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Abstract. In this paper, we consider a conformable fractional Cauchy problem
of integro-differential equations with non local conditions in a fuzzy metric space.
We first establish the existence, uniqueness and continuous dependence on initial
condition of the mild solution. We then examine a special case of non local
conditions.

1. Introduction

In real-life many phenomena can be expressed by means of mathematical models
based on differential, integral or integro-differential equations [8, 14, 18, 25, 26]. It is
very remarkable that sometimes the triggering time of such phenomena is unknown.
Thus in order to be able to study this type of phenomena, we have to suggest the
so-called initial condition. For this raison, several types of initial conditions have been
proposed in the literature, including nonlocal conditions [7,9,19], fuzzy initial conditions
[11-13, 20] and fuzzy-nonlocal conditions [17,21], which can be applied in many areas
of science with better effects. In the other hand, in [15] the authors introduced a new
fractional derivative named conformable fractional derivative in order to deal better with
memory of dynamical systems. This novel fractional derivative attracts the attention
of many researchers in various fields of applications [1-6, 10, 24]. For example, in the
work [2] the authors gave, for the first time, the version of the conformable fractional
derivative in a fuzzy metric space.
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In the present work, we are concerned with the following nonlocal fractional Cauchy
problem

d*x(t)
dte

t
= Az(t) + f(¢t, z(t)) —|—/ a(t — o)h(o,z(0))do, x(0) = xo + g(z), t € [0, 7],
0

(1.1)
where 7 is a positive real number and d(;fét) presents the fuzzy conformable fractional
derivative of order o € (0,1) ( [2]). A is the infinitesimal generator of a fuzzy semigroup
(T'(t))i>0 on a fuzzy metric space (E™,d) ( [17]) and x¢ is an element of E”. The
functions f,h:[0,7] x E® — E™ a:[0,7] — [0,1] and g : C; — E™ satisfied some

conditions, with C, is the complete metric space of the continuous functions defined from
[0,7] into E™ equipped with the metric d.(y,z) = sup d(y(t),z(t)). The expression
tel0,7]

x(0) = xo + g(x) presents the fuzzy-nonlocal condition.

The rest of this paper is organized as follows. In section 2, we recall some needed
definitions and results. Section 3 is devoted to prove the main results concerning the
existence, uniqueness and continuous dependence on initial condition of the mild solution
of Cauchy problem (1.1).

2. Preliminaries

The Hausdorff metric dg in the space P (R™) of the family of all nonempty compact
convex subsets of R” is defined by
dy (B, A) = inf |b—a | supinf |b—all,
u(B,A) max{@gg inf [b~al sup f [b—all

where | . | denotes the usual Euclidean norm in R™. It is well known that (Px(R™),dg)
is a complete and separable space [23]. The fuzzy set E™ is defined as follows

E"™ = {uy : R" — [0, 1] satisfies (1 — 4) below},

(1) iy is normal, i.e., there exists a o € R™ such that p,(x¢) = 1.

(2) py is convex, i.e., fi,(Az + (1 — N)y) > min{py(x), uu(y)} for all A € [0,1] and
z,y € R™.

(3) gy is upper semi-continuous.

(4) {z € R™, py(z) > 0} is compact in R™.

Where p is a membership grade function of the fuzzy set w ( [27]). For 8 € (0,1],

the B—cup of u € E™ is defined by [u]® = {z € R", p,(z) > B} and [u]’ =

{z e R", p,(z) >0}. By using the Zadeh extension principle, we can show that

u+v € E" M€ E", [u+v]? = [u)f + [v)? and [Mu)® = Au]? for all u,v € E"

and A € R. According to [22], the mapping d(u,v) := sup dg([u]®,[v]?) becomes a
0<p<1

metric on E™. Moreover, we have d(u+ w,v +w) = d(u,v) for u,v,w € E™ and (E™,d)
is a complete metric space.

Let u,v € E", if there exists w € E™ such that v = u + w then we call w the Hukuhara
difference of v and u. This difference w will be noted by v ©w in the sequel of this paper.
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Definition 2.1. ( [16]) A fuzzy function z : [0,7] — E™ is Hukuhara differentiable at

d2(1) ¢ E™ such that the limits

t € [0, 7] if there exists an element
1 1
li —(z(t t t d I —(z(t t—et
i (et S a(0) and_lim 2 (a(0) © a(t —20)

exist and equal to d”fi(tt) in (E",d).

Definition 2.2. ( [2]) Let « €]0,1], ¢ €]0,7] and z : [0,7] — E™ be a fuzzy function.

°x(t) ¢ Fn guch that the limits

If there exists an element pre

lim 1(:r(t +et'™ ) o a(t)) and lim 1(b’zc(t) Ot —et'™™))

e—0t € e—0t €

exist and equal to df;i” in (E",d), then we call d(;fét) the fuzzy conformable fractional
d*x(t)
dte

derivative of order « of the function z at ¢t. Moreover, if lim exists, then we

t—0t

define d(;ﬂgﬁO) as follows

d*z(0) . dYx(t)
=1
e~ Dor dre
A function z : [0,7] — E™ is said to be (a)—differentiable over [0, 7] if dc;fét) exists

for all t € [0, 7].

Remark 2.3. ( [2]) If = is a Hukuhara differentiable function, then we have
d*x(t) dz(t)

_ 4l-a

dte dt
Definition 2.4. ( [2]) The fuzzy conformable fractional integral I*(x) of a function x
is defined as follows

t
I*(z)(t) = / s 1a(s)ds,
0
where the integral symbol “ / 7 is the fuzzy integral defined in the works [11,16].
A function z : [0,7] — E™ is said to be (a)—integrable over [0, 7] if I%(x)(t) € E™
for all ¢t € [0, 7].
Proposition 2.5. ( [2]) Let « : [0,7] — E™ be a Hukuhara differentiable function such

that the derivative dL;f(S')

is () —integrable over [0, 7], then for each ¢ €]0, 7] we have
d®x(t)
dte )
Proposition 2.6. ( [2]) Let = : [0,7] — E™ be a continuous and («)—integrable
function, then for every t €]0, 7], the function I*(z)(.) is (a)—differentiable and
d*(1*(z)(t))
dt>
Definition 2.7. ( [17]) A one parameter family (T'(¢));>o of bounded linear operators
on E™ is called a semigroup if
(1) T(0) =1, (I is the identity mapping on E™).
(2) T(t+s)=T(t)T(s) for all t,s > 0.

z(t) = x(0) + I%(

= xz(t).
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(3) lirI(1)+ d(T(t)u,u) =0 for all u € E™.
t—s
(4) There exist two constants M > 0 and w such that
d(T(t)v, T(t)u) < M exp(wt)d(v,u) for all u,v € E™.

Definition 2.8. ( [17]) The infinitesimal generator A of a semigroup (T'(t));>o is defined
by

T(h
D(A) ={x e E", lm % exists in E"},
Az = Thzoz
h—s0+ h

3. Main Results

To obtain the main results, we will need the following assumptions.

(Hy): The function f(.,z) : [0,7] — E™ is continuous and there exists a constant
L1 > 0 such that
d(f(t,yt), f(t,z(t))) < Lid(y(t),z(t)) for all z € E™ ¢t € [0,7] and =,y € C;.
(H3): The function h(., z) : [ 7] — E™ is continuous and there exists a constant
Lo > 0 such that
d(h(t,y(t)), h(t,z(t))) < Lad(y(t),z(t)) for all z € E™, t € [0,7] and z,y € C,.
(Hg): There exists a constant Lg > 0 such that d(g(y), g(x)) < Lsd,(y, ) for all
x,y € Csr.

As in the works [4-6], we first give the definition of mild solutions for Cauchy problem
(1.1).

Definition 3.1. A function x € C is called a mild solution of Cauchy problem (1.1), if
the following assertion is true

(0}

o) = T @+a@) + [ 7

€ [0, 7].

(0% (0%

— S

(07

) (f(s, z(s)) —&-/: a(s—o)h(o, x(o))da) ds,

Now, we give the first result concerning the existence and uniqueness of a mild
solution.

Theorem 3.2. Assume that (Hy)— (Hs) hold, then Cauchy problem (1.1) has an unique
mild solution, provided that
[e% a+1 wt®

T T
Li—+ L L3)M 1.
(L1 Lo+ 3) t:}épﬂ(exp( o ) <

Proof. To prove this result, we will use the Banach contraction principle. To do so, we
define the operator I' : C; — C, as follows

e

F@)0) = TC o)+ | ) (ot [ ats-olhtonslo))dn ).
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By using the properties of the metric d one has

d(T'(y)(t), L (x)(t))
tOt

< M sup (exp(w))d<g(y),g(fv)>

te(0,7] «

(0%

+ M sup (exp(Z— ))/t 8“_1d<f(8 y(s)), (s, 96(8)))618

te(0,7] o

+ M sup (exp(PE // o- 1d( (5 — 0)h(o, y(0)), (s—a)h(a,a:(a)))dads.

tel0,7]

According to assumptions (H;) — (Hs), we obtain

AT ()0 T@)(0) < LM sup (exp(=-))dr (1:2)

te ¢
+ LiM sup <exp<“’a Dz [ ot

te[0,7]
+ Ly M sup (exp( (y,x / / *~ldods
te(0,7]
T a+1
< (Li— +L2 + L3)M sup (exp( ) (g ).
o +1 tel0,7]
Taking the supremum for ¢, we get
T ,raJrl wt®
dr(D(y), I'(2)) < (Lr— + Lo +Lg)M sup (exp(=—))dr(y, ).
« a+1 te(0,7]

(e

wt
Since (Ll— + Lyt — +1 -+ L3)M sup (exp( )) < 1, then the operator I" has an unique
telo,7]
fixed point in C,, which is the mild solutlon of Cauchy problem (1.1). (]

Here, we will give some results concerning the continuous dependence on initial
condition of mild solutions.

Theorem 3.3. Assume that the conditions of Theorem 3.2 are satisfied. Let xq, yo € E™
and denote by x, y the solutions associated with xo and yg, respectively. Then we have

wt®
M sup (exp(—))
te[0,7] «
d-,—(y,-’lf) < @ d(yo,l‘o)
Fa+l wt

1— (L1 T+ Ly

1 + L3)M sup (exp(—
+ t€[0,7] ( a! 2
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Proof. We have the following inequality

d(y(t), (1))

< M sup (exp(Wta))d(yo +9(y), w0 + 9($)>
te(0,7]

{03

+ M sup (exp(“—)) / t “‘1d(f( y(s)), £ (s, x(s»)ds

te[0,7] «

+ M sup exp // o 1d( (s —o)h(o,y(0)), (s—a)h(a,x(a)))dads.

t€(0,7]
Then, we get
wt® T Ta+1
d(y(t), 2(8)) < M sup (exp(=—)) |d(yo, z0) + (L1— + L2 + L3)d-(y,x)|.
te[0,7] o a+1

Taking the supremum for ¢, we obtain

«@ «@ a+1

w T T
do(y,2) < M d(yo, 4L
(.0) < M s (exp(50) [ a0) + (10 T4 LT

+ Lg)dT(y,x)].

Finally, we obtain the following desired estimate

tO{

w
M sup (exp(—))
te[0,7] «
dT (y7 .’IJ) < N a+1 wt® d(y07 .’IIQ).
1— (L= + LgT + L3)M sup (exp(—))
telo,7] «Q

The next theorem gives us another estimate of the continuous dependence on initial

condition of mild solution.

Theorem 3.4. Assume that the conditions of Theorem 3.2 are satisfied. Let xq, yo € E™
and denote by x, y the solutions associated with xo and yo, respectively. Then we have

d-(y,x)
wt® T ratl wt®
M sup exp( ) exp (ML E + LT sup (exp(“2))
tel0,7] a o Q@ iefo,r] o d(yo, 7o)
- wt® T rotl wt® 00
1— LsM sup (exp(—))exp | M(Li— + Lo ) sup (exp(—))
te[0,7] « «a a tefo,7) «

provided that

w T 7.()4+1 wt®
LsM sup (exp(—)) exp (M(L1 + Lo ) sup (exp())) <L
te[0,7] « o
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Proof. According to assumptions (H7) — (Hs), we obtain

d(y(t). =(1) < Mtg%p]wxp(‘“a))[d(xo, o) + Lads (4, )
+ LM sup (exp(Wta))/ 5“1 sup d(y(€),z(€))ds
tel0,7] £€]0,s]

+ LoM sup eXp // 1 sup d(y(€), z(€))dods.

tel0,7] £€[0,s]

Then one has

sup d(y(€), 2(6)) < M sup (exp(“2)[d(ao, yo) + Lad (3, )]
£€(0,t] te0,7]
wt® t
+ (L1 + Lam)M sup (exp(— ))/ s*~ 1 sup d(y(€), z(€))ds.
telo,7] 0 £€10,s]

By using the Gronwall’s inequality, we obtain

5it{l()pﬂd(y(f), x(§)) < Md(xo,y0) + Lzd;(y, x)]

wt® T rotl wt®
x sup (exp(—))exp <M(L1 + Lo ) sup (exp())).
te(0,7] & @

Taking the supremum for ¢, we get
dT(y7 $) < M[d(xm yO) + Lng(y, .73)]

wt® T Fotl wt®
x sup (exp(—))exp <M(L1 + Lo ) sup (exp())).
te(0,7] (€7 &

Finally, we deduce the following estimate

d-(y, )

w T rotl wt®
M sup exp(“2))exp (M<L1 LT sup <exp<>>)
te[0,7] o @ tefo,r] o

d(y0,$0)~ O

(o7

wt T rotl wt®
1 — LsM sup (exp( ))exp | M(Li— + Lo ) sup (exp(—))
te[0,7] «a a tefo,7) &

To finish we propose to study a special case of nonlocal conditions as a concrete
application of our abstract results. Precisely, we will examine the non-local condition of

the form
n—1

i+1
=3t [ et
where ¢;, i = 1,2, ..., (n — 1), are given constants and 0 < t; <ty < ... <1, < T.

Proposition 3.5. Assume that (H;) and (Hz) hold, then Cauchy problem (1.1) has an
unique mild solution, provided that there exists a constant € > 1 such that

‘w‘Ta n—1
eM exp( ” )|:Z|Ci|+L1+L27':| <lw].

i=1
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Proof. We define the operator I : C; — C; by

[(x)(t) = T<E)($O+g(x))+/0 s("_lT(t )(f(s,x(s))+/0 a(s—a)h(a,a:(a))da) ds.
We also define a new metric d,, in C, as follows

da (y’ x) _ d.,. ( eXp( —eé.)a )y, eXp( —0(~)a )x) ,

« le%

— S

[e%

where

n—1
w7
0=cM i | +L1 4+ LaT|.
Mexp(2 ) [ X e [ +La+ Lar
By using the properties of the metric d one has

40,7 0)
< a4 900))

'“'t“> [ st tseaton. .o )i

/ / s 1d< (s —o)h(o,y(o)), (s—o)h(a,x(a)))dods.
According to assumptions (H;) and (Hz), we obtain

T n—1 JiRe
() [ 1Y e |exp( % )ds

0 i=1

(0%

Jia2) [ sa*expﬁ’z )ds

oy, / / exp )dods.

+ M exp(

—|—Mexp

|w |2

d(T(y)(2), T(2)(t)) < M exp(

[w [ 2®
o
\

+ L1 M exp(

+ LgMexp(I

Then, we obtain the following inequality

d(T'(y)(t), L (z)(t))

n—1
w|t* [T . 0s®
< (S etz zar) e 15 [T e s da ).
=1

Consequently, we have

Mexp(lw(lfa) {Z_: |ci | +L1 + LQT] GXP(ejTQ)
d(I'(y)(t), L(z)(t)) < = 7 da(y, ).
Hence, we get

e}

Mexp(M) {Z | ci | +L1 + L27—:| exp(%)
da(I'(y),I'(2)) < = 7 da(y, ).
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Therefore, we deduce the following inequality

4all(y), (@) < 2da(y, ). 0

The above inequality shows that I' is a contraction operator. Thus the operator I'

has an unique fixed point, which is the mild solution of Cauchy problem (1.1).
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