from a woven K-frame
of HE(Q) under some conditions.

Proposition 4.15. Let {u;}jen, {pj};jen be a woven K-frame of HF(Q). Further, let
T € B(H?(Q),H(Q)) be a bounded right linear operator such that R(T*) C R(K). If
R(K) is closed. Then {Tw;}jen and {Tp;}jen form a woven T-frame of H¥(Q).

Proof. Let ry, ro be the woven K-frame bounds corresponding to woven K-frame
{u;}jen, {pj}jen. For any subset ¢ C N, any u € H*(Q). We have

DK Tuilw)P + Y (Tpilw)* < r2l|Tul® < ro| Tl .
i€o i€oc
Further, by Lemma 3.3
P[PPI P < | KTl <Y [(Tuilu) |+ ) [{Tpilw) ] u € HEY(S).
i€o i€oc

O

Theorem 4.16. Let {u;};en be a K-frame of H(Q). Then {Tw;}jen is a TKT*-frame
of HE(Q), where T € B(HE(Q), HF(Q)).

Proof. Let 11, 2 be the bounds corresponding to the given K-frame {u;};en. For any
u € HE(Q)

oo
D W Tuslu) P < rol| Tl
Jj=1

and for the lower bound, consider

o0
1 *\ * 2 * % 2
HTHQH(TKT Y ull® < | |[K*T*ul| Z (Tuj|u)|?

O

Theorem 4.17. Let {u;}jen, {pj}ien be a woven K-frame of HE(Q). Then {Tw;}jen,
{Tp;}ien forms a woven TKT*-frame of HE(Q), where T € B(HE(Q), HE(Q)).

Proof. We can prove this theorem by using the step of Theorem 4.16. O

In the next theorem, we have studied the necessary and sufficient condition under
which a bounded image of a woven frame forms a woven K-frame.

Theorem 4.18. Let {u;}jen, {p;}jen be any two sequences in HE(Q). Then {u;}jen,

{pj}jen forms a woven frame of R(K™*) if and only if {Ku;};en, {Kpj}jen forms a
woven K -frame of HE(Q).
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Proof. Let {u;}jen, {pj}jen forms a woven frame of R(K™*) with bounds r; and s,
respectively. Then for any subset ¢ C N,

rulful? < Y ugl) P+ Y [l < rafful P u € R(KY).
jEo VisTead
Further, for any u € HF(Q), K*(u) € R(K*)
[l <Y (K ugla) P+ Y [(Epjlu)* < rol K ul® < rof [Pl w € HF(S).
j€o jEo°
Conversely, let {Ku;}32,, {Kp;}32, form a woven K-frames of H7(Q) with bounds 71,

ry. For any g € R(K*) there exist u € HT(Q) such that g = K*(u), hence rest will
follow immediately. O

In the next theorem, we have obtained a woven K-frame of H¥(Q), from a given
K-frame of HE(Q).

Theorem 4.19. Let {u;};czr be a K-frame of HE(Q), with bounds ry, ro. Further, let
T € B(HE(Q)) be an invertible right linear operator such that T~ is a bounded right
linear operator and KT = TK. If [|[I = T|| < 7t. Then {u;}icz and {Tu;}icz forms a
woven K -frame of HE(Q).

Proof. Let o C Z be any subset, consider

<Z i)+ |<TuiIU>I2> (Z [ uai ) P+ Hugua) — (sl (1~ T*)u2>

2 <Z|<Uilu>l2> - (ZI(Ui(I—T*)uV)
i€ i€0¢

> rllull = v/rel|(I = T)ul|

>

(vir = vmllr =77 ljull, w € BR(9).
U

In the next theorem, we have studied a necessary and sufficient condition under which
K-frames of HF(Q) forms a woven K-frame of H?(Q).

Theorem 4.20. Let K, T, U € B(HE(Q)), where T is an onto operator and TK = KT.
Further, let {u;};en and {p;}jen be K-frames of HE(Q). If for any subset J C N,

Y UTpslw)* <> [{Upslu)]?, u € HE(Q).

jeJ jed
Then {u;}jen, {pj}jen forms a woven K-frame of HE(Q) if and only if {Tu;}jen,
{Up;}jen forms a woven K -frame of HE(Q).

Proof. Let {u;}jen, {pj};jen form a woven K-frame of H?(Q) with bounds r1 and ra,
respectively. Then for any subset ¢ C N,

D HTuilw)? + Y {Upilw)* < 2 (T2 + U117 ul?, w € HE(S).

€0 1€o°
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and for lower bound inequality, consider

ril[ K| P < ||IT Kl = || KT )
< D Nl T )P+ Y [pl T ?
€T i€0°
< D Nl + Y [pilU™w)?, w € HY(Q).
1€0o 1€0°
For sufficient condition, take T'=U = I. O

If {u}iez, {pi}iez forms a woven K-frame of H*(Q) and T1,T» € B(HE(Q)) be
invertible right linear operators. The family {71 u; }iez, {Top; }icz may not form a woven
K-frame of H?(9).

Example 4.21. Let H?(Q) be a three dimensional right quaternionic Hilbert space
with an orthonormal basis {e;}?_;. Further, let {u;}1; = {e1,2e1,ea,e3}, {pi}i, =
{3e1,e1,62,e3} and K,T1,To € B(H?(Q)) be such that K(e;) = e1,K(e2) =
e1, K(e3) = ez, Ty = I, Ta(e1) = ez, Ta(ea) = ez, Ta(es) = e1. Then {Ku;}i_ i, {Kpi}r,
form a K-frame of Hf(Q). Further, any partition {o;}2_, of {1,2,3,4}, we have

1l < Y Waalw) P+ D Hpalw)? < 14]Jul?, w € B (9).

1€01 1€02

Thus, {Ku;}, and {Kp;}:_, form a woven K-frame of HF(Q). But {Tiu;}{, =

{e1,2e1,ea,e3}, {Topi i, = {3ea, €2, €3, €1} does not form a woven K-frame of H? ().
As, for partition, o1 = {1,2} and u = eg, the lower bound condition does not hold.

In the next result, we have studied a condition under which a bounded image of a
woven K-frame of HE(QQ) forms a woven K-frame of H?(Q).

Theorem 4.22. Let {u;}icr, {pi}icr form a woven K-frame of H(Q) with universal
bounds vy and o, respectively. Further, let Ty, To € B(HE(Q)) be surjective right
linear operators such that T;K = KT;,i = 1,2. If R(K) is closed and \/ry >

V| Ty = Tol| | KT\ T, Then {Tvui}icz, {Topi}icz forms a woven K -frame of R(K)
with universal bounds,

2
[Vt = rallTy — Dol 171177

71l (172 + ITa1)

Proof. First, we will show that {Tiu;};ez and {Top;}icz forms a K-frames of R(K).
For any u € R(K)
T [ K ul?

IGiE < | TE K| = | TP <Y (Trwslu) P < ol T3 2l .
1

€T

Similarly, we can show that {Tsp;}icz is a K-frame of R(K). Now, let {0;}7_; be any
partition of Z and u € R(K), consider

D W Twlw) P+ [ Topilu)|? < ra(IIT0]1? + [Tl [*)]ful .

€0 €02
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(Z [(Trwilu)* + > |<T2pi|u>|2> <Z s Tyu) |+ |<pi|Tfu>|2)

>
1€01 1€02 1€0 1€02
%
- <Z [(pi|(Th — T2)*U>|2>
€02
- T, — To|| || KT ||T]
77|
Hence {T1u;}iez, {Top;ticz form a woven K-frame of R(K). O

If we take 77 = T, in Theorem 4.22, we have the following corollary.

Corollary 4.23. Let {u;}icz, {pi}iez be a woven K-frame of H?(Q) with universal
bounds 7 and 7y, respectively. If T € B(H?(Q)) be a surjective right linear operator
such that TK = KT. If R(K) is closed. Then {Tw;}icz, {I'pi}icz forms a woven
K-frame of R(K) with universal bounds iz and r2||T||?, respectively.

If we take K = I in Theorem 4.22, we have the following corollary.

Corollary 4.24. Let {u;}icz, {pi}icz be a woven frame of H?(Q) with universal
bounds r; and 73, respectively. Further, let 77,75 € B(H?(Q)) be invertible right linear
operators on HF(Q) and /71 > /72||T1 — To|| |75 !]|- Then {T1u;}iez, {Topi}iez forms

[mfmnTrnuanlu}
a woven frame of H*(Q) with universal bounds TllE

1T2112).
In the next result, we have obtained a new family of woven K-frame of H?(Q) from

a given family of a woven K-frame and a Bessel sequence of H?(Q).

Theorem 4.25. Let {u;}icz, {pi}ticz be a woven K-frame of HE(Q) with universal
bounds r1 and ro, respectively. Further, let {h1;}iez and {he;};e7 be Bessel sequences of
HE(Q) with bounds R, R%, respectively. If for any subset o C T and any u € HE(Q),

> (hilw)[* +2Re (Z(WW <hu|u>> >0, [(hailw)|* +2Re (Z(Pi|u><hziu>) > 0.

€L €0 1€T 1€0

cra (1T +

Then {u; + hii Yiez, {pi + hoiticz forms a woven K-frame of HF(Q).
Proof. For any partition {o}?_, C Z, consider

Dol b)Y (s + o) P =D [(uiuw)]?

1€01 1€02 1€01
+ > |(hailuw)|* + 2Re (Z(uiu)(h1i|u)>
€01 €01
+ Y [pilw) P+ Y [(hailu)|* + 2Re <Z<U1|U><h2w>>
1€02 1€02 1€02
> Y Hwlw) P+ [pilw)* = m[Kul |, w e HEY(Q).

€0 i€02
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For upper bound inequality, consider

> i+ hailw)? + > i+ hailw)? <2 [(uifw))?
1€01 1€02 1€07
+ 2 (il 2 [(hilu)?
1€02 i€01
+ 2 [(halu)?
i1€02
< 2(ry + R+ R2)||u|?, u € HE(Q).

O

In the next result, we have studied a condition under which a bounded image of a
woven K-frame of H?(QQ) forms a woven K-frame of H?(0).
Theorem 4.26. Let {ui;}jez.icim) be a family of woven K-frame of HR(Q) with
universal bounds r1 and ro, respectively. If U € B(HE(Q)) be a right linear operator
with a closed range such that UK = KU. Further, if R(K*) C R(U). Then
{Uui;}jes.icim) forms a woven K-frame of HR(Q) with universal bounds r1||UT||* and
ra||U||?, respectively.

Proof. For any partition {0 }ic[m) of J, we have
rl|UTIZ2 K | < il | U™l < Y7 Y [(Uugglu)* < ral[U]P]ul?, v € HY(Q).
ic[m] j€os
(]
Corollary 4.27. Let {u;j}je7.icim) be a woven K-frame of H#(Q). Further, let

U € B(HE(Q)) be a surjective right linear operator such that UK = KU. Then
{Uui;}je7.icim) forms a woven K-frame of H*(Q).

In the next result, we have proved that if bounded image of a tight woven K-frame
is a woven K-frame. Then the operator is a surjective right linear operator.

Theorem 4.28. Let {u;}je 7 icm) be a r-tight woven K-frame of HE(Q) and U €
B(H(Q)) be such that UK = KU. If R(K*) = H®(Q) and {Uus;}jeg,icpm) is a woven
K-frame of H®(Q). Then U is a surjective right linear operator.

Proof. Let Ry, Rs be the universal frame bounds corresponding to the woven K-frame
{Uuj}jeq, iepm)- For any partition {o;},cim) C J, we have

Rf|K*ul? < Y > Uuglw)? < Rollul?, w € HY(Q).

ic[m] jE€os
Since r||K*ul|> = 3> > |{uij|u)|?, hence
i€[m] jEoi
0Kl = 3 S (gl P > Rl K2, w e HY(Q).
i€[m] jET;

As K* is an onto right linear operator. Thus the above inequality hold for all u € H?(9).
Hence U is a surjective right linear operator. [l
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In the next result, we have studied the necessary and sufficient conditions under

which a bounded image of a Parseval woven K-frame of H?(£Q) forms a Parseval woven
K-frame of HE(Q).

Proposition 4.29. Let {u;;}jc7,icim) be a Parseval woven K-frame of Hf(Q) and
U € B(H"(Q)) be such that UK = KU and R(K*) = H¥(Q). Then {Uu;;}jec 7, icm)
is a Parseval woven K-frame of H*(Q) if and only if U is a co-isometry.

In the next theorem, we have obtained a woven K*-frame of H*(Q) from a given
woven K-frame of H?(0).

Theorem 4.30. Let {uij}jezicim be a family of woven K-frame of HR(Q) with
universal bounds r1 and ro, respectively and R(K) is closed. Then {K*ui;}jc7 icim]
form a woven K*- frame of HE(Q) with universal bounds r||KT||72 and ro||K||?,
respectively.

Proof. For any partition {0 }ie[m) of J, we have
|| K Kul[* < ri|| K Kul|* < 003 (K wigu)[? < o |K[][ul %, w € HFY(S).
i€[m] j€oi

O

In the next result, we have studied a condition under which a bounded image of
a woven K-frame of HF(£Q), under two different operators forms a woven K-frame of

HR(Q).

Theorem 4.31. Let {u1;};c7 be a K-frame with bounds ri,r3 and {us;}jes be another
K-frame with bounds r2,73. Let both forms a woven K-frame of HF(Q) with universal
bounds r1,79. Further, let U;,Us € B(HE(Q)) be right linear operators such that
UK = KUy, N(K*) € N(U}),i=1,2. If
—~ —1 71
WUTIHIT: = U7 < [
T2
Then {Uyuijtjer, {Usua;}tjes forms a woven K-frame of HE(Q), with universal
— 1 2 —~
pounds (FEUT11=t — V/7ZIIUs — Gl 1) and r{|[02 + 13][U6]J2, where K-
N+ (K*) — R(K*) is restriction of K* on N*(K*).

Proof. For any u € Ker®(K*) and for any partition, o C J. Consider

1/2 1/2
S [Urugilu)? + Y [(Uzug;lu)]? > | g [UTw) [+ [ug;|UFu)?
jET jeo© jEo jEOTE
1/2
— | D2 Kugs[(Us = U )u)?
j€EOC
>

— —~ -1 *
(\/ﬁnvfn N A s ||)||K ull.
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For u € HR(Q), u = uj + uz where u; € Ker(K*), ug € Kert(K*) also Ker(K*) C
Ker(U}),i = 1,2. Therefore above lower inequality hold for every u € HT(Q), for
upper bound inequality consider

> [ Ovugj )+ [(Uzug;fu)]? > W[ UFu)? 4+ [usy Uz u)|?
j€o jEoc jeT JjeT
(ral|UL11% + 73 |[Us | *) ] [ul|?, v € HF (D).

IA

IN

O

In the next theorem, we have obtained a woven K-frame of H(Q) from a given
woven K-frame of HZ(9Q).

Theorem 4.32. Let {u1;}jcr, {us;}jes be a woven K-frame of HE(Q) with universal
bounds r1, ro. Further, let T € B(H?(Q)) be a positive right linear operator. For any
o CZ, let Sy be the frame operator of {ui;}jco U {uoj}tjes and T'Sy = SoT. Then
{uij + Tuij}je 7 iep2) forms a woven K-frame of HR(Q) with universal bounds ry and
ro||I + T||?, respectively.

Proof. For any subset ¢ C J, we have

> fugg 4+ Tugslu)* + > [(ug; + Tug;lu)|?

jET jeo©
ra||(1 +T)"ul|?
rol [T+ T[] [ul*, u € H¥(Q).

VANVAN

Let S! be the frame operator corresponding to {u1; + Tu1j}ieq U {ug; + Tug;}jeoe.
Then

Sty = Seu+ TSou + SeT*u+ TS,T*u > Syu, u € HE(Q).

Thus, for any u € H?(Q) we have

3" ugy + Tuggla) 2+ 3 [uzg + Tuzilu)* = (Skulu) > (Syulu) > || K ul 2.
jEo VisTead

O

In the next result, we have obtained a woven K-frame of H(Q) from given families
of woven K-frames of H?(RQ).

Theorem 4.33. Let {u;;}je7.ien, and {pij}je7,icn, be the woven K-frames of H*(Q),
with universal bounds r1,79 and Ry, Ro, respectively. Further, let Ty, Ty € B(H?(Q)) be
co-isometric right linear operators with T; K = KT;,1=1,2. For any o CZ, let Uy, P,
be the analysis operators corresponding to {u1;}jeqs U{uz;}jco and {p1j}jec U{p2;}ico-
IfU:P, = 0. Then {Thui; + Topi;}jeg,ien, s a woven K-frame with universal bounds
r1+ Ry and 2(ro||T1||? + Rz||T2||?), respectively.
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Proof. Clearly, U,T} and P,Ty be the analysis operators corresponding to {Tiu1;}jcoU
{Tus;}jeoe and {Top1j}ico U {Top2;}jeoe, respectively. Thus, any u € HE(Q)

D WTvugj + Topyjlu)* + Y [(Thug; + Topaj|u)]

j€Eo jEOoC
= ||U,T5u+ PyeTyull?
2(r2/|Ta|* + Rel|To]1?)|lul .

IN

Let S, be the frame operator corresponding to {Tiu1; +Top1j}jec U{T1u2; +Top2;}tjcoc,

1U15 2P15|u 1U2;5 2P2;|U

[(Tvurj + Topijlu)® + [(Tvuzj + Topa;|u)l®

jEOT jeECT®

(U2UT{u|Tyu) + (Pre Pye Ty u|Ty u)
[ KTy ul|? + Ra || K Tyl P

(r1 + R1)|| K *ul|?, v € HE(Q).

AV

O

Corollary 4.34. Let {u;;};e7.ien, and {p;;}je7.ien, be the woven K-frames of HZ(Q)
with universal bounds 71,73 and Ry, Rs, respectively. For any o C Z, let U,, P, be the
analysis operators corresponding to {u1;}jco U {u2j}jes and {pi;}jes U {p2;}tjeo. If
UiP, = 0. Then {u;; + pij}jes ien, forms a woven K-frame of H*(Q) with universal
bounds 1 + R; and 2(r2 + R2), respectively.

Theorem 4.35. Let {u;j} ez icim) be a woven K-frame of R(K') with universal bounds
r1 and ro, respectively, and R(K) is closed. Then {KK'u;;}jc 7 icim) forms a woven
K-frame of HF(Q) with universal bounds r1 and ro||[KKT||?, respectively.

Proof. Let {0};e[m) be any partition of 7, we have

rl|[K*ull? = ] [K(KKT)*ul]?
< DY KK ulu)?
i€m] j€0:
< | [KKTul?
< rof|[KKT|P|[ul]?, u € HF(Q).

O

In the next result, we have studied conditions under which a woven K-frame of a
closed subspace of H*(Q) form a woven K-frame of H?(RQ).

Theorem 4.36. Let {uij}jc 7 icim be a family of woven K -frame with universal bounds
r1 and ro, for a closed right subspace M of HE(Q). Then
(1) If P is the orthogonal projection onto M and R(K) C M. Then {Pui;}jc7 icim
forms a woven K-frame of HF(Q) with same bounds.
(2) If M is dense in HE(Q). Then {u;}je 7 icim) forms a woven K-frame of H?(Q)
with the same bounds.
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Proof. (1) For any u € H¥(Q), Pu € M and any partition {o;};cfm) of J, we have
Z Y (Puiglw)* < rallP(w)l[* < rallull®.
m] jEo;

Since u € HR(Q), u = uq + us where u; € M and us € M1, we have

S WPuglw) = v |[K*Pluy + up)||?
i€[m] j€o;
= rf|K
= || K*ul?
(2) Let there is a partition {o;};e(m of J and an element u € H%(Q) such that

> > [ugjlu)|? > rollul|?>. Thus, there exists a finite set Z C J such that
i€[m] jEo;

> > Kuiglu)|* > rollul|>. Since M is a dense subset of H?(Q), there
i€[m] j€TiNT
exists u € M satisfies later inequality which leads to a contradiction. Hence,
upper inequalities hold. Any u € H?(Q) and every € > 0 there exists w € M
such that ||u — w|| < e. Consider

1/2
Z > Nuiglu) P = [H{{uislutjeo: icpml
m] jEo;
I{{uijlw}jeo, icmill = [{(uislu — w}jeo, icmll
V| K ull = 2y/rze,
since € > 0 is arbitrary. Therefore

o> Hulu) = rf| K ul]

i€[m] j€o;

ARV

O

If {u;}ier, {pi}ic be two Bessel sequences in H¥(Q). Then for any o C Z,
{uitico U {pi}icoe forms a Bessel sequence. Then the corresponding frame operator
Sy » is given by

= > wiluilw) + Y pilpil), u € HY(Q).

1€0 i€0C

In the next result, we have obtained a woven K-frame of H*(Q) from a given K-frames

of HE(Q).

Theorem 4.37. Let {u;}icr be a K-frame with bounds ri,r} and {p;}icz be another
K-frame with bounds r3,r3. If there exists o, 8 € [0,1) such that ||S] u — K*ul| <
al|S7ul| + Bl K ul],

u € HE(Q). Then {u;}iez, {pi}ticz form a woven K-frame of H*(Q) with universal
bounds W and r3 + r2, where T is the synthesis operator corresponding to

{ui}ico U{piticoe-
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Proof. Let o C Z be any subset of Z,
D NP+ Y [pilu)* < (7 +73)||ul?, w € HH(Q).
i€o 1€0°
Consider,
157 p (Wl = [[ K ul| = |57, (u) = K™ (u)|| = (1 = B)[| K ul| — al[S7 pull.

Thus, %HK*UH < |87 ,ul|- Hence
(175)2 * 2 2 2 R
WHK ul| SZ|<W|U>| +Z|<pz‘|u>| ,u € HY(Q).

i€o 1€0°

O

In the next result, we have given conditions under which a K-frame of H(Q) forms
a woven K-frame of HF(Q).

Proposition 4.38. Let {u;};c7 be a K-frame of H?(QQ) with bounds i, r} and {p; }icz
be another K-frame of H?(Q) with bounds rf, 3.
(1) If Sy, is bounded below. Then {u;}icz, {pi}icz forms a woven K-frame of
HE(Q).
(2) If there exits a, 8 € [0,1) such that ||y ju — K*ul| < o|[S7ul| + B||K*ul|, u €
HE(Q). Then {u;}icz, {pi}iez forms a woven K-frame of HE(Q).
(3) If R(K) C R(Sy,)- Then {u;}iez and {p;}iczr forms a woven K-frame of
HE(Q).

In the next theorem, we have obtained a woven K-frame from a given woven K-
frames.

Theorem 4.39. Let {u;;}jc7.ien, be K-frames of HE(Q) with bounds ri,ry and T;

be corresponding synthesis operators. Let K € B(HE(Q)) be a positive right linear

operator with closed range. Further, let {ui;}jer, {u2;}ieqs and {u1;}jer, {us;}jes

both are woven K-frames of HE(Q) with lower bounds ri? and ri3, respectively. If

Ku) = Y ugj(ugjlu), u € HE(Q) and 7% + ri3 > (r% + 2\/r§r§’)||KT||2. Then

JjeET

{uijtjeq, {uz; + us;}jeg forms a woven K-frame of R(K) with universal bounds

(T%Q + i3 — (rd +2 r%r%)HKTHQ) and (r% +2(r? + r%’)), respectively.

Proof. For any o C T, let T§ ({qi }iez) = D u2iqi and T ({qi }iez) = D u3i¢i, {¢ Jicz €
i€0 €0

12(Q). As, |TS]| < ||Tz|| and ||T§]|| < ||T3]|. Further, for any u € R(K),

D Nunilw) P+ Y [ugs +ussu) P = P ([Kul? 4 e Kl = |l

i€0 1€0C

| wsstunitu) + 3wl )|

€0 1€0

> (1 r)|Eul? = ryful]?
= Nl T3 Ty w + T T3 u|
> (% 4y = (g + 243 [P K2
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O

Theorem 4.40. Let {u;j}jc7.icim) be a family of K-frames of H®(Q). Further, let
T,U € B(HE(Q)) be right linear operators with closed ranges such that, KUTT = UT'K
and R(K*) C R(U). If {Tuij}jes,icim i a woven K-frames of R(T). Then
{Uuij}jeq icpm) is a woven K-frame of R(U).
Proof. Define L : R(T) — R(U) as L(u) = UTT(u). Since, N(T) = N(U) we have
R(T*) = (N(T))* = (N(U))* = R(U*). Thus,
N(UT') = N(TT') = (R(T))",
T'T = Pr(pvy = P~y = U,
LT =UT'T =UU'U =U.
Hence,
N(L)= NUT"UR(T) = (R(T))* UR(T) = {0}.
Therefore, L is an invertible right linear operator on R(T"). Suppose R;, Ry be universal
bounds of {Tu;} ez icfm)- Then for any partition {o;}icm) of J and any u € R(U),
RiILTHIZ? K ul* < Raf|K*L*ul?

< Z Z I{ Uum|u

1€ m]]ea'z

Z Z [(Tw;j| L™ w)

i€ m]]eab

Ro||L|P||ul?, u € R(U).

IN

O

In the next result, we have studied a condition under which given K-frames of H(Q)
forms a woven K-frame of H*(Q).

Theorem 4.41. Let {u;}icz be a K-frame of H*(Q) with bounds r},r and {p;}icz be
another K -frame of HE(Q) with bounds r? r2. If there exists o, 3 € [0,1) such that

D Ips —wilw) )2 < aY~ Huslu) )2 + B 1palw) )12, w € HY(Q)
icJ icJ icJ
for any J C I. Then {u;}icz, {pi}icz forms a woven K-frame of HE(Q) with universal

bounds (r{min{l, (3 ,6)2} and r3 + 13, respectively.

Proof. For any subset o C Z, consider

S ) < (3 HnaladP) = (3 ot — enih?)”
(

i€oc i€oe ico®

(1 -a)( X lmuf?)”

i€oc

= (X ) v e ),

i€oc

v
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Hence,
1—a\2
2 2
Z|<u21|u>| > (1+5) Z|<u1z|u>| .
1€0¢ 1€0¢
Therefore,
(ry +r)llull® = Y Nunlu)? + ) [uailu)?
i€0 1€0°¢
: L—ay? 2 2
> - . )
> min{l, (15) }<;<Uu|u>| + 3 M) )
) 1—a\2 5
= min{l, (m) } 2 il
i€l
>

1—a\2
(rtmingn, (155) 1) Il w < HC@)

O

In the next result, we have obtained a woven K-frame of H?(Q) from given woven
K-frames of H?(RQ).

Theorem 4.42. Let {u;;};c7.ien, and {pij}jc7.ien, both are woven K -frames of HE(Q)
with universal bounds r1,r2 and Ry, Ro, respectively. For any o C J, let Uy and Ug be
the analysis operators corresponding to {u1;}jco U{uz;}jcoe and {p1;}ico U{p2j}jcoe,

respectively. If there exists 0 < a, 8 < 2, such that for any o C J, we have

D Huig = palw)? 4+ D Nugy — pog ) < o) [uaslu)® + 7 [(ug;lu)]?)

jEOT jeoc© jEo jEoT*©
+ BO oyl + Y [p2iu)?), u € HY(Q).
JjE€o j€o”

Then {ui; + pij}jes.ien, s a woven K-frame of HE(Q) with universal bounds
(2= a)ri + (2= B)r?) and 2(ri + r3), respectively.

Proof. For any subset o C 7,
U u = Ugull < allU7ul® + BI|UF ul?, u € HY(S).

Therefore,
D g oyl + D [ug; + poglu)]
jEOo jEOCTC

107w+ Ugulf?

2|0 ull* + 21U ul|* = U — Uy ul®

(2 = a)r| [ K ul[? + (2 = B) Ry || K" ul|?

(@= )+ @ = B)R)IK"ull?, u e B Q).

Vol

O

In the next result, we have obtained a woven T-frame from a woven K-frame under
certain condition.
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Theorem 4.43. Let T, K € B(H(Q)) be right linear operators such that K has closed
range. If there exists, a1, s, a3 € (0,1) such that

(T = K*)ull < aa||T*ul| + aof |[K*ul| + as|lul|, v € HY(Q).
Then {u;}jen, {pj}jen forms a woven T-frame, if it is a woven K-frame, in R(K).

Proof. Let {u;}jen, {p;}jen be a woven K-frame with bounds r and ry, respectively.
Then for any subset o C N,

rl| K ul? < Huglu) P+ [l < raflullu € R(K).
je€oT jEOoC
Further by Lemma 3.3, [|K*ull, v € R(K). Using the fact ||[K*ull
|| T*u|| — ||(T* — K*)ul|. We have (1 — ay)||T*u|| < (1 + ag + az||KT||)||K*ul|, hence

() 7l < Sl + X 1o hl? < ralll w e R,

14 s + ]| KT = =

O

Corollary 4.44. Let T, K € B(H?(Q)) be right linear operators. If there exists
ag,as € (0,1) such that

| T*u — K*u|| < o ||T*u|| + co||[ K *ul|, u € HE(Q).
Then {u;};en, {p;};en forms a woven T-frame, if it is a woven K-frame.

Theorem 4.45. Let T € B(HE(Q),HE(Q)) be a right linear operator and § = {u;}jen,
& = {p;}jen be a woven K-frame of HE(Q) with universal lower and upper bounds rq
and ry, respectively. If there exists a subset J C N and a constant C', 0 < C' < H;’ﬁ such

that Y- |(Tujlu)|? < C||TK*T*ul|?, w € H{(Q). Then {Tu;}jemy, {Tp;j}jeny forms a
Jjel
woven TKT*-frame of HE¥(Q).

Proof. By Theorem 4.17, TF, T® forms a woven T K T*-frame of H*(Q) with universal
lower bound 1. For any subset o C N \ J, we have

Do ITuyl) P+ (Tl = Y {Tuglw)® + Y [ Tpjla)® = D [(Tuylu)?

jEOT jEOT® jecU] jEOT Jjel
> <|;1”2 — c) (TET*) |2, v € HR(DQ).

For upper bound inequality, consider

STl + S 1 Tps P < 37 [Tl + 37 WTps )P < rollul?, u € HE(S).

jET jEOTE jETUJ jeo©

O

If we take H?(Q) = HE(Q), T = I in Theorem 4.45. We obtained the following
result.
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Corollary 4.46. Let § = {u;};en, ® = {pj};jen be a woven K-frame of H?(Q) with
universal bounds r1 and 73, respectively. If there exists a subset J C N and a constant C,
0 < C <7y such that Y [(u;]u)? < C||K*ul|?, w € H(Q). Then {u;}jemy, {pj}jemy
Jjel

forms a woven K-frame of HE(Q).

Theorem 4.47. Let {u;}icz be a K-frame of HE(Q) with bounds ri,r} and {p;}icz
be a Q-frame with bounds r? r3. Further, let T\, Ty € B(HE(Q)) be surjective
right linear operators such that T;,K = KT;,i = 1,2. If R(K) is closed and there

exists a, B,y € [0,00) such that r{ > M(\/r%||T1|| + \/’I"%HTQH)||T1T||2||KTH2, where

M = 7} (a/75 + Bv/73 +7) + V/iBIIT — Toll, satisfying
1S = poal] < ol Y w811 piaill + (X hal?) " vHaidier € 2.

i€l i€l €T €T
Then {Tyu;ticz, {Topiticz forms a woven frame of R(K) with universal bounds

T}—M(\/T%IIT1H+\/T§HT2H)IITIHZHKTIIQ

[ENRESIE

s 73 l[Tu[[? + r3 ]| T2,

Proof. Let {Q;}}_,, be the synthesis operators corresponding to Bessel sequences

{ui}iez, {pi Yiez, {T1uitier and {Top;}ic1, respectively. Then, [|Q1 — Q2|| < ay/rd +
B+/7% + 7, and by direct calculation, Q3 = T1Q1, Q1 = T2Q2. Therefore,

Qs — Qul] = ||TiQ1 — T2Q2|

Vralay/rg + By 3 +7) +/r3l[Ty — T||
M
For any subset ¢ C Z, consider

130 PreastTrust) — S Topi(Tapifu) | < M (JrdlITs ]|+ 31111l w € F().

€0 1€0

IN

For any partition {o}?_; of Z and any u € R(K) we have

SO HTvuu)? + > (Topilw) = > [(wil Ty ) + (O Topi(Taps|u)

1€01 1€E0 1€L 1€E0
- Z T1’LL¢<T1UZ‘|U>,U>
i€
> KTl — [0S Topi(Topifu)
1€02

— Y Tvug(Trwsu)|| [ful]

i€

= M (VI 4 /Il ) I P

1T 112 &2

[Jull®.

The upper bound inequality follow immediately,
D NTwlw) P+ > [ Topsluw)[* < (r||Tal1* + r3 || ol )], v € R(K).

€01 i€o2
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If we take 77 = T5 = I in Theorem 4.47. We obtained the following result.

Corollary 4.48. Let {u;};c7 be a K-frame of H?(Q) With bounds 71,73 and {p;}ier
be a Q-frame of H*(Q) with bounds r#,73. If R(K) is closed and there exists

a,ﬁ,fye[O,oo)suchthatr%>\/g(a\/%+ﬂ\/7"7§+’y)<\ﬁ+\ﬁ>||lﬁ\|2and
1Y (i = po)aall < all > wigsl| + BI1 Y piaall + v ail®)2, ¥ {ai}iez € *(9Q).

i€ €T 1€ €T

Then {u;}iez, {pi}iez form a woven frame of R(K) with universal bounds

\/E(O‘\/aﬂﬁ/g*W) VDI 1, .2

TR » T2 T

If we take a = 8 =~ = 0 in Theorem 4.47. We obtained the following results.

Corollary 4.49. Let {u;}iez be a K-frame of H*(Q) with bounds r,75. Further, let
Ty, Ty € B(HT(Q)) be surjective right linear operators such that T;K = KT;, i = 1,2.
If R(K) is closed and 1 > M\/E(HTlH—|—||T2||)HT1TH2HKT||2, where M = \/r2||Ty —Tx||.
Then {Tiu;}icz, {Tou; }iez forms a woven frame of R(K) with universal frame bounds
Tl—M\/E(IlTﬂHHTzH)HTJHQHKTHZ

T 2] K72 T2(||T1||2+||T2||2)'

Theorem 4.50. Let {ui;}jezicm) be a family of K-frames of HR(Q) with bounds
ri,ri i € [m]. further, Let T!s,i € [m] be the corresponding synthesis operators. If for
anyo CZI, R(T?) C R(K),i € [m] and there exists constants o, B;, v > 0, @ € [m] such

that
. ; —~ 1
S (ViE ) (/5 + Bi/rh I <t

i€[m]/{n}
and
1D (g = wig)asll < il > umjasll + Bill D wizasll + 7% lg; )2, Vi € [m]/{n}
jeT jeT jeT jeT

Jor any {q;}jez € *(Q). Then {uij}jez,icm) forms a woven K-frame of HE(Q) with
1 .
universal bounds ri— > (,/7"2 —|—\/r2) (om/r2 +6i/ 2+’yi>|\K* Zand > i,
i€[m]/{n} i€[m]
where K* : N(K*)* — R(K*) is the restriction of K* on N(K*)*

Proof. For any partition {0;}icpm of Z and any u € HF(Q), we have
S ugilu)? <Y ri|jul>. Also for fixed, n € [m] and i € [m]/{n}
i€[m] JET; 1€[m)]

we have [T, — T;|| < a3 + Bin/ry + .  Hence |[T9T; — T7Tr| <



Woven K-frames in quaternionic Hilbert spaces 397

(\/@Jr \/E) (ai\/@Jr Bi/Th + ’yi). Therefore for any u € N(K*)*,
S Ml = S (gl
i€[m] jET; JET

- Nl > 1Y (g () — w5 (i g |u)) |

i€[m]/{n} Jj€o;

. ; ~ -1
> = Y (B ) (/8 + B/ s + [ K|
i€[m]/{n}
|| K |2

Every u € H?(Q) can be written as u = uy + ug, where u; € N(K*),us € N(K*)*.
Since R(T7) C R(K), for every subset o C Z, i € [m]. Hence,

30D [uslu)? = D> Kuiglua +us)?

i€[m] jE€T; 1€[m] jET;
= 3D Kuijlug)?
i€[m] jEo;
, , ~ 1
> e 3 (V) (e B ) IR
i€[m]/{n}
|| B ul .

O
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